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Classical Nucleation Theory

Homogeneous nucleation:
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ξ/2

βU =
∫

drf(φ) + (∇φ)2 + ηφ δU [{φ}]
δφ

= 0

ξ/2

ξ
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ξ/2

βU =
∫

drf(φ) + (∇φ)2 + ηφ δU [{φ}]
δφ

= 0

ξ/2

ξ

Crucial assumptions:

1.                  or

2.  Interfacial widths are “fast” variable

ξ << Rc ∆µ ∼ 0
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ξ/2

βU =
∫

drf(φ) + (∇φ)2 + ηφ δU [{φ}]
δφ

= 0

ξ/2

ξ

Crucial assumptions:

1.                  or

2.  Interfacial widths are “fast” variable

ξ << Rc ∆µ ∼ 0

Ten-Wolde, Auer, Frenkel (2002) 

Solid in 
liquid?
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• Critical nucleus is non-spherical: anisotropy

• Homogeneous nucleation rate too small so 
usually defect assisted

•           at early times

• Complex jamming-unjamming dynamics

• Elastic stresses present - long range effects

• Long lived arrested states - Microstructures

Solid-Solid transitions 
(structural transition, precipitation 

reaction etc.)

ξ ∼ R
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LuMnO + LaSrMnO

Eutectic mixtures 

ferrite (b.c.c. Fe) + Fe3C

Requires diffusive motion of 
atoms over large lengths.

λ2 ∝ Dd0/v

6

Sunday 7 February 2010



IITK-GJ 2010

Martensites

Formed by ballistic motion of atoms

J. P. Sethna : http://www.lassp.cornell.edu/sethna/Tweed/
What_Are_Martensites.html 7
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“Military”

“Civilian”

Who gives the orders?
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Solid-Solid Phase 

Transformations in 

Inorganic 

Materials 2005 

May 29-June 3, 2005 • Pointe 

Hilton Resort at Squaw Peak 

• Phoenix, Arizona  
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Space-time transitions
Hedges, Jack, Garrahan, Chandler, Science 323, 1309 (2009) 
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• Early time nucleation dynamics determines 
microstructure in solid-solid transitions

• Diffusive to ballistic transition is a space-
time transition with an appropriate order 
parameter.

• Emergence of hydrodynamic description for 
late time microstructure.
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Outline

• A model solid with square to rhombus 
transformation.

• Early time behavior (atomistic scale)

• Late time behavior (coarse grained scale)

• Shape transformations (macroscopic scale)
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E =
1
2
Σi !=jΨ2(rij) +

1
6
Σi !=j !=kΨ(rij , rjk, rki)

Ψ2 = V2(
σ

rij
)12 × (1 + α sin2 4(θij − φ))

Ψ2 = V3[fij sin2(4Θijk)fik + · · · ]

fij = (rij − r0)2 rij < r0

= 0 otherwise

The model solid
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ε =
1
2
(
∂ux

∂y
+

∂uy

∂x
)

OP strain
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From Square to Rhombic lattice in 2d

low temperatures high temperatures
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Color codes: red-blue = ε ; gold = jammed : green = un-jammed 
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Active regions have high local density of defects
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• dynamical heterogeneities at 
transformation front

• active particles undergo rapid jamming-
unjamming transitions 

• stresses generated by the transformation.

• jammed particles ⇒ large stresses 

creating channels

• active particles flow within these channels 

• Low temps - few channels - confining 
potential - ballistic trajectory ⇒ M

• High temps - many intersecting channels - 
no confining potential - disordered 
trajectories ⇒ F

• particles become inactive when 
transformation is complete
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Non Affineness

Λ
Coarse-graining volume

“Non- affineness”
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Cell model ⇒χ ∝ s2 ∝Lindemann ratio

Generalized Extreme Value 
Distribution

The Harmonic Solid

Structural criterion for 
an-harmonicity !!
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e1 =
1
2
(
∂ux

∂x
+

∂uy

∂y
)

e2 =
1
2
(
∂ux

∂x
− ∂uy

∂y
)

NOP 
strains

• NOP strains are automatically produced 
along with the OP strain.

• Non-affineness in the NOP strain is 
produced when stress crosses a 
threshold
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Coarse grained theory
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F =
1
2

∫
dxdy

[
a1(eA

1 )2 + a2e
2
2 + a3e

2
3 − b3e

4
3 + d3e

6
3

+ c1(∇eA
1 )2 + c2(∇e2)2 + c3(∇e3)2

]
.

L =
∫

ρ

2
[
(u̇2

x + u̇2
y)

]
dxdy − F .

d

dt

∂L

∂u̇i
− ∂L

∂ui
= − ∂R

∂u̇i
.

Rayleigh dissipation

R =
1
2

∫ [
ξ(ėA

1 )2 + κė2
2 + γė2

3

]
dxdy
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ρëA
1 = ∇2

(
δF
δeA

1

+
δR
δėA

1

)
+

∂2

∂x∂y

(
δF
δe3

+
δR
δė3

)

+ W2

(
δF
δe2

+
δR
δė2

)
,

ρë2 = ∇2

(
δF
δe2

+
δR
δė2

)
+W2

(
δF
δeA

1

+
δR
δėA

1

)
,

ρë3 =
1
4
∇2

(
δF
δe3

+
δR
δė3

)
+

∂2

∂x∂y

(
δF
δeA

1

+
δR
δėA

1

)
.

W2 = ∂2/∂x2 − ∂2/∂y2The operator 
Since the OP strain is a broken symmetry variable (slow), the 
dynamics of the NOP strain is slaved to that of the OP strain  

< e2 >= 0
rhombus !!
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∇ · σ = 0
Equations automatically ensure: 

mechanical equilibrium

∇× (∇× εij)T = 0 St. Venant’s compatibility condition

∇2eA
1 =

(
4a2 − a3

a1 + a2

)
∂2e3

∂x∂y
−

(
a2

a1 + a2

)
∇2eP

1 .

ρë3 =
1
4
∇2

(
a3e3 − b3e

3
3 + d3e

5
3 − c3∇2e3

− 4c1
∂2eA

1

∂x∂y
+ γė3

)
+

∂2

∂x∂y

(
a1e

A
1 + ξėA

1

)

Final set of equations to be solved:
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Plasticity to be introduced phenomenologically

ėP
1 =

1
h1

σ1 − cp∇2eP
1 if |σ1| > σ1c

= −cp∇2eP
1 otherwise

e1 = eA
1 + eP

1 σ1 = a1e
A
1

stress is given by: 

St. Venant compatibility is 
satisfied by  

Defect concentration

e1

∝ ∇2eP
1
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e3

e2

e1

eP
1
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Assume local mechanical equilibrium: calculate free 
energy cost of creating a Martensite droplet

Why twins?
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Assume local mechanical equilibrium: calculate free 
energy cost of creating a Martensite droplet

Why twins?
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twins 
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e3

e2
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eP
1
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is a Deborah number !!
h1

γ
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Reversibility and shape

u(r) =
∫

C(r0,r)
[E(l) + (l− r)×∇l ×E(l)] · dl

Shape from Kirchoff-Cesaro-Volterra equation

(a)

(b)

(c)

(i) (ii)

(i) plasticity only in the NOP sector
(ii) plasticity in the OP sector too
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Stick slip motion
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• Reversibility possible only if plasticity in the 
NOP sector. Can explicitly demonstrate by 
calculating shape deformation under 
loading.

• Stick-slip motion of interface produced by 
nonlinear dynamics of plasticity.

• When elastic incompability becomes too 
large - possibility of a “microstructural 
glass”
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