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Strong W-U Correlations in the Lennard-Jones liquid

. 3- 864 Lennard-Jones particlles ]
Canonical Ensamble (NVT) L T=0.66. p=0.840, <p> =0 |
2 Correlation coefficient: 0.953 v |

Slope: 6.13

E=K(p1, ,pN) + U(I’l, ,rN)

p=NkgT(p,,....py)/V+W(r,,....,ry)/V

Normalized fluctuations

The well studied Lennard-Jones liquid
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W(t) and U(1) are instantaneously correlated
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Questions

« Phenomenology: How general is this?

« Analysis: What causes such strong correlations?
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Strongly Correlating Liquids (SCL)
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Origin: Recall Soft-Sphere r " Liquids

Pair interaction of inverse power-law,

Pair virial, i
1 I Upair _ne r —n
Thus (U = Zpairs Upair and W = Zpairs WPE'IF):
U=~W
where
v =n/3.

Correlation is exact K = 1 and trivial.



The Best IPL r " Describe Fluctuations
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Consequence:
Strongly correlating liquids inherit (some)

Bailey et al., JCP 129:184508 (2008
[Bailey et al., J ( ) scaling properties from the IPL potential.



Inverse Power Law Potentials (Thermodynamics)

Inverse power law potential (IPL)
v(r) = Ar™"

F =Fa+ Foy  Fa = —NkgTln(pA?)

The excess free energy is given by

{:_FE}:,-"IIIE‘L'BT — /dlrl (‘Frﬁ"‘r {,)—L'rl:l"]_,....,l‘
I,.-'F \;r

The excess free energy can be written
as a function of density and temperature
(Klein's theorem)

Fexipr = NEkgl'o (;;”*“#3;-"]”)

fi(@) = 2! (x) — d(@), fol) = 2/ (2), fala) =

— 20" ()

fa(z) =

w) kT

{1 = —(T/V)(?Fe/OT?)y

This implies that a number of

derived quantities are also a

function of p™/3/T.

Sex = —(0F/0T)v  Excess entropy
SEKJPL — i?\,bF';].,B fl (I}nfﬂ.ﬁfj")

U = Fox + T'Sex Potential energy
UL = NkpT f3 (:"*’”’HJ";T)

N~

W = —V(0F/OV)r Virial
Wi = %_.-\-*LBT fo (;,}3’T)

Kt = V(0°Fex/OV*)r Excess bulk
_Kip, = pkeT f3 (;}”-’IE'_,,-’T) modulus

Excess

cvpL = pkefa (p”f?’;T) specific heat

(n/3)222¢" (x) + [(n/3) + (n/3)xd/ (x)



Inverse Power Law Potentials (Dynamics)

Consider the standard molecular dynamics (MD) case where the equations of
motion are Newton's equations

ri(t) (i = 1,...N)  Solution to Newton's equations < State point (T,,0,)

then
i (t) = ari(M) s a solution if o~ ("2 — )2 < State point
(T,=T, a*A?, p,=p,/a’)
This impliCS: o n/3
T =a "Ty = (—) Ty
o

two states with different densities and temperatures but same p™ /T have
dynamics that scale into one

=T

= {5 (p”fﬂ;’fT) :
f} — f(h (pnfﬂ;j") .



Inheritance of Scaling Properties by Generalized IPL Potentials

The existence of isomorphs is a consequence of the hidden scale invariance
characterizing strongly correlating liquids.
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Excess free energy
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Definition of Isomorphs [Gnan et al., JCP 131: 234504 (2009)]

Two state points (1) and (2) with femperatures T,and T, and densities p, and p,
are isomorphic if :

Given two configurations Properties (isomorph invariants):
(r':ll:'. .I'E.&:'j and {r?). s rfﬁ?) * Equal Boltzmann probability:
P(ry,..ry) = e Whrrn)=Fal/ksT

which are related by |
* Equal entropy: Sex = —0F /0T
- (1 (2 . ,
TEJZI‘EJ where r; = p I,
* Both NVE and NVT Newtonian dynamics
as well as Brownian dynamics are isomorph

they have proportional invariant when described in reduced units

configurational NVT Boltzmann
factors:

* Reduced transport coeffcients like the

diffusion constant, the viscosity, etfc., are

—u kg o U L e kT | : '
N = (15 ¢ invariant along an isomorph.

N =




Simulation Results (Equilibrium Dynamics):

Normalized time-autocorrelation functions - as well as normalized higher-order time
correlation functions - are invariant along an isomorph when quoted in reduced units
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(8000 particles of KABLJ (80:20))



Simulation Results (Structure):

Scaled radial distribution function(s) - as well as higher-order equilibrium particle
probability distributions - are invariant along an isomorph.
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Simulation Results (Structure):

Scaled radial distribution function(s) - as well as higher-order equilibrium particle
probability distributions - are invariant along an isomorph.
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Simulation Results (Aging):

A jump between two isomorphic state points starting from equilibrium takes the
system instantaneously to equilibrium.
(non-isomorphic transformations bring the system out of equilibrium)

(8000 particles of KABLJ (80:20)
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Simulation Results (Aging):

A jump between two isomorphic state points starting from equilibrium takes the
system instantaneously to equilibrium.
(non-isomorphic transformations bring the system out of equilibrium)

(8000 particles of KABLJ (80:20)

6.7 (a}l w ]

T=0.628, p=1.258 ¢~ ,
— T=0.557,p=1.228G ",
-6.8- -

I't_,—\."nrh""ﬁ"'l .Iu'. v 1".'""‘ \‘l.,-'lhﬁlﬁl"ul\lh'\aﬂq.ﬁ-' III||"I'-.|I‘Il

U/N

-6.9 1 l 1 | I | I | I |



Simulation Results (Aging):

Jumps from any two isomorphic equilibrium state points to a third state point lead to
the same aging behavior for all physical quantities.
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Comparing Simulation Results with Theory:

Theory for generalized 12-6
Lennard-Jones potentials:

o 4
Equations of isomorphs ‘%’ 5'
in the (U-W) plane T
U= Ufzﬁd + UE-.‘ﬁz -6
WzilUTzﬁd‘l‘ZbEﬁz ;
- g
Un = 5184 (1) s !
(m) o (m), _(m);  \m

p=(p/p*) 1.

(1) (1)

Dij (T'uJ = Oy [T'u‘] T D4 U'f.r’)

T | -10.565+3.9773 x

| |
1.4 1.5
' | ' |

— -10.565/2+3.9773 x




Comparing Simulation Results with Theory:
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I-IE-IGNIOO

-

12
10

()

Full Line:
- Prediction from Theory |
5 KABLIJ (80:20) |
8000 particles
3 3
5 — 0431<T<0.795, 1.1685" <p<1.3185",

— 0450<T<0.847, 1.1416”, , <p<1.291¢"

AA

. T T T
-6.8 -66 -64 -6.2 -6
U/N



The Master Isomorph

From the two equations of

isomorphs we can chose as : | |+ SCLJ, 864 particles
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isomorphs are rotated parabolas
in the
U-W plane and are identical in
scaled units



The Master Isomorph

From the two equations of
isomorphs we can chose as
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Understanding Isomorphs and Isochores Leads to an
Equation of State

I | I I 1 | I I I
- . : . > ]
81~ Points: MD simulations. Q&
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“Isomorphic” equation of state for KA BLJ

Tp.T) = Tp™", p=p/p. (11)
Ulp.T) = Uy +a(Tj) (12)
W.ip,T) = Wy +~U.(p, T) (13)

From (U.. W.) we can calculate the contribution to the potential energy from the two IPL

terms of the potential:

—BWL(p. T) + nliu(p.T)  —3Wy + (n — 39U, (p.T)

Umelp, 1) = \n —m T n— ml T (14)
_ . W p. T) —mU.(p,T) IWy — (m = 37U, (p,T)
Uns(pnT) = n—m - ) n—m (15)

Finally we use isomorphic scaling to go back to the (p, T, U, W) state point:

I—’r{‘p? T} — vn'l i'brn = -_ T} + .ﬁnlf:—;'[;”?-*(p" T:] (lﬁ]

1L

Wip.T) = 27" *Uns(p, T) + 57" *Unna(p,T) (17)



Conclusions:

*We showed the existence of "approximated” isomorphs in the U-W plane for Lennard-
Jones Liquids using molecular dynamics simulations.

*Starting from one reference point in the U-W plane we are able to identify a set of
isomorphic points (isomorphic curve) and predict a numbet of thermodynamic
dynamic and structural equilibrium properties as well as of f-equilibrium properties
(we can predict effective temperatures of glasses!!).

*Isomorphs’ shape depends only on the exponent of the interacting potentials and not

from their parameters, thus isomorphs with the same “kind" of potential collapse into
a master isomorph.

*Isomorphic state points are a feature of only strongly correlating liquids.
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