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Earﬁeré carloon oFf Z‘aréa/ encCe

Solve Zhe differesntia/ e?aaz‘/on

u +uu, =0, zeR,t>0,

eoith  white norse as intial Jdata.

J. M. Burgers ( 1929 ——1924)).
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M ol valion

D 7 he pa/e 1S a caricadlure of Che Fundarenta
e?aaz‘/on\s o £leid mec hranics.

2) White norse as imtial data Seems reasonadle....

3) Allows ws 7o Forrelade precfée/y a statistical
theory of T wrébelence, i.e. randor processes tCAGL
a/sSo solve e?aaz‘/oné of mec AarnicS , even £ in a

vas/ (VAT /mp//ﬁ ed S ez‘z‘/ng & Barga/ s
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Sore AQS i facts aéoa'é‘ Barjyeré e?aa’é‘ 10N
D Global classical solwulions do not exist.
2) Weak solutions are not an/?ae :

3> T}Ie/‘e 1S a L(n/‘?é(e e/?Z‘l‘Oﬁy Solwtion ) wnch
1S a Vams /’1/‘/?3 ViSCoS /Z‘y [inut & 5)*//0?{; 195 O> &

Saturday, January 9, 2010



Tl ém,‘?ae entropy soltion, or the Co/e-—-%/oprp

solution, IS 3/\/817 5}/ a variational principle.

r—a(x,t)

u(z,t) = ;

a(x,t) = argmin;; < Up(y) A

+ [ (w—y)Q}
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v (x,2) 1s the ve/ ocity #1 eld. Y 15 called 2he polentia/ and

A (X ,Z(> Zhe inversSe qu/‘d/?q/‘an Fuunction. 7776_2 varialional

p/‘/nc/p/ e 1S 380/)7&2‘/‘/@ recfpe Chadd wses The poZ‘enZ‘fd/ -

(7/ide paraéo/a wUnder é/O
arnd Find £irst contact. |
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Paae d gives Che ‘correct’ characteristic ZArough
ZA e po/nz“ Cx ,Z‘> 1N Space ~Zime.
2> A (X ,Z(> 1S InCreas /773 17 x. Can onl Y JMMP Lp.

A

7 irre
(x, 2 )

A (X, d > SPQCLe
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3) As a cons eglence, u (xd) Is of bowunded variation.
j&(mpé 1N a 3/\/8 rise o Shocks in w. These correspond
Zo ‘ a/oé(A/ e—Cowuc hhes : 1n Che 380/)7@2‘/‘/6 pr/nc/p/ e.

ﬁa(x, 2)

’
R

‘ e 74 N
4 b
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Nuwmerteal e)qserimewts with white wolse data.

Ulx)

ulx)
S ——

Ulx)

Y / Fig. 4. a Solution u(z), solution to the inviscid Burgers
/ // equation at ¢ = | with white noise initial velocity (type
/i / B). b, ¢ Show successive small-scale zooming. Note the

hierarchy of ramp-like structures with slope 1 and the
cl isolated character of shock points

She, Aurell, Frisch, Commun. Math. Phys. 148, (1992)
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This problem has a remarkable exact solution.

P. qroeneboom, Brownian motion with a parabolic drift and Airg
Functions, Prob.Th. Rel. Flelds, 21, (1929).

L. Frachebourg, P. Martin, Exact statistical properties of the Burgers
equation, ). Fluid Mech, 417, (2000).
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£5a /‘Mai/ng the mode (Chernot¥, 1944

Lot

v
GGven n s d/)’lp/ esS Frorm a wnmmodal distribudion )

hoewo do we eStircle The rode 717
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Nave 5//7/7//73 " strad eqy 3/\/317 n S dmp/ esS:

W
—h— A —— A — N — R — W —h—*k o
X
| e
A/n ( X> = né(méer of po/nZ‘S V2 A/nS cenlered & X.

Guess Cestimador) @ » = argmax N, 3.

'7778 eSTimal or CO/’?\/&I‘SQS Zo Z‘/’}e Crete mode
as »n InCreases. T/'W‘S SR eXpeCZ‘ea/ :
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The S arprié e 1S5 Thdd the differesnce 7, = 7
hé&f /. dl‘ge £, woluwalions. p/‘eC/\Se/y 3

r &
n'’3 (m, —m) = argmax, <U0(s) — 5) ,

a)/?ere U 0 /‘5 A oo IS5 1ded Brown/‘an Mof/‘on :

Lontiall % Z‘/?o&(ﬁ/?f o be a curios /‘Z‘y y 2H1S edep/ e
1S repres entcdive of a/ arge netmber of lirnut

a /7eorem5 For est imalors near extlrema.

Kim and Pollard, “Cube-root fluctuations”, Ann. Stat., (1990).
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A £irst 3/ //)7'258 al Groeneéoom ‘5 Solwution

'777@ one -—po/nz‘ dIs Z‘rféaz‘/on of w @ Cinme | Ahas dens /‘Z‘y

p(u) =Jw)J(—u), ueR.

The function J has an explicit Laplace Zranstors

where 4 /‘( ?> 1S Z‘/?e ( £/ r62‘> 4 /‘/‘y function.
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Classica/ 7’&4(58/‘/@/7 theorenrs y/‘e/ d as ympz‘oik’/é of .
1
I

21 13
6_§|u| ealu

— =T

©

Q| 1S the First zero of the A Iry Ffunction.

p(u) = J(u)J(—u) ~ e_%wg, U — 0.
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7 he qene/‘a/ ?aeé Zion

et A Ae CornveXx. A)/ldf Can e Say aéan‘ ZA e
Sl stics of Zhe enz‘ropy Solwtion o

Ohu+ 0 f(u) =0, zeR,t>0,

a)/?en Z‘/’}e /‘n/‘Z‘/‘a/ a/af A /‘5 rano/ O/M 7

More precisely, howw do we describe the s point
statistics For w (D) and how does this reldde
Zo the coalescence of Shocks?

Saturday, January 9, 2010



MarRov processes and thelr generators

A Markov process 15 characterized Ay G

Cransition Serugroup & and generator A. For
switable test functions , e Aave

. Qpp—o
— | .
iy A

For Markov processes, ¢he n point distribedion
Factors into 2 point distributions.
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Generators of spectrally negative Markov processes

A Markov process with B s ample paths and only
doconeoard JZ(MPS has an inFTnmtesina/ 38/78/‘&5 or

Aplw) = b(w) /() + | nlu,0) (p(0) - pw) do.
\/ \/
Drift ol level/ «. Jumps From w 2o v.

(rarefuctions ) (s /IOC’/f s)
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ﬁ/pz‘ca/ pro/;' / e of S o/az‘ rons o A Sca/ar
Conservation [aeo (ot JL(S Z Bargers >

Dri#E ( rarefactions > h

i

Doroneoard Jamps

¢ 5/70C:é5 > 5

v
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Closure theorem (Srinivasawn, Ph.D thesis 2009)*

ﬁtu &h &Uf(u) (). a SZ‘r/‘CZ‘/y Conex.

Thr. . Asswurie the indial vel OC’//‘Z(}/ e x ,0> 1S A Mahé oV

/ﬂrOCeS S wwilh onl y doconcoard JL(MPS Y

Then sSo 15 the soluwtion «£ X,f> For every EA0).

A %/ere Ay Che Cerr closure we mean that ¢/s class of

random processes IS preserved Ay Che entropy solution.
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Since Zhe pProcesS 1S Maréov , 1T Aas an
i initesimal \93/78/‘@2‘ or CAhal depends on (x ,f> :
Conceptuall Vy we fave Che £o// oa)/ng pirclure.

U(T, 1) e A (7 1)

Closure Zheorens

Mar(/ov p/‘ope/"é‘y
il ) o i
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The “generator” Ln time

First recall the defintion of Zhe 3enera2‘ or:

/\/ Ol a/eﬁ ne an asSS oc/az( ed operdf ol (/7€re £ 1S Z‘/’Ie

£/, wx Function 1, lhe S CQ/ ar ConsServalion / da)> :

Bo(u) = — ' (w)b(u) ¢ (u)
_/_ f(vg : i(u) n(u, U) (Sp(rv) i SO(U)) w5
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The backward Kolmogorov equations

T)?el‘e 1S Q Aacé roard e,?aaz‘ 1on associaled o e\/el‘y
Maréov pProcCesSsS. Since we have a o —-pard/y/ez(er

process, we obtan Cwo backioard e?aaz‘/oné .

0,0+ Ap =0,  and Oro + By = 0.
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The Lax equatiow

Since we Aae S em{gﬁo&(p\f in x and ?, we ask
For COMPQZ‘/A// 12y betieen ThHeSe s engroapj el

ataxgp s 8x8t90

T 2Ais Aolds For a /af‘ﬁe enoaﬁ// class of
functions e obtan the Lax e?aaf/on

8 A — 8,8 =A B
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7778 Z.QX e?aaz( 10N may a/ SO Ae derived Ay .

ST emenfary dfﬁé(MenZS of Kinetic Z‘/?eory and Che

evolulion oF a S /‘nﬁ/ e S /70(1,% and rarefaction wave.

3 Vo! ‘pe/‘Z‘ ‘5 A 4 chain retle ) Z e Mdr,éov properZ‘y and
an é(/:)/é( SCi#ied /‘hZ(eI‘C/’]dnﬁe of liruts.

4. Y/opf s method: a forral evolwtion e?aaifon £for
Zhe Fourier Zransform of the law of ¢ ,Z> :
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Mcain resw/ts Ffor SZ‘QZ‘/Ondry prOCLeSSeS 1

Closure ZAeoren s ; ;
U(ZC, t) - : A(t) hiﬁd@fer ZajZ‘ ON (bh nt)
o 33/7@/‘ or

Ou HO, f(u) = 0. Kinetic
e?é(aZ‘ ronsS

A=A, B]

U(7,0) e A (()) e (b, 1))
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The Rinetic equation for clustering (Burgers)

b=—b%,  Omn(u,v,t) =D(b,n)+Q(n,n).

N N
Drift Collistons

D(s.m) = (* 5 ) (4(wdun — 9,0(0)m)

u—"v

/ n(u, wn(w,v)dv = Blrth

—n(u, v) / (v, w) (“;ﬂ W~
Gl /u S (“’_”) dw A

P

Death
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éroeneéoom l s Solution ( Burgers toIth hnte nots e>

1 1 U v
b(/U’?t):Z? n(U,U,t):mn* (t2/37t2/3)’

7 he J'amp densit v faclorizes into:

n*(u,v) K<U_U)7

J(u)

tohere i arnd K Aave chﬁ/ ace Cranstor,s:

i@ = g ko) = —2 log(4i(a)
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More on Groeneboom’s solution

Irn order Zo \/8/‘/‘{; \/ Chal CAS 1s a sSolulion e rneed

lo #USe Some intleres Z‘/ng identities. ThesSe are besS?
coritten in Lerms of Che variable e = v \/ 2 7 hren

) = —q+ e, M—————— Feocads eghn.
k' = —2(1 — ek),
E'" = 6kk’ + 49k’ + 2k.

7T hese yield Chree moment identities, such as

KxJ(x) =2 —J and sore armazing cancellations.
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The Painleve property

In factd, e /s Che £First A Iry Solution Co Panleve 2.

1
w” = 2w + 2wq + 5"

Self=sirular solutions to severa/ completely
/nfegraé/e systens (Kdv, NS, Sine-Gordon) can be
expressed in terrms of Panleve transcendents. 7hey
a/so appeda, in famowus Solvable : proé/emé N
malhematical phy/sics such as randor malrix Cheory
and the 2-D Is 117G model .
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Complete Lntegrability.




Hamtiltonltan s Ystems

The basic exa/y/p/ e 1S
i =JVH, x¢eR"

where J /s dhe s y/np/ eclic malriXx

0 I,
b

and H: R" SR /s a sSrooth Yarultonian.
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Liouville’'s theorema

777@ PorsSson Aracéez‘ of’ Zwo Y/QM// Zomans 13

(H,F} = (VH,JVF).

T he Harvlloman vector fields associaled Zo ¥/
and F cCormrule £ Che 5)‘&6%85 VarnsAhes.

Licwille s Zheoresr The £flow of Y is
/nfegraé/ e 1£ we have n rnon —-o/egeneraz‘ e
%/a/y/// Z‘on/dné fﬁdf COMML(Ze e /7 Y/
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Exa mptes

Classical (s00 S):

D Geodesic Flow on e///pSO/‘a/S Vo e (e

2) Particle constraned on a Sp/vere (C. Newtrriarnn)

Moderrn (19454

Toda ladtice, KV, NLS, Sine—CGGordon, KP,...

Ui~ ying Chemes: Labe 2o a/geéra/c Structure,

ana/l vZic fed/?n/?aeé y and masy “piracles .
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Some surprising links (Moser, 1980)

(Feodesic #/ow on e///p\So/a/\S

== Constraned »otiorn onr SP/’IereS

== Ka/\/ /,._)/Z‘/7 S paZ‘/a/ / }/ per/‘oa//‘c O/QZ‘ 78

== means Chere are Symplectic Cranstormalions

£rornr one nrode/ 2o the other ard eXp/ il Solutions.
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Ranodom matrices, Burgers
turbulence, and complete integra bLL'Ltg.
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Suppose M) is a real SyYmmelrc n x n malrix with
Slandard, independent Brocoran »motions as wpper Z‘r/anga/ ar
erlries. The e{geh\/a/ wes of ML) act /ike repell. /ng LU
charges driven by noise (Dyson, 19¢2).

t
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wigwner's semicircle law and Burgers equation

The Cauchy Zranstorr of the empirical measire

n

1 1
gnltr2) =D oo Mo (f)

k=1

COnVer3e§ Cafler rescal /‘hﬁ Ay \/ﬁ ) Zo

1
o =g 0 ila) o

g (28) is the Cactchy Cranstorr of Serucircle /aeo.
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Brownlan motlon as Lnttlal \/eLocitg

/\’\ //\/\/\VA/ AL/ ki
V "X M WWI/K

t=0 t=1

inttial data s a one stoed we thewn stvwlg wWOet) - u (Ot).
Brownian motion (for stmplicity).
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Generators of Levy processes

For Z.evy ProcessSes Zhe Cransition proéaéf/ 1lies are
independent of’ Che state, and e may use Fourier anal VSIS,
Thad /s , e ConSider eXponenZ‘/a/ S as Cest Functions and Find

Ae®” =(g)e®,  q>0.

For example, i+ « X) 1S a Brownian motion,

Saturday, January 9, 2010



The Lax equation for Levy processes

A)e COM/PL(Z‘e 5/7@ COMML(Z‘QZ‘ or Co OAZ(Q/‘I?

A(t) e =1(q,t) e?°, q>0.

A, B €% = (—1pd,1)) e®®.

oY + Yo, =0, gq,t>0.




Complete integrability

The sSolwlion o Bargeré efaaz‘/on in Che spectral
variable ? never form»s S /706/,%5 . In fact y 1T 1S prore

nad é(/‘d/ o write 17 1n characleriStics as:

dg _
i

dy
Zp? E_O

But Zhis 15 a Clomp/ ete/) v/ /nZ‘eﬁrdé/ e Y/QM// Zonian

SYS lenmr 110 aclion —-anﬁ/ e variables. ...
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Burgers turbulence and the semuicircle law

gt +99. = 0. Wi + 1Y), = 0.
1 L)
Tl — 3 o(q) = ¢

These are /, /n,éea/ A}/ Zhe C/Idnﬁe of’ \/d/‘/dé/ eS

2:24_1 g(zvt,t) _ lg/t,t)

q Vi q/t
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Mueh remains to be downe...

D Framework I1Ssues X
@) Symp/eciz‘c Structure of Flow of measSures.

B —-poéedneéé of Lax e?aaz‘/on.

2> ” CompaZ‘af rona/ 1ISSues )
d> Inverse scat Z‘er/‘ng/ E‘emdnn—%/// bert proé/ erns.

5> Connections Zo Tiacy —-A)/a/om /aeos .
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