
Kinetically constrained models and
dynamical facilitation

Lecture 1 – Kinetically constrained models (KCMs)

Lecture 2 – Dynamical facilitation:
KCMs as ‘realistic’ models
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A family of ‘glassy’ models:
– simple thermodynamic properties
– motion is constrained by local environments.
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What is a KCM?

A family of ‘glassy’ models:
– simple thermodynamic properties
– motion is constrained by local environments.

Eg, Triangular Lattice Gas (TLG): particles distributed at
random on triangular lattice [Jäckle and Krönig (1991)]

Case 1 : Particles hop to adjacent
vacant sites with unit rate.

Case 2 : Kinetic constraint :
“Motion possible only along
bonds, and only if there are no
obstructions”.

Both cases : in a large system with density ρ, can prove
that the model has an equilibrium steady state in which all
possible configurations are equally likely.



TLG model simulation
Easy to simulate the model on a computer.
Can measure standard observables.

With kinetic constraint. . .
Self-intermediate
scattering function

Fs(q, t) = 〈eiq·∆ri(t)〉

with q = (π/σ, 0).
[Pan, Garrahan and Chandler
(2005).]

Increasing density ⇒ dramatically increasing relaxation time
(cf colloidal glass or granular packing)



Key messages

– KCMs are simple to define, can be simulated on a
computer, and studied analytically.

– They can exhibit complex behaviour reminiscent of
glasses, including large relaxation times, slow particle
diffusion, and dynamical heterogeneity.

– They don’t have: ‘entropy crises’; glass transitions as in
mode coupling theory or in the sense of Kauzmann;
elastic soft modes. . .

For general principles of KCMs, a great review is
[ Ritort and Sollich, Adv Phys 52, 219 (2003) ]
although there are more recent developments. . .



Back to basics

Instead of particle models, consider ‘spin models’.
Take a lattice (eg square) with sites i = 1, 2, . . . N .

Binary variables:
ni = 0 (down, or immobile) or ni = 1 (up, or mobile).
In the absence of constraints, take dynamical rules

ni : 0 → 1, rate c

ni : 1 → 0, rate 1 − c

Completely trivial model:
(1) All spins are (completely) independent,
(2) In the equilibrium state, the probability that any spin is
up is c.

〈ni〉 = c, 〈ninj〉 = 〈ni〉〈nj〉 = c2, (i 6= j)



. . . more basics

Define the energy of the system E =
∑

i ni, temperature is
given by e−1/T = c/(1 − c).

Probability that any spin is up at both of two times t and t′ in
equilibrium state can be calculated. Hence . . .

C(t) ≡ 〈ni(t)ni(t
′)〉 − 〈ni(t)〉2 = c(1 − c)e−|t−t′|

. . . correlation function at equilibrium is also simple

Also define ‘persistence’ function at equilibrium.
P (t) : probability that spin i does not flip at all between
times t and t′

P (t) = ce−c|t−t′| + (1 − c)e−(1−c)|t−t′|



Kinetic constraint
Fredrickson-Andersen (FA) model [F & A (1984)]
Square (hypercubic) lattice in d-dimensions, spins may only
flip if at least f of their neighbours are up.

If the spin may flip, rates are the same as before

Eg, if f = 1,
. . . 1 0 1 1 0 0 0 1 0 . . .

then red spins may not flip

Note: if the transition from state A to state B is allowed,
then so is the transition from state B to state A.

Eg, flip rightmost spin above

. . . 1 0 1 1 0 0 0 1 1 . . .



Operational definition

To simulate the model on a computer:

– Pick a spin at random

– If the spin is down and allowed to flip, change it to up
with probability c.

– Alternatively, if the spin is up and allowed to flip, change
it to down with probability 1 − c.

– Otherwise do nothing.

– Repeat this process N times.
You have successfully simulated 1 time step.



Detailed balance

General theorem: if A and B are states and there exists a
function p such that, for all A and B,

p(A)W (A → B) = p(B)W (B → A)

where W (A → B) is the transition rate (or probability) from
A to B, then p(A) is the probability of finding the system in
state A, at equilbrium.

For all FA models, and for the trivial model above,
p(A) = cN↑(1 − c)N↓

where N↑ the number of up spins in state A, and N↓ the
number of down spins.

Probabilities of configurations at equilibrium are unchanged
by kinetic constraints.



The same, but different

‘Static properties’ are not changed by the kinetic constraint.

The unconstrained and constrained models have the same
entropy, free energy, and we still have

〈ni〉 = c, 〈ninj〉 = 〈ni〉〈nj〉 = c2, (i 6= j)

. . . BUT dynamical properties are very different

Eg, correlation C(t) and persistence P (t) differ strongly
between the models.

Differences between models are significant when c is small,
since then only a few spins can flip.
That is, interesting (glassy) behaviour occurs at low
temperatures.



Trajectories

Trajectories (histories) of ‘unconstrained’ model (left) and
FA model with s = 1 (right), in d = 1

[Garrahan and Chandler (2002)]
Up spins are black, down are white.
Typical configurations are similar, but typical trajectories are
different.



The KCM zoo

You can think of many types of kinetic constraint, and define
many models. Some notable examples:

East model in 1 dimension: [Jäckle and Eisinger (1991)]
“Spins may flip only if their left neighbour is up.”

Kob-Andersen (KA) lattice model: [K & A (1993)]
particles on square (hypercubic) lattice in d dimensions
“A particle may move to an adjacent vacant site if it has at
least s vacant adjacent sites in both the initial and final
state.”
(related to FA model with f = s + 1: density ρ = 1 − c,
interesting regime is large ρ)



The KCM zoo

You can think of many types of kinetic constraint, and define
many models. Some notable examples:

East model in 1 dimension: [Jäckle and Eisinger (1991)]
“Spins may flip only if their left neighbour is up.”

Kob-Andersen (KA) lattice model: [K & A (1993)]
particles on square (hypercubic) lattice in d dimensions
“A particle may move to an adjacent vacant site if it has at
least s vacant adjacent sites in both the initial and final
state.”
(related to FA model with f = s + 1: density ρ = 1 − c,
interesting regime is large ρ)

Stupid model: “particles on square lattice may never move”

(. . . the point is, our rules should be reasonable. . . )



Ergodicity and reducibility

Crucial questions about the dynamical rules:

(1) In typical configurations, are there spins that will never
be able to flip?
. . . a question of reducibility

(2) Does the system explore its configuration space in a
time that remains finite even as the system size N → ∞?
. . . a question of ergodicity

(3) For particle models (eg TLG), does the system have a
finite (non-zero) diffusion constant?

Answering these questions is hard in general, but important
work has been done.



Examples : reducibility

Irreducibility : for any two states A and B, there exists a
sequence of possible moves that transforms A into B.

Eg, FA with f = 1.
If all spins are down (0) then no spins may flip. Hence no
route from state with all down to state with all up.
System is reducible.

However, all states except all-down are connected by a
possible sequence. For a large system, the probability of
finding the all-down state tends to zero. Can say that the
system is effectively irreducible.

For FA with f > 1, there are lots of states that can’t be
transformed to the all-up state. But system is effectively
irreducible for f ≤ d.



Other examples

Two hard discs in a box

A

B

L A

B

L

For large boxes, the discs can pass each other. For small
boxes, they cannot. There is a transition to reducible
behaviour at L = Ld.

Ergodicity : a more subtle question. . . can the system get
‘stuck’ even when all transitions are allowed?



The usual suspects

At high temperature/low density, ‘sensible’ models should
be (effectively) irreducible, ergodic, with finite diffusion
constant.

These include: East model, TLG model,
FA model with f ≤ d, KA model with s < d.

. . . turns out that these are ergodic and effectively
irreducible at all temperatures/densities.
[see Ritort & Sollich (2003), also Toninelli, Biroli, Fisher (2005)]
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FA model with f ≤ d, KA model with s < d.

. . . turns out that these are ergodic and effectively
irreducible at all temperatures/densities.
[see Ritort & Sollich (2003), also Toninelli, Biroli, Fisher (2005)]

Note: Early studies of KCMs were related to the
mode-coupling theory (MCT).

MCT predicted transitions in KCMs that were later proven
not to exist

. . . simple models are useful test cases



Length and time scales

KCMs are ergodic disordered states
. . . natural analogy with fluids.

Relaxation is slow, co-operative and heterogeneous at high
density ρ (particle models) or low temperature T .
. . . plausible analogy with glasses.

Questions:
(1) Can we explain the glassy features of the models?

(2) Do these effects have the same origin in KCMs and real
liquids/glasses?



Length and time scales

KCMs are ergodic disordered states
. . . natural analogy with fluids.

Relaxation is slow, co-operative and heterogeneous at high
density ρ (particle models) or low temperature T .
. . . plausible analogy with glasses.

Questions:
(1) Can we explain the glassy features of the models?

(2) Do these effects have the same origin in KCMs and real
liquids/glasses?

Caveat: the answers depend on the specific KCM, of
course. . .



Dynamical heterogeneity

Dynamical heterogeneity : the idea that different regions of
a supercooled liquid are faster/slow than average

Very strong effect in KCMs

TLG model.
ρ = 0.77

Black particles
have moved at
least once in
time t

Times:
103, 104, 105, 106.

[Pan, Garrahan and Chandler (2005)]



Four-point functions

Natural to consider two-point correlation functions of ‘active’
black regions. [see for example Toninelli, Wyart et al (2005)]

Define pi(t)=0 if site i is black,
otherwise pi(t) = 1.

That is, pi(t) = 1 for small t,
changes to 0 when something
happens at site i.

Four-point function:
G4(i, j, t) = 〈pi(t)pj(t)〉 − 〈pi(t)〉〈pj(t)〉

Decays to zero as distance between i and j is increased.
Characteristic length scale ξ4(t): size of regions

We have also: χ4(t) = 1
N

∑
ij G4(i, j, t) : ‘weight’ of clusters.



Four-point functions

Left : G4 in KA model, d = 3, s = 2.
Right : χ4 in 3d version of East model (NEF)
[ Berthier and Garrhan (2005) ]

Broad features (nearly) always similar.
How do length and time scales depend on temperature,
density etc?



1-spin facilitated FA model

FA model in d = 1 with f = 1. Spins may flip if at least one
neighbour is up.

Eg
. . . 010 . . . → . . . 011 . . . → . . . 001 . . .

is ‘diffusion of an excitation’, while
. . . 0100 . . . → . . . 0110 . . . → . . . 0111 . . . → . . . 0101 . . .

is branching. (‘coagulation’ is also possible)

Rate for diffusive steps is D ∼ c

Typical distance between
excitations is ξ ∼ 1/c.

Time before excitations meet is
τ ∼ ξ2/D ∼ 1/c3.



FA scaling with f = 1

Physics of diffusion/branching/coagulation at small c.
(Use ∼ to indicate proportionality at small c)

In d = 1:
Diffusion constant D ∼ c

Only interesting length scale is average separation of
excitations, ξ ∼ 1/c.
Typical time to move distance ξ is

τ = ξ2/D ∼ c−3

gives the persistence time (time for P (t) to decay to 1/e)

In terms of temperature, τ ∼ c−3 ≃ e3/T . . . Arrhenius/strong

Scaling forms for correlation functions, etc, as c → 0.
Eg: P (t) = f(c3t) where f is a simple function.



Above one dimension

Behaviour changes for d ≥ 2:
Diffusion constant D ∼ c as before,

Typical spacing of excitations is now ξ0 ∼ c−1/d

Distance moved between excitation ‘meetings’ is ξ ∼ c−1/2

Larger length scale is ξ, turns out that relaxation time is
τ = ξ2/D ∼ c−2 ∼ e2/T . . . (still Arrhenius)

For these simple cases,
can do further analysis, eg χ4(t) ∼ Dt1/2 for small t.



1d East model

Recall, spins may flip only if left neighbour is up.
No diffusive motion in this case

10001 → 11001 → 11101 → 10101 → 10111 → 10110 → . . .

Spacing ℓ between up spins:
Rate for non-trivial flip is τ(ℓ) ∼ clog

2
ℓ

Since typical spacing is ξ = 1/c, follows that

τ ∼ exp(a/T 2), fragile/super-Arrhenius/Bässler

Not simple power-law (critical) scaling, but length and time
scales still diverge as T → 0

Similar in all dimensions (for ‘North-or-East’ model etc)



‘Cooperative models’

Models such as FA with f ≥ 2 and KA with s > 1 are more
difficult.
(Not useful to consider excitations one at a time)

Find that τ increases very quickly as c → 0. For FA with
f = d = 2, believed that

τ ∼ ea/c ∼ eae1/T

, (very fragile)

At low temperatures, τ quickly gets very large.
(Theory based on diffusive motion of ‘super-defects’)
[Toninelli, Biroli and Fisher (2005)]

From computer simulations, this seems to be valid only at
temperatures even lower than those that can be simulated.



Length scales in co-operative models
Recall: models such as FA with 2 ≤ f ≤ d are ‘effectively
irreducible when lattice is large.

. . . for small systems, likely that randomly chosen
configurations cannot reach each oher.

Can define the ‘bootstrap’ length Ξ: smallest system size
for which typical configurations can reach other.

This seems to be the ‘interesting’ length scale that replaces
the simple ξ = 1/c or ξ = 1/

√
c for non-cooperative models.

If Ξ diverges at some temperature (or density), this would
be an ‘ideal glass transition’. The glass phase would be
non-ergodic.

Eg North-and-East model [see Ritort & Sollich (03)],
knights/spiral models of [Toninelli-Biroli-Fisher (06)]



Not really KCMs

Plaquette models:

H = (1/2)
∑

�

σ1σ2σ3σ4 H = (1/2)
∑

∇

σ1σ2σ3

Spins just flip with Metropolis rates.
‘Trivial’ free energy, but large barriers act as “effective
kinetic constraints”. [Lipowski, Newman, Garrahan. . . ]



Plaquette model results

Relaxation times: τ ∼ e3/T (SPM); τ ∼ e1/T 2 log 3 (TPM).
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Plaquette model results

Relaxation times: τ ∼ e3/T (SPM); τ ∼ e1/T 2 log 3 (TPM).

Static and dynamic point-to-set lengths are the same for
TPM; different for SPM.

Dynamic correlation length ξ4 is the same as dynamic
point-to-set for both.

Length scale defined from configurational entropy same as
static point-to-set.

SPM note: optimal relaxation mechanism requires large
length scales to operate.

Similar idea in KCM: allow violations of the constraint with
rate ǫ. Now all droplets eventually relax, but the time
depends on ǫ. But for large droplets the time can be
independent of ǫ.



Conclusions

KCMs show rich behaviour

Particularly useful for illustrating and establishing ideas and
concepts.

Questions:

(1) How much of the physics of glasses are contained in
KCMs?

(2) How realistic are KCMs as models of specific liquids?
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