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CHIRALITY
NO MIRROR PLANE (KELVIN, 1893)

TARTARIC ACID:  LOIS PASTEUR, 1849BETA- QUARTZ:  ARAGO, 1811

SOFT MATTER:  BLUE PHASE “LIQUID CRYSTAL”: REINITZER, 1888
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POLYHYDROXYBUTYRATE SPHERULITES
(UNIV. OF CAMBRIDGE TEACHING AND 

LEARNING PROGRAMME)

BANDED SPHERULITES 

BANDS BECAUSE OF 
BIREFRINGENCE.

“MALTESE CROSS” PATTERN

POLYETHYLENE SPHERULITES
(princeton.edu)

KELLER (1952)

GIGANTIC CHIRAL STRUCTURES FROM 
ACHIRAL MOLECULES

CHIRAL SYMMETRY SPONTANEOUSLY BROKEN.

REMARKABLY UNIFORM PITCH AND WIDTH.

“...A STUBBORN CHALLENGE.”

REVIEW BY LOTZ ET AL. (2005)

PROPOSE A PHENOMENOLOGICAL, EQUILIBRIUM MODEL. 

50% LAMELLAE LEFT- (RIGHT- ) HANDED.
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RESULTS

PHENOMENOLOGICAL THEORY (EQUILIBRIUM).

A NEW MECHANISM FOR CHIRAL SYMMETRY 
BREAKING AT A MACROSCOPIC LEVEL.

PITCH OF HELICOIDAL LAMELLAE = πWIDTH,

CLAIM:  WIDTH AND PITCH OF LAMELLAE SPONTANEOUSLY 
SELECTED IN EQUILIBRIUM.

WIDTH = 
�

κG/σ .

ROLE OF ELASTICITY,  TOPOLOGICAL DEFECTS IN 
DETERMINING CRYSTALLITE MORPHOLOGY.
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FIG. 2: The ratio of the ring period to the lamellar width at different experimental conditions for two
different polymers, polyethylene and polyvinylidine fluoride, according to Professor A. Toda’s group. For
different symbols, please refer to Refs. 15 and 16. On the left graph for one set of conditions, open triangles
and solid triangles correspond to the ring period and width, respectively. For polyvinylidene fluoride, the
squares and triangles correspond to the ring period and the width, respectively.

3. Even if the twisting is not induced by molecular chirality, it still might be influenced by

molecular chirality. One might expect that molecular chirality would favor one handedness of the

twisted ribbon compared with the other. Can the authors add a chiral term to the free energy, and

see whether it eliminates the degeneracy between right- and left-handed twisted ribbons?

Response: It is indeed true that molecular chirality would influence the helicity (right- or left-
handedness) of the twisted ribbons. A chiral coupling involving the shape of the ribbon would under
certain conditions lift the degeneracy between right- and left handed ribbons. Such a coupling is well
known in the context of smectic-C* liquid crystals (see for example de Gennes and Prost,“Physics
of Liquid Crystals”) as well as chiral fluid membranes with tangent- plane order (where it is
called the “Helfrich-Prost coupling”). A full analysis of the influence of chirality of molecules
on the ribbon shape and handedness would therefore require writing down the lowest order chiral
coupling between the in-plane Hookian strain tensor to the curvature tensor, deriving the equations
of equilibrium and solving them. This is outside the scope of the present paper, particularly because
this coupling is inherently nonlinear in nature. Work on this is already in progress (Y. Hatwalne,
M.K. Mitra and M. Muthukumar). In the manuscript, we do mention that it would be interesting
to study the effect of molecular chirality in the context of our present work (please see the discussion
towards the end of the manuscript).

4. Finally, as a technical point, I don’t understand why the authors go through a long and

complex argument on pages 3 and 4 to derive and solve differential equations characterizing the

shape, considering that they have already made an ansatz for the shape. Why not just express the

free energy in terms of the two variational parameters, b and r, and then minimize it over these

two parameters?

Response: We thank referee B for pointing this lacuna in the writing of the paper. We have not
pointed out and emphasized the need for the argument on pages 3 and 4 of the manuscript. We
have now modified the text of the paper to explicitly mention the relevance and the importance of
this analysis (please see the modified text of the manuscript and the list of corrections).

Expressing the energy in terms of the two variational parameters (b and r) and then minimizing

EXPERIMENTS

RATIO OF RING PERIOD TO LAMELLAR WIDTH APPROX. 1.6. 

PROFESSOR  A. TODA’S GROUP,  HIROSHIMA UNIVERSITY.

RING PERIOD IS HALF THE PITCH, POLARISING MICROSCOPE.

PLOTS COURTESY M. MUTHUKUMAR.

DIFFERENT CONDITIONS LEAD TO DIFFERENT WIDTH AND RING PERIOD, BUT
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BASIC IDEA

STRESS MITIGATION  VIA IMBIBITION OF DEFECTS. 

SHOW THAT HOOKIAN STRESS VANISHES IF DEFECT 
DENSITY MATCHES GAUSSIAN CURVATURE.

DRIVING MECHANISM: POSITIVITY OF THE COEFFICIENT OF 
GAUSSIAN CURVATURE TERM IN THE BENDING ENERGY.

STRATEGY

COMPARE THE ENERGETICS OF TWO SHAPES: PLANAR, AND 
HELICOIDAL.

SHOW THAT THE APPARENTLY “DISTORTED” HELICOIDAL SHAPE HAS LOWER ENERGY.  
FURTHER, THAT IT IS A STABLE SOLUTION.
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ORIGAMI 101

CUT AWAY A WEDGE FROM A PIECE OF PAPER,

PAPER BUCKLES INTO A CONE.

POSITIVE GAUSSIAN CURVATURE AT THE APEX, NONZERO MEAN CURVATURE EVERYWHERE.

INSERT THE WEDGE INTO A SLIT CUT IN THE PAPER,

JOIN THE LIPS OF THE CUT.

JOIN THE LIPS OF THE SLIT WITH THOSE OF THE WEDGE.

PAPER BUCKLES INTO A SADDLE.

NEGATIVE GAUSSIAN CURVATURE EVERYWHERE, NONZERO MEAN CURVATURE.

HELICOIDS:  NEGATIVE GAUSSIAN CURVATURE, ZERO MEAN CURVATURE.
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STRETCHING ELASTICITY OF A RIBBON 

EASY TO STRETCH  WITHOUT BENDING, 
DIFFICULT TO COMPRESS  WITHOUT BENDING.

HOOKE’S LAW:  σij = E ukk δij + µ (uij −
1

2
ukk δij)

AND

(t << w < l)

E µ : EFFECTIVE 2- DIMENSIONAL ELASTIC MODULI.

ELASTIC FREE ENERGY: FH =

�
σij uij d

2x,

WITH INTEGRATION OVER UNDISTORTED RIBBON.

LINEARISED LAGRANGIAN STRAIN TENSOR:

uij �
1

2
(∂iuj + ∂jui) u : DISPLACEMENT FIELD
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DISCLINATIONS

VOLTERRA CONSTRUCTION VOLTERRA (1907)

WHERE θ

�ij∂i∂jθ =
s

2π
δ(x− x0).

IS THE BOND-ANGLE.

CAN FORMALLY CONSIDER A CONTINUOUS 
DISTRIBUTION OF DISCLINATIONS. 

θ =
1

2
�ij∂iuj

.

MULTIVALUED

�
dθ =

�
∂iθdxi =

s

2π
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BENDING ENERGY OF A RIBBON (I)

IMAGINE A VERY THIN RIBBON;  PLANAR IN EQUILIBRIUM.

R = (x, y, h(x, y))

∂xh, ∂yh CONSTANT RIGIDLY ROTATED PLANE

BENDING NONZERO SECOND 
DERIVATIVES 

MONGE REPRESENTATION
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BENDING ENERGY OF A RIBBON (II)

CURVATURE  TENSOR Kij(x, y) � ∂i∂jh(x, y)

K =

�
1/R1 0
0 1/R2

�

MEAN CURVATURE H =
1

2
(
1

R1
+

1

R2
)

GAUSSIAN CURVATURE K =
1

R1R2

Fb �
�

(
κ

2
H

2 + κ̃GK)dxdyBENDING ENERGY
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FÖPPL - VON KÁRMÁN   THEORY (I)

ROTATIONALLY INVARIANT STRAIN TENSOR:

uij =
1

2
(∂iuj + ∂jui + ∂iuk ∂juk + ∂ih ∂jh)

� 1

2
(∂iuj + ∂jui + ∂ih ∂jh)

EFFECTIVE ELASTIC CONSTANTS: 

ANDE µ ~ THICKNESS,

κ AND ~ (THICKNESS)3 .

SEE, FOR EXAMPLE L & L,   TE

κg
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STABILITY CONDITIONS

κ

κG

kg

> 0.

NO RESTRICTION ON THE SIGN OF .

FOR SURFACES WITHOUT HOLES AND EDGES,

�

S
KdS +

�

∂S
kgdl = 0,

 WHERE : GEODESIC CURVATURE OF THE BOUNDARY.

GAUSS*
BONNET (1848)

* “PAUCA,  SED MATURA.”: FEW, BUT RIPE.
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FÖPPL - VON KÁRMÁN THEORY (II)

AIM:  SEEK MECHANICAL EQUILIBRIUM.

BALANCE FORCES AND TORQUES;   BULK & BOUNDARY.

STRATEGY:  AVOID TENSORS!

AIRY (1862)

VOLUME ELEMENT

STRESS EQUILIBRIUM MOLECULAR SEPARATION CHANGES.

ELASTICITY THEORY:  MACROSCOPIC,  RANGE OF 
MOLECULAR FORCES VERY SMALL.

FORCES ACT ONLY ON THE SURFACE OF THE VOLUME ELEMENT

FORCE DENSITY fi = ∂iσij = 0.

AIRY STRESS FUNCTION σij = �ik�jl∂k∂lχ.
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FÖPPL - VON KÁRMÁN  THEORY (III)

COMPATIBILITY CONDITIONS:

1.  NO TOPOLOGICAL DEFECTS: 

uij uSHOULD LEAD TO A SINGLE - VALUED DISPLACEMENT FIELD

2.   ALLOW  TOPOLOGICAL DEFECTS: 

FÖPPL (1907) ,  VON KÁRMÁN (1910)

SEUNG AND NELSON (1988)

.

∇4χ = s−K,

IS NOT SINGLE-VALUED. u

s

K

IS THE DEFECT DENSITY,

THE GAUSSIAN CURVATURE.

1

Y

Y IS YOUNG’S MODULUS, RELATED TO E µAND

1

Y
∇4χ = K.
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FÖPPL - VON KÁRMÁN  THEORY (IV)

δFel

δh
= Kijσij = 0,

Fel[u, h] = FH [u, h] + Fb[h].

σij = �ik�jl∂k∂lχ.

TOTAL ELASTIC ENERGY

HEIGHT EQUATION FOR MINIMAL SURFACES

WITH

COMPATIBILITY CONDITION ∇4χ = Y (s−K).

+ BOUNDARY CONDITIONS  

“THESE EQUATIONS ARE VERY COMPLICATED,  AND CANNOT BE SOLVED EXACTLY 
EVEN IN VERY SIMPLE CASES.” L AND L,  TE.
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OTHER TERMS IN THE FREE ENERGY:

SURFACE TENSION:

LINE TENSION:

GEODESIC CURVATURE OF THE BOUNDARY:

FGC = k

�
kgdl

MERELY RENORMALISES 

κgκ̃g TO

FS = σ

�
dS

FL = γ

�
dl
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FREE BOUNDARY CONDITIONS

1.

: OUTWARD NORMAL AT THE RIBBON EDGE.

σijNj = 0,

Nj

II.

κGK + γkg + σ = 0, BOAL AND RAO (1992)
CAPOVILLA ET AL. 

σ

kg

γ

(2002)

:  SURFACE TENSION,:  LINE TENSION,

: GEODESIC CURVATURE OF THE RIBBON EDGE. 

FOR ZERO MEAN CURVATURE,

CAUCHY (1820)

BOUNDARY CONDITIONS FOR A SURFACE WITH NON-ZERO MEAN 
CURVATURE ARE EXTREMELY COMPLICATED.

THE DERIVATION OF FREE BOUNDARY CONDITIONS IN L AND L, TE, IS MISLEADING.

FORCE BALANCE 
AT THE EDGE:
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HELICOIDS

R = (ρ cosφ, ρ sinφ, bφ), | ρ |≤ r,

H = 0,

K = −b2/(ρ2 + b2)2,

kg = r/(r2 + b2),

p = 2π|b|,

RIGHT- HANDED; b < 0,b > 0, LEFT- HANDED.

PITCH

MEAN CURVATURE
MINIMAL SURFACE

GAUSSIAN CURVATURE

GEODESIC CURVATURE

WIDTH 2r .
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SOLUTION

POSSIBLE BECAUSE 

THE HELICOID IS A MINIMAL SURFACE,

 USED A CONTINUOUS DISTRIBUTION OF 
DISCLINATIONS.

 CHECKED THAT THE LINE TENSION TERM DOES NOT AFFECT THE RESULTS MUCH, EVEN 
QUANTITATIVELY.

MINIMISED ELASTIC ENERGY OF THE RIBBON.
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OPEN ISSUES:

κgTHE SIGN OF

RESIDUAL STRESS BECAUSE OF DISCRETE NATURE 
OF DEFECTS.

.

BANDED SPHERULITES OF CHIRAL POLYMERS.

TENT- AND CHAIR MORPHOLOGIES 
(WITH JAYA KUMAR A., M. MUTHUKUMAR).

THE ROLE OF “CILIA”.  “HOMOGENEOUS, ISOTROPIC” BODIES CAN’T HAVE THE RIGHT SIGN.

EFFECTIVE ELASTICITY THEORY FOR “ORTHORHOMBIC RIBBONS”.

TENTS AND CHAIRS, SCROLLS.

THANK MADAN RAO FOR DISCUSSIONS, COMMENTS.
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