




And the model was ...

λ

•• S=1/2 Heisenberg model on the CaVO lattice

J = 1

J = λ
H =

∑

i,j

JijSi · Sj

Plaquette DimerizedAF

λ1
c λ2

c

•• Quantum critical points found by fidelity 
   agree with works based on order parameters Troyer et al., Wenzel et al.

λ1
c ! 0.94, λ2

c ! 1.65



Scaling analysis
F (λ, λ + δλ) = 1− (δλ)2

2
χF + . . .δλ→ 0

Susceptibility fidelity χF =
∫ ∞

0
τ

[
〈H1(0)H1(τ)〉 − 〈H1〉2

]
dτ

L.C. Venuti and P. Zanardi, PRL (2007)

• By simply noticing that                                and 

D. Schwandt, F. Alet, SC

C. De Grandi, V. Gritsev, A. Polkovnikov

∆H1 = z − 1/ν ξ ∼ (g − gc)−ν

• to be compared to the more usual energy derivative

L−dχF ∼ |g − gc|ν(−2z+d+2∆H1 )



Transverse Ising model

• Paradigm of Quantum Phase Transition (T=0)

h/J

h/J

h/J

T quantum
critical

ferro polarized

hhcc/J
• Same universality class as finite-T  Ising model in 

dimension (d+1), dynamical exponent z=1
• Can it be detected using fidelity estimators ?



Parity issues
P =

∏N
i=1 σz

i

[P,H] = 0

• Transverse field Ising model has a conserved quantity:
• ground-state has P=+1. 
• Lowest P=-1 excitation has vanishing gap
‣ If P is not fixed, then needs exponentially small T !

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
h / J

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

L
-1

χ
F

P = ±1 - QMC
P = +1 - Exact
P =  -1 - Exact
P = +1 - QMC
P =  -1 - QMC

L = 16

β J = 32

In 1d, exact 
solution hc=J



Finite temperature issues

• For mixed states, fidelity is defined as

✓so-called Bures’ metric

✓Let us define a finite-T susceptibility as 
ds(ρ, ρ′) =

√
2(1− F (ρ, ρ′))

χF (g, β) =
∫ β/2

0
τ

(
〈H1(τ)H1(0)〉 − 〈H1〉2

)
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✓Two measures are equivalent



Transverse Ising model (2d)

F. Albuquerque, F. Alet, SC, and C. Sire

• Data collapse gives access to all exponents with great accuracy
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Conclusions on fidelity
• Fidelity approach of quantum phase transitions 

‣ Rooted in quantum information theory
‣ Focus on changes of overlap of wave-functions
‣ Can locate quantum phase transitions without prior information
‣ Interesting alternative to order-parameter based methods

F (λ1, λ2) = |〈Ψ(λ1)|Ψ(λ2)〉|

• Central quantities can be computed with stochastic simulations

Valence Bond method

F (λ, λ + δλ) ! 1− (δλ)2

2
χF

Standard methods (SSE)

• Very first results ... 
• Much more to understand 

PRL (2009); arXiv:0912 (in preparation)



Part III : 
Néel - VBS transition



Valence bonds for SU(N)

i j
=

i j
PS=0

ij 1/N

• Square lattice SU(N) model

‣ large N tend to favor small bonds           destroy Néel order
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Add                      term

K. Beach, F. Alet, M. Mambrini, SC, PRB (2009)

Study Heisenberg model for arbitrary N
‣  Néel-VBS transition in 2d at Nc=4.57



Nature of the VBS phase
• Dimer order points towards columnar order VBC

K. Beach, et al., PRB (2009)J. Lou et al., PRB (2009)
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Quantum phase transition
• Data collapse indicate second order phase transition

K. Beach, et al., PRB (2009)J. Lou et al., PRB (2009)

SU(2) SU(3) SU(4) SU(Nc)

ηs 0.35(2) 0.38(3) 0.42(5) 0.63(4)

ηd 0.20(2) 0.42(3) 0.64(5) 0.63(4)

ν 0.67(1) 0.65(3) 0.70(2) 0.8(1)

Are these new universality classes ?
Is it related to deconfined quantum criticality (Senthil et al.) ?



Summary
• Valence Bond Basis, Fidelity & Entanglement :
‣ Old-school Quantum Mechanics can help to sustain the quantum 

information approach to condensed-matter

‣ Condensed-matter side: automatic detection of quantum criticality

‣ New numerical methods are very efficient in the VB basis 

‣ New simple analytical results are also possible

i j
=

i j
PS=0

ij 1/N

• Other applications of valence bond

‣ SU(N) models: Néel-VBS transition in 2d

‣ SU(2)k anyonic spin chains N = 2 cos(
π

k + 2
)

Trebst et al.




