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Plan of the Lectures on Variational Monte Carlo Method

Motivation, Overview and Key Ideas (Lecture 1, VBS)
Details of VMC (Lecture 2, VBS)

Application to Superconductivity (Lecture 3, VBS)
Application to Bosons (Lecture 4, AP)

Application to Spin Liquids (Lecture 5, AP)
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...and now, Cold Atom Quantum Simulators

(a)

(Bloch et al., RMP, (2009))

@ Hamiltonian...for here, or to go?
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The Strategy

Identify “key degrees of freedom” of the system of interest

o ldentify the key interactions

@ Write a Hamiltonian (eg. tJ-model)...reduce the problem to a
model

@ “Solve” the Hamiltonian

° ...

@ Nature(Science)/Nature Physics/PRL/PRB...



“Solvers”

@ Mean Field Theories (MFT)



“Solvers”

@ Mean Field Theories (MFT)

@ Slave Particle Theories (and associated MFTs)



“Solvers”

@ Mean Field Theories (MFT)
@ Slave Particle Theories (and associated MFTs)
@ Dynamical Mean Field Theories (DMFT)



“Solvers”

Mean Field Theories (MFT)
Slave Particle Theories (and associated MFTs)
Dynamical Mean Field Theories (DMFT)

Exact Diagonalization

e ¢ ¢ ¢



“Solvers”

Mean Field Theories (MFT)
Slave Particle Theories (and associated MFTs)
Dynamical Mean Field Theories (DMFT)

Exact Diagonalization

e © ¢ ¢ ¢

Quantum Monte Carlo Methods (eg. Determinental)



“Solvers”

Mean Field Theories (MFT)

Slave Particle Theories (and associated MFTs)
Dynamical Mean Field Theories (DMFT)

Exact Diagonalization

Quantum Monte Carlo Methods (eg. Determinental)
Variational Monte Carlo (VMC)

e © © ¢ ¢ ¢



“Solvers”

Mean Field Theories (MFT)

Slave Particle Theories (and associated MFTs)
Dynamical Mean Field Theories (DMFT)

Exact Diagonalization

Quantum Monte Carlo Methods (eg. Determinental)
Variational Monte Carlo (VMC)

e ¢ ¢ 6 ¢ ¢ ¢



“Solvers”

Mean Field Theories (MFT)

Slave Particle Theories (and associated MFTs)
Dynamical Mean Field Theories (DMFT)

Exact Diagonalization

Quantum Monte Carlo Methods (eg. Determinental)
Variational Monte Carlo (VMC)

e © © 6 ¢ ¢ ¢ ¢

AdS/CFT



Great Expectations

Prerequisites




Great Expectations

Prerequisites

@ Graduate quantum mechanics including “second quantization”




Great Expectations

Prerequisites

@ Graduate quantum mechanics including “second quantization”

@ ldeas of “Mean Field Theory”




Great Expectations

Prerequisites

@ Graduate quantum mechanics including “second quantization”
@ ldeas of “Mean Field Theory”

@ Some familiarity with “classical” superconductivity




Great Expectations

Prerequisites
@ Graduate quantum mechanics including “second quantization’

@ ldeas of “Mean Field Theory”
@ Some familiarity with “classical” superconductivity

At the end of the lectures, you

can/will have
@ Understood concepts of VMC




Great Expectations

Prerequisites
@ Graduate quantum mechanics including “second quantization’

@ ldeas of “Mean Field Theory”
@ Some familiarity with “classical” superconductivity

At the end of the lectures, you

can/will have
@ Understood concepts of VMC

@ Know-how to write your own
code




Great Expectations

Prerequisites
@ Graduate quantum mechanics including “second quantization’

@ ldeas of “Mean Field Theory”
@ Some familiarity with “classical” superconductivity

At the end of the lectures, you

can/will have
@ Understood concepts of VMC

@ Know-how to write your own
code

@ A free code (pedestrianVMC)

@ Seen examples of VMC in
strongly correlated systems




Great Expectations

Prerequisites
@ Graduate quantum mechanics including “second quantization”

@ ldeas of “Mean Field Theory”
@ Some familiarity with “classical” superconductivity

At the end of the lectures, you
can/will have

@ Understood concepts of VMC

@ Know-how to write your own

code
@ A free code (pedestrianVMC) PEDESTRIANS
@ Seen examples of VMC in ONLY

strongly correlated systems
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Hall of Fame

Bardeen, Cooper, Schrieffer Laughlin

Quote/Question from A2Z, Plain Vanilla JPCM (2004)

The philosophy of this method (VMC )is analogous to that used by
BCS for superconductivity, and by Laughlin for the fractional
quantum Hall effect: simply guess a wavefunction. Is there any
better way to solve a non-perturbative many-body problem?
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H|V) = E|V)

where E is the energy eigenvalue
@ Alternate way of stating this
o Define an “energy functional” for any given state |®)

E[®] = (®|H|®)

@ Among all states |®) that satisfy (®|P) = 1, those that
extremize E[®] are eigenstates of H Exercise: Prove this!

o The state(s) that minimises(minimise) E[®] is(are) the ground
state(s)

12/36
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o Ground state H2+ molecule with a given nuclear separation
@ "“Guess” the wave function (linear combination of atomic
orbitals)

[¥) = al1) + b[2)

where |1,2) are atomic orbitals centered around protons 1 and
2
@ Find energy function (taking everything real)

E(a, b) = Hi1a* + 2H1pab + Hapb?

(symbols have obvious meaning)

@ Minimize (with appropriate constraints) to find
|1j}>g = %(‘1) + |2>) (for Hip < 0) Question: Is this the actual
ground state?

@ Example shows key ideas (and limitations) of the variational
approach!
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@ |V) depends on some variational parameters aq, az... which
“contain the physics” of the wavefunction

o Example,

BCS) = [H ok + vecfyet u)] IFS)
k

Uy, vk are the “qo;s”
@ In general, ajs are chosen

@ To realize some sort of “order” or “broken symmetry”, (for
example, magnetic order)...there could be more than one order
present (for example, superconductivity and magnetism)

o To enforce some sort of “correlation” that we “simply” know
exists

and can include all of the “effects” above
@ ...your guess is not as good as mine!
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Variational Principle vs. MFT

@ Mean Field theory
@ Replace H by Hpre which is usually quadratic
@ Use the Feynman identity F < Fye + (H — Hye)mre (F is free

energy)
o Kills “fluctuations”

@ Variational Principle
@ Works with the full Hamiltonian
@ Non-perturbative
o Well designed wavefunctions can include fluctuations above
MFT
@ Usually MFT provides us with intuitive starting point...we can
then “well design” the variational wavefunction to include the
fluctuations that we miss

15/36
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expression for the state, e. g., BCS state

@ In most problems of interest we do not have a simple enough
analytical expression for the wavefunction (e. g., Gutzwiller
wavefunction |Wgye,) = gP|Vtee))

@ In many of these cases we have expressions for the
wavefunction which “look simple in real space”, say,
Vo (rit, 21,y N, M1, P2, - - -5 I, ), Where rj, are the
coordinates of our electrons on a lattice (we will work
exclusively with lattices, most ideas can be taken to
continuum in a straightforward way); W, has necessary
permutation symmetries, and « subscripts reminds us of the
underlying parameters

o Call C=(ry,r0,---yrN Y5120, --,IN,|) @ configuration
of the electrons
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i.e., we need to do a sum over all configurations C of the our
2N electron system

@ Note that in most practical cases we need sum the
denominator as well, since we use unnormalized
wavefunctions!

@ Sums...how difficult can they be?

@ Consider 50 7 electrons, and 50 | electrons on a lattice with
100 sites....How many configurations are there?

Num. Configurations ~ 10%0111!

@ And this is the difficulty!

@ Solution...use Monte Carlo method to perform the sum!
18 /36
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@ Use the following trick

Fla) — ZcValOHVL(C) S VL (O)Wa(C) HS)
: > c Va (Vo (C) > Va(OVo(C)

B HY.(C)

= LPON G
where

_ wa(9)P
PO= S vov.©0

is the probability of the configuration C; obviously
Y.cP(C)=1

@ Note that we do not know the denominator of P(C)
@ For any operator O

_ 0V, (C)
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Idea of Monte Carlo Sums

@ Key idea is not to sum over all configurations C, but to visit
the “most important” configurations and add up their
contribution
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@ Key idea is not to sum over all configurations C, but to visit
the “most important” configurations and add up their
contribution

@ The most important configurations are those that have “high”
probability..., but we do not know the denominator of P(C)

@ Need to develop a scheme where we start with a configuration
(1 and “step” to another configuration C, comparing P((;)
and P((,)...and continue on

@ Thus we do a “walk” in the space of configurations depending
on P(C)...spending “most of our time” in high probability
configurations...this is importance sampling

@ Goal: construct a set of rules (algorithm) to “step” in the
configuration space that performs the necessary importance
sampling

@ Such a stepping produces a sequence configurations a function
of steps or “time”...but how do we create this “dynamics”?
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Markov Chains

@ Let us set notation: Label all the configurations (yes, all 10%0)
using natural numbers Cy, G...Cpy... etc; we will use
P(1) = P(Cy), and in general P(m) = P(Cp) and > =>",,
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using natural numbers Gy, Gy...Cp,... etc; we will use
P(1) = P(Cy), and in general P(m) = P(Cp) and > =>",,
@ We construct transition (Markov) matrix
W(n, m) = W(n < m) which defines the probability of
moving from the configuration m to configuration n in a step,
we consider only Ws that are independent of time

@ The probability of taking a step from m — n is independent of
how the system got to the state m...such stochastic processes
are called as Markov chain

o Clearly >~ W(n,m) =1, and W(n, m) > 0 Exercise: If A is a
right eigenvalue of the matrix W, show that |\| < 1.
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Master Equation

@ Question: Given a Markov matrix W, and the knowledge that
the probability distribution over the configuration space at
step t is P(t) (P is the column P(m)), what is P(t 4 1)?
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step t is P(t) (P is the column P(m)), what is P(t 4 1)?
@ Clearly

P(n,t+1)=> W(nm)P(mt) P(t+1)=WP(t)

@ How does the probability of a state change with time?

P(n,t+1) ZW n, m)P(m, t)fZW(m, n)P(m,t)

...the Master equation
@ For a “steady” probability distribution

> W(n,m)P(m) =Y W(m,n)P(m) = 0

=Y W(n,mP(m) = P(n) = WP=P

...i.e., Pis a right eigénvector of the Markov matrix W with

unit eigenvalue!
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Markov Chains...a bit more

@ For our purpose, need to construct a Markov matrix W for
which our P is an eigenvector...how do we do this?
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Markov Chains...a bit more

@ A state m is called recurrent if V(m, m) =1, i.e., and the
mean recurrence time is tp, = >, tV(m, m; t); if t,, < oo, the
state is called positive recurrent; if all states are positive
recurrent, the chain is called ergodic
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Markov Chains...a bit more

@ A state m is called recurrent if V(m, m) =1, i.e., and the
mean recurrence time is tp, = >, tV(m, m; t); if t,, < oo, the
state is called positive recurrent; if all states are positive
recurrent, the chain is called ergodic

@ A chain is aperiodic if no state repeats in a periodic manner

@ Fundamental theorem of Irreducible Markov Chains: An
ergodic aperiodic irreducible Markov chain has a unique
stationary probability distribution

@ We now need to construct an irreducible chain, i. e., the key
point is that every state must be reachable from every other
state

@ The other conditions (positive recurrence) is easier to satisfy
since our configuration space is finite albeit large
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Detailed Balance

@ How do we choose an irreducible chain whose stationary
distribution is our distribution?
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Detailed Balance

@ How do we choose an irreducible chain whose stationary
distribution is our distribution? Clearly, there is no unique
choice!

@ We can choose W in such a way that

W(n, m)P(m) = W(m, n)P(n)

and this will clearly mean that PP is the right eigenvector of
W...this condition is called the detailed balance condition
@ Now, we are ready to construct an appropriate W, define

W(n, m) = A(n, m)S(n, m)

where S(n, m) is called the “suggestion probability” i.e., the
probability of suggesting a state n to move to, when we are at
m, and A(n, m) is called the “acceptance probability”

@ Let us suppose that we have “designed” a suggestion
probability matrix...what is the acceptance probability matrix?
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Acceptance Matrix

@ We can use detailed balance and immediately the following
equation for the acceptance matrix
A(n,m)  S(m,n)P(n)
A(m,n) — S(n, m)P(m)
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Acceptance Matrix

@ We can use detailed balance and immediately the following
equation for the acceptance matrix

A(n, m) _ S(m, n)P(n) _ S(m, n)|W(n)|?
A(m,n)  S(n,m)P(m)  S(n, m)|W(m)|?

= h(n, m)

note that denominators are gone!
@ We now posit A(n, m) to be function of h(n, m), i.e.,

A(n, m) = F(h(n, m))

@ The first condition can be satisfied if the function F satisfies

F(y) =yF(1/y)

@ We have lots of freedom...we can choose any function that
satisfies the above condition!
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Acceptance Matrix: Popular Choices

@ Metropolis

m,n n)|2
F(y) = min{l,y} = A(n, m) = min {1, .‘?((n, 7m))|‘\|u;((m))"2}
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Acceptance Matrix: Popular Choices

@ Metropolis

m,n n)|2
F(y) = min{l,y} = A(n, m) = min {1, .‘?((n, 7m))|‘\|u;((m))"2}

@ Heat Bath

Ly - S(m, n)|W(n)[?
F =13, =AM = S P + S(n, m)[v(m)P
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Suggestion Matrix

@ Simplest suggestion matrix: Based on single electron moves
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Suggestion Matrix

@ Simplest suggestion matrix: Based on single electron moves

@ Single electron moves: Successive configurations differ only in
the position of a single electron

o At any step pick an electron at random

& Move the electron from its current position to a new position
also picked at random

@ We have

1
Ne/ectrons X (Nsites - 1)

Note that S(m, n) = S(n, m)
@ Metropolis acceptance matrix becomes

...we have constructed our Markov matrix W Question: Does our

S(n,m) =

W produces an irreducible chain?

28 /36



..and some Final Touches

@ We now generate a sequence of configurations my starting
from some random initial configuration using our Markov
matrix W...say we take Ny c steps
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..and some Final Touches

@ We now generate a sequence of configurations my starting
from some random initial configuration using our Markov
matrix W...say we take Ny c steps

@ The key result of importance sampling

1 B, (my)
\Ua(mk)

E(aj) =
(o) e 2

...and this work for other operators as well

1 U Ow,(my)
\Ua(mk)

O)a =
(0) Nue 2=
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Variational Monte Carlo

VMC Summary

© Start with a random configuration
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Variational Monte Carlo

VMC Summary

© Start with a random configuration
Q For k=0, Nyc

o In configuration my, pick an electron at random, suggest a
random new position for this electron, call this configuration
mj

o Accept mj as myi1 with probability min {1, m:&;}z } if m) is
not accepted, set mg11 = my

ov, (mk+1)
o Accumulate V()

© Calculate necessary averages for E(«;)

@ Optimize over «;, obtain |Vg)

Q Study |Vg)
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Comments on VMC

@ Note that our starting configuration in most practical
situations is sampled from a different probability distribution
from the one we are interested in!
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Comments on VMC

@ Note that our starting configuration in most practical
situations is sampled from a different probability distribution
from the one we are interested in!

o If we take sufficiently large number of steps we are guaranteed
by the fundamental theorem that we will “reach” our desired
distribution

@ How fast do attain our desired distribution depends next
largest eigenvalue of W...it might therefore be desirable to
design W such that all other eigenvalues of W are much less
than unity

o Passing remark: In VMC we know which P we want and we
construct a W to sample P...In “Green’s Function Monte
Carlo” (GFMC) we have a W = e~ ", we start with some P
and project out the ground state Pgroundstate by repeated
application of W
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VMC Computational Hardness

@ How hard is VMC?

@ For every step, once we make a suggestion for a new

[W(m)P?

[W(mi)?

@ Now WV is usually obtained in a determinental form. If there
are 2N electrons, we usually have determinants of order N x N

configuration, we need to evaluate the ratio

@ How hard is the calculation of a determinant? This is an N3
process...

@ Not too good, particularly since we have to optimize with
respect to «;...we like things to be O(N) hard!

...all is not lost!

(]
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Faster VMC

@ Note that throughout our calculation, we need only the ratio
of determinants, not the determinants themselves
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Faster VMC

@ Note that throughout our calculation, we need only the ratio
of determinants, not the determinants themselves

@ To illustrate the idea behind this, consider spinless fermions;
we have a configuration m given by a wavefunction |W) and a
configuration n given by a wavefunction |®) which differ by
the position of a single electron I, r; and r{; written in terms

of matrices
Ya(r1) - Ya(n) - Ya(rw)
V] = : : :
Yay(r) oo Way(n) - ay(rn)
and
VYar(rn) - Yalr) - a(rn)
[®] = : : :

Yan(r) o Way(r) o ay(rn)
where 1),, are some one particle states (which usually depend

on «;)
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Faster VMC

@ We need j:,:[q)]...key point:[®] and [V] differ only in one

V]
column!
@ Now
D Vloy =0 = Y Cofdudy = det[¢]s;
P K
ﬁZCof(Dkldm = det[CD]
P
Cofdyy = Cof¥yy = det[®] = ZCof\Uk,d)k,
K
det[®] .
= v P
7 det]V] zk: ki Pu

which is certainly O(N)

@ Note that we need to know W1, and thus have to store it at
every step!

@ When we accept a suggested configuration, we will have to
recalculate W—1 which, agian, appears to be O(N3)!
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Fast Update of W1 (Sherman-Morrison-Woodbury)

@ On acceptance of the suggested configuration, we need to
compute ® 1 which will be the new W1 for the next step
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Fast Update of W1 (Sherman-Morrison-Woodbury)

@ On acceptance of the suggested configuration, we need to
compute ®~1 which will be the new W1 for the next step

o Calling r = j::m we immediately have
1
—1 —1
q)U T

@ Other rows of ®~1 can be obtained as

1
—1 -1 -1 Z -1
(D,'j 21 = \UU - ﬂiw/j s /8/' = ; w,'k (Dkl
k

which is certainly an O(N?) process
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compute ®~1 which will be the new W1 for the next step

o Calling r = j::m we immediately have
1
—1 1
®p =Y

@ Other rows of ®~1 can be obtained as

A TR R S T Y
k
which is certainly an O(N?) process
@ Note that care has to be exercised in using this procedure to
update W1 due to accumulation of (round-off) errors...every
so often we must generate W1 from the positions of the
electrons using an O(N3) algorithm
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Fast Update of W1 (Sherman-Morrison-Woodbury)

@ On acceptance of the suggested configuration, we need to
compute ®~1 which will be the new W1 for the next step

o Calling r = j::m we immediately have
1
—1 1
®p =Y

@ Other rows of ®~1 can be obtained as

A TR R S T Y
k

which is certainly an O(N?) process

@ Note that care has to be exercised in using this procedure to
update W1 due to accumulation of (round-off) errors...every
so often we must generate W1 from the positions of the
electrons using an O(N3) algorithm

@ In short VMC, at its best, is O(N?) hard! Note that
calculation of correlation functions can be harder
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Variational Monte Carlo

VMC Summary

© Start with a random configuration
Q For k =0, Ny
o In configuration my, pick an electron at random, suggest a
random new position for this electron, call this configuration
m
o Accept mj as my1 with probability min {1 wg ;}2 } if mj is
not accepted, set my1 = my
o Update W=t if my 1 = m) using SMH formula (check every so
often and perform a full update)

o Accumulate 9¥a(mei1)
Vo, (M)

© Calculate necessary averages for E(«;)

@ Optimize over «;, obtain |Wg)

© Study |Vg)
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