
Thermal screening masses

screening mass ratios: QCD vs SYM

JCRt
Ry

Nf =2 QCD N =4 SYM SUGRA mode

0+!
! 1.45(4) 1.46 a

0!!+ 1.79(4) 2.19 Cij

2++ 2.05(6) 1.46 Gij

0!+
! 2.12(7) 2.19 Bij

1+! 2.31(10) 1.85 Gi0

1!+ 2.79(12) 2.85 Ci0

Table 2: Ratios of screening masses in indicated symmetry channels to the mass gap, for Nf = 2
QCD at 2Tc, and ! =!, Nc =! N =4 SYM. For both QCD and strongly coupled N =4 SYM, the
mass gap is the screening mass in the 0++

+ channel.
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Figure 4: Ratios of screening masses in indicated symmetry channels to the mass gap (the 0+++

screening mass), for Nf = 2 QCD at 2Tc (squares), and ! =! N =4 SYM (diamonds). The reported
statistical errors on the QCD lattice results are smaller than size of the squares.

N =4 SYM analysis. Table 2 shows results from Ref. [32] for the ratios of screening masses in
di!erent symmetry channels relative to the mass gap (the lightest screening mass) for Nf = 2
QCD at T = 2Tc, together with the corresponding ! =! N =4 SYM results from Table 1.16

The same information is displayed graphically in Fig. 4.
The lightest CT (or Rt) odd screening mass, which defines the Debye mass, is in the

JCRt
Ry

= 0+!
! (axion) channel in both QCD and strongly coupled N =4 SYM. As show in the

16In contrast to the (lighter) spin 0 and spin 2 channels, Ref. [32] specified the time reflection symmetry but

not the charge conjugation properties of the spin one operators they used. We have assumed that their spin

one results should be compared with the lightest J = 1 channels with the given value of Rt which, for strongly

coupled N = 4 SYM, are the spin one channels indicated in Table 2 and Fig. 4.
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♢: N = 4 SYM

☐ : Nf = 4 QCD

Bak, Karch, L.Y.
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SYM photoemission spectrum
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Supersonic quark wake

Energy density (left) and energy flux (right) for v = 0.75

P. Chesler



Falling strings = light quark jets

• asymptotic analysis + numerics

➠
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Light quark wake & energy loss rate
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Far from equilibrium dynamics

QFT non-equilibrium 
initial value problem

Is it feasible to study:

✦ plasma formation ?

✦ isotropization ?

✦ early thermalization ?

✦ shock wave collisions ?

✦ turbulence ?

⠇

5d gravitational 
initial value problemgauge/gravity duality:

work with Paul Chesler



Motivation: Isotropization at RHIC

Txx = Tyy ! Tzz

Tij ! !ij

t = 0

t ! few fm/c

mid-rapidity momentum 
distribution: highly

 anisotropic (oblate),

expanding fluid in
approx. local equilibrium,           

                  in local fluid frame

Time scale?  Relevant dynamics?

zbeam
axis



Non-equilibrium initial state

✦ Classic relaxation:

Equilibrate in presence of external field,       
then turn off field.

✦ Generate anisotropy with metric 
perturbation:

✦ Gravity dual: time-dependent horizon, 
non-flat boundary metric

Ĥ ! Ĥ " f(t)Ô

Ô = Tij , f(t) = hij(t)

f

t
0

AdS-BH

boundaryhorizon

t=0

time

?



Gravitational isotropization

✦ Create homogeneous, anisotropic plasma via time-dependent  
spatial shear

✦ Oblate anisotropy:

✦ Good coordinates: incoming null (Eddington-Finkelstein)

✦ Perfect homogeneity:

 ➠

                             null infalling radial geodesic

              causal future of  t=0 boundary slice

boundary asymptotics:

Ô = T11 + T22 ! 2T33

ds2 = !A(v, r) dv2 + 2 dv dr + !(v, r)2
!
eB(v,r)(dx2 + dy2) + e!2B(v,r)dz2

"

v = const. :

v > 0 :

A ! r2, ! ! r, B ! f(v)

➜

➜

➜

➜
➜

➜

AdS

boundaryevent horizon

time

?

apparent horizon



Einstein equations

✦ non-trivial components: vv, rr, vr, zz, xx=yy  ➠ 5 equations for 3 functions (A,B,Σ):

✦ Solve for                   ➠  good initial value problem

✦ Discretize radial coordinate  ➠  system of coupled stiff ODEs

✦ Ensure good boundary behavior  ➠  match asymptotic expansion & numerics

✦ Deal with residual gauge freedom  ➠  time-dependent shifts in r

✦ Choose f(v) ∝ smoothed step function

✦ Integrate...

!̇, Ḃ, A

0 = ! (!̇)! + 2 !! !̇! 2 !2

0 = ! (Ḃ)! + 3
2

!
!! Ḃ !B! !̇

"

0 = A!! + 3 B! Ḃ ! 12 !! !̇/!2 + 4

0 = !̈ + 1
2 (Ḃ)2 !! 1

2 A! !̇

0 = !!! + 1
2 (B!)2 !

boundary value constraint

initial value constraint

h! ! !rh

ḣ ! !vh + 1
2 A !rh



apparent horizon

event horizon

Plasma isotropization results
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τiso ≈ 0.7/T ➡ τiso ≈ 0.5 fm/c for

T ≈ 350 MeV --- relevant at RHIC?
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Boost invariant expansion

2

a di!erent physical description. For large Nc SYM,
gauge/gravity duality provides an alternative picture in-
volving black hole formation in five dimensions. As we
discuss in Section II, the gravitational dual will involve
a 5d curved spacetime with a 4d boundary which has a
time dependent geometry. The boundary geometry cor-
responds to the spacetime geometry of the SYM field
theory. A time-dependent deformation in the 4d bound-
ary geometry will produce gravitational radiation which
propagates into the fifth dimension. This radiation will
necessarily produce a black hole [21]. It is natural that
the gravitational description of plasma formation and re-
laxation involves horizon formation, since at late times
the system will be in a near-equilibrium state with non-
zero entropy.

The presence of a black hole acts as an absorber of
gravitational radiation and therefore, after the produc-
tion of gravitational radiation on the boundary ceases,
the 5d geometry will relax onto a smooth and slowly
varying form. This relaxation is dual to the relaxation
of non-hydrodynamic degrees of freedom in the quantum
field theory [9]. Therefore, by studying the evolution of
the 5d black hole geometry, one can gain insight into the
creation and relaxation SYM plasma.

For simplicity, in this paper we limit attention to 4d ge-
ometries which have two dimensional spatial homogene-
ity and O(2) rotation invariance in the x! ! {x1, x2}
directions, and which are invariant under boosts in the
x" ! x3 direction. As we discuss in Section II, this
reduces the gravitational dynamics to a system of two-
dimensional PDEs, which we solve numerically. Besides
making the gravitational calculation simpler, these as-
sumptions serve an additional purpose. With these sym-
metries, the late time asymptotics of the 5d geometry
(and the corresponding asymptotics of the stress tensor)
are known analytically [24, 25, 26]. We will therefore be
able to compare directly our numerical results, valid at
all times, to the known late time asymptotics.

Boost invariance implies that the natural coordinates
to use are proper time ! and rapidity y (with x0 !
! cosh y and x" ! ! sinh y). In these coordinates, the
metric of 4d Minkowski space (in the interior of the ! = 0
cone) is ds2 = "d!2+dx2

!+!2 dy2. A deformation of the
geometry, respecting the above symmetry constraints, in-
duced by a time-dependent shear may be written in the
form

ds2 = "d!2 + e!(") dx2
! + !2 e#2!(") dy2 . (1)

The function "(!) characterizes the time-dependent
shear; neglecting 4d gravity, "(!) is a function one is
free to choose arbitrarily. For this study, we chose

"(!) = c"
!
1" (!"!0)2/#2

" #
1" (!"!0)2/#2

$6

# e#1/[1#("#"0)
2/!2], (2)

with " the unit step function. (Inclusion of the [1 "
(!"!0)2/#2]6 factor makes the first few derivatives of

!i

!f

!!

t

x||

III
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I
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FIG. 1: A spacetime diagram depicting several stages of the
evolution of the field theory state in response to the changing
spatial geometry. At proper time ! = !i, the 4d spacetime ge-
ometry starts to deform. The region of spacetime where the
geometry undergoes time-dependent deformation is shown as
the red region, labeled I. After proper time ! = !f , the de-
formation in 4d spacetime geometry turns o! and the field
theory state is out of equilibrium. From proper time !f to
!!, shown as the yellow region labeled II, the system is sig-
nificantly anisotropic and not yet close to local equilibrium.
After time !!, shown in green and labeled III, the system is
close to local equilibrium and the evolution of the stress tensor
is well-described by hydrodynamics.

"(!) better behaved as !"!0 $ ±#.) The function "(!)
has compact support and is infinitely di!erentiable; "(!)
and all its derivatives vanish at the endpoints of the inter-
val (!i, !f ), with !i ! !0"# and !f ! !0 +#. We choose
!0 ! 5

4# so the geometry is flat at ! = 0.1 We choose to
measure all dimensionful quantities in units where # = 1
(so !i = 1/4 and !f = 9/4).

Fig. 1 shows a spacetime diagram schematically de-
picting several stages in the evolution of the SYM state.
Hyperbola inside the forward lightcone are constant !
surfaces. Prior to ! = !i, the system is in the ground
state. The region of spacetime where the geometry is
deformed from flat space is shown as the red region la-
beled I in Fig. 1. At coordinate time t = !i the geometry
of spacetime begins to deform in the vicinity of x" = 0.
As time progresses, the deformation splits into two local-
ized regions centered about x" % ±t, which subsequently
separate and move in the ±x" directions at the speeds
asymptotically approaching the speed of light. After the
“pulse” of spacetime deformation passes, the system will
be left in an excited, anisotropic, non-equilibrium state.
That is, the deformation in the geometry will have done
work on the field theory state. This region, labeled II,

1 Choosing !0 ! ! is convenient for numerics as our coordinate
system becomes singular on the ! = 0 lightcone. The particular
choice !0 = 5

4! was made so that our numerical results (which
begin at ! = 0) contain a small interval of unmodified geometry
before the deformation turns on. For an interesting discussion of
non-equilibrium boost invariant states near ! = 0 see Ref. [27].

rapidityproper time
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discuss in Section II, the gravitational dual will involve
a 5d curved spacetime with a 4d boundary which has a
time dependent geometry. The boundary geometry cor-
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theory. A time-dependent deformation in the 4d bound-
ary geometry will produce gravitational radiation which
propagates into the fifth dimension. This radiation will
necessarily produce a black hole [21]. It is natural that
the gravitational description of plasma formation and re-
laxation involves horizon formation, since at late times
the system will be in a near-equilibrium state with non-
zero entropy.

The presence of a black hole acts as an absorber of
gravitational radiation and therefore, after the produc-
tion of gravitational radiation on the boundary ceases,
the 5d geometry will relax onto a smooth and slowly
varying form. This relaxation is dual to the relaxation
of non-hydrodynamic degrees of freedom in the quantum
field theory [9]. Therefore, by studying the evolution of
the 5d black hole geometry, one can gain insight into the
creation and relaxation SYM plasma.

For simplicity, in this paper we limit attention to 4d ge-
ometries which have two dimensional spatial homogene-
ity and O(2) rotation invariance in the x! ! {x1, x2}
directions, and which are invariant under boosts in the
x" ! x3 direction. As we discuss in Section II, this
reduces the gravitational dynamics to a system of two-
dimensional PDEs, which we solve numerically. Besides
making the gravitational calculation simpler, these as-
sumptions serve an additional purpose. With these sym-
metries, the late time asymptotics of the 5d geometry
(and the corresponding asymptotics of the stress tensor)
are known analytically [24, 25, 26]. We will therefore be
able to compare directly our numerical results, valid at
all times, to the known late time asymptotics.

Boost invariance implies that the natural coordinates
to use are proper time ! and rapidity y (with x0 !
! cosh y and x" ! ! sinh y). In these coordinates, the
metric of 4d Minkowski space (in the interior of the ! = 0
cone) is ds2 = "d!2+dx2

!+!2 dy2. A deformation of the
geometry, respecting the above symmetry constraints, in-
duced by a time-dependent shear may be written in the
form

ds2 = "d!2 + e!(") dx2
! + !2 e#2!(") dy2 . (1)

The function "(!) characterizes the time-dependent
shear; neglecting 4d gravity, "(!) is a function one is
free to choose arbitrarily. For this study, we chose

"(!) = c"
!
1" (!"!0)2/#2

" #
1" (!"!0)2/#2

$6

# e#1/[1#("#"0)
2/!2], (2)

with " the unit step function. (Inclusion of the [1 "
(!"!0)2/#2]6 factor makes the first few derivatives of

!i

!f

!!

t

x||

III

II

I

Sunday, June 21, 2009

FIG. 1: A spacetime diagram depicting several stages of the
evolution of the field theory state in response to the changing
spatial geometry. At proper time ! = !i, the 4d spacetime ge-
ometry starts to deform. The region of spacetime where the
geometry undergoes time-dependent deformation is shown as
the red region, labeled I. After proper time ! = !f , the de-
formation in 4d spacetime geometry turns o! and the field
theory state is out of equilibrium. From proper time !f to
!!, shown as the yellow region labeled II, the system is sig-
nificantly anisotropic and not yet close to local equilibrium.
After time !!, shown in green and labeled III, the system is
close to local equilibrium and the evolution of the stress tensor
is well-described by hydrodynamics.

"(!) better behaved as !"!0 $ ±#.) The function "(!)
has compact support and is infinitely di!erentiable; "(!)
and all its derivatives vanish at the endpoints of the inter-
val (!i, !f ), with !i ! !0"# and !f ! !0 +#. We choose
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4# so the geometry is flat at ! = 0.1 We choose to
measure all dimensionful quantities in units where # = 1
(so !i = 1/4 and !f = 9/4).

Fig. 1 shows a spacetime diagram schematically de-
picting several stages in the evolution of the SYM state.
Hyperbola inside the forward lightcone are constant !
surfaces. Prior to ! = !i, the system is in the ground
state. The region of spacetime where the geometry is
deformed from flat space is shown as the red region la-
beled I in Fig. 1. At coordinate time t = !i the geometry
of spacetime begins to deform in the vicinity of x" = 0.
As time progresses, the deformation splits into two local-
ized regions centered about x" % ±t, which subsequently
separate and move in the ±x" directions at the speeds
asymptotically approaching the speed of light. After the
“pulse” of spacetime deformation passes, the system will
be left in an excited, anisotropic, non-equilibrium state.
That is, the deformation in the geometry will have done
work on the field theory state. This region, labeled II,

1 Choosing !0 ! ! is convenient for numerics as our coordinate
system becomes singular on the ! = 0 lightcone. The particular
choice !0 = 5

4! was made so that our numerical results (which
begin at ! = 0) contain a small interval of unmodified geometry
before the deformation turns on. For an interesting discussion of
non-equilibrium boost invariant states near ! = 0 see Ref. [27].

far-from-eqhydro regime

5

only depend on b0(!) and b4(!) and their ! derivatives,
this choice determines hn(r, !) in terms of one unknown
function b4(!).

With the subtraction functions hn specified by the
aforementioned asymptotic expansions, integrating Eq.
(14) fixes the compensating integrals Hn up to an in-
tegration constant which is an arbitrary function of ! .
Integrating Eq. (15c) for A(r, !) introduces two further
(! dependent) constants of integration. The most direct
route for fixing these constants of integration is to match
the large r behavior of the expressions (15a) and (15b)
and the integrated version of Eq. (15c) to the correspond-
ing expressions obtained from the series expansions (8).
This fixes all integration constants in terms of b0 and b4.

Our algorithm for solving the initial value problem
with time dependent boundary conditions is as follows.
At time !i the geometry is AdS5 with the metric

ds2 = r2
!
−d!2 + dx2

! +
"
! + 1

r

#2
dy2

$
+ 2dr d! . (16)

Therefore, at the initial time !i we have

B(r, !i) = − 2
3 ln

"
!i + 1

r

#
, (17a)

!(r, !i) = r
"
!i + 1

r

#1/3
, (17b)

A(r, !i) = r2 . (17c)

With A(r, !i), B(r, !i) and !(r, !i) known, one can then
compute the time derivatives "!B(r, !i) and "!!(r, !i)
from Eqs. (15b) and (15a), and step forward in time,

B(r, !i + "!) ≈ B(r, !i) + "!B(r, !i)"! , (18)
!(r, !i + "!) ≈ !(r, !i) + "!!(r, !i) "! . (19)

With B(r, !i+"!) and !(r, !i+"!) known, one can then
integrate Eq. (15c) to determine A(r, !i+"!). With the
complete geometry on the time slice ! = !i+"! deter-
mined, one may then repeat the entire process and take
another step forward in time.3

An important practical matter is fixing the computa-
tion domain in r — how far into the bulk does one want
to compute the geometry? If a horizon forms, then one
may excise the geometry inside the horizon as this re-
gion is causally disconnected from the geometry outside
the horizon. Furthermore, one must excise the geometry
to avoid singularities behind horizons [29] . To perform
the excision, one first identifies the location of an appar-
ent horizon (an outermost marginally trapped surface)
which, if it exists, must lie inside an event horizon [30] .

3 Because we are working with a discretized version of Einstein’s
equations, the discretized version of the constraint equation (4a)
is not automatically implied by the discretized version of the
other Einstein equations. To minimize the amount of accumu-
lated error, we also monitor the accuracy of the constraint equa-
tion (4a), and make tiny adjustments to ! to prevent growing
violation of the constraint.

FIG. 2: The congruence of outgoing radial null geodesics.
The surface coloring displays A/r2. Before time !i = 1/4
this quantity equals one. The excised region lies inside the
apparent horizon, which is shown by the dashed magenta line.
The geodesic shown as a solid blue line is the event horizon; it
separates geodesics which escape to the boundary from those
which cannot escape.

We have chosen to make the incision slightly inside the
location of the apparent horizon. For the metric (3), the
location rh(!) of the apparent horizon is given by the out-
ermost point where !̇(rh(!), !) = 0 or, from Eq. (15a),
#(rh(!), !) = 0 .

IV. RESULTS AND DISCUSSION

We first discuss our results from the 5d gravitational
perspective and present data for c = 1. Results for
other values of c are presented below, but the qualita-
tive features of the results are independent of the value
of c. Fig. 2 shows a congruence of outgoing radial null
geodesics for c = 1. The geodesics are obtained by in-
tegrating dr/d! = 1

2A(r, !). The colored surface in the
plot displays the value of A/r2. Excised from the plot
is a region of the geometry behind the apparent horizon,
whose location is shown by the magenta dotted line.

At times ! < !i = 1/4, the boundary geometry is
static and A/r2 = 1. The outgoing geodesic congruence
at early times therefore satisfies

! + 2/r = const. , (20)

and hence appears as parallel straight lines on the left
side of Fig. 2. These are just radial geodesics in AdS5,
which is the geometry dual to the initial zero temperature
ground state. After time !i the boundary geometry starts
to change, A/r2 deviates from unity, and the congruence
departs from the zero temperature form (20).

Perhaps the most dramatic feature in Fig. 2 is the for-
mation of a bifurcation in the congruence of geodesics.
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FIG. 6: Energy density, longitudinal and transverse pressure, all divided by N2
c /2!2, as a function of time for c = 1/4 (left),

c = 1 (middle) and c = 3/2 (right). From top to bottom, the curves are energy density (blue), transverse pressure (green), and
longitudinal pressure (red). The dashed black lines in each plot show the second order viscous hydrodynamic approximation
(24) to the di!erent stress tensor components. Note the significantly di!erent ordinate ranges in the three plots; the size of the
di!erence between the transverse and longitudinal pressure grows with increasing c.

c !2 !3/2 !1 !1/2 !1/4 1/4 1/2 1 3/2 2

"! 2.2 2.3 2.4 2.7 3.1 3.1 2.7 2.4 2.3 2.2

T! 0.93 0.77 0.60 0.40 0.27 0.27 0.41 0.62 0.80 0.97

""! 3.1 2.5 1.9 1.2 0.87 0.89 1.3 1.9 2.6 3.3

("!!"i) T! 2.0 1.7 1.4 1.1 0.84 0.85 1.1 1.5 1.8 2.1

("!!"f ) T! 0.00 0.05 0.11 0.19 0.24 0.24 0.20 0.11 0.04 0.00
P!(!f )"P||(!f )

E(!f ) 0.06 !0.03 !0.22 !0.56 !1.1 1.6 0.91 0.47 0.24 0.13

TABLE I: Quantities characterizing the relaxation to equilibrium, for various values of the boundary perturbation amplitude
c. The relaxation time "! (in units of #) is the time at which the transverse and longitudinal pressures deviate from their
hydrodynamic values (24) by less than 10%. T! is the temperature at time "!, and " is the scale appearing in the hydrodynamic
expansion (24) (both measured in units of #"1). The quantity ("!!"i) T! measures the total time in units of T! required to
produce the plasma and relax to near local-equilibrium. The quantity ("!!"f ) T! measures the time in units of T! required
for the plasma to relax after the deformation in the geometry ceases. The quantity

ˆ
P#("f )! P||("f )

˜
/E("f ) is the pressure

anisotropy, relative to the energy density, at time "f .

conformal theory, relaxation times for non-hydrodynamic
degrees of freedom must scale inversely with the temper-
ature, and hence must vanish as the local energy density
diverges. Therefore, in the c ! " limit the system will
always be very close to local equilibrium — even while
the 4d geometry is changing — and the anisotropy in
the pressures will vanish immediately at !f . As a con-
sequence, one learns little about the physics of the re-
laxation of non-hydrodynamic degrees of freedom in the
c!" limit.

Table I shows how various quantities characterizing the
relaxation of the plasma depend on the boundary pertur-
bation amplitude c, within the range [#2, 2]. Included in
the table is the time !!, beyond which the stress ten-
sor agrees with the hydrodynamic approximation (24) to
within 10%. Also shown is the temperatures T! at time
!!, the scale ! measured in units of !!, and the time

intervals !!#!i and !!#!f measured in units of T!.
From the table, one sees that as the magnitude of c

increases, so does the temperature T!. Moreover, as the
magnitude of c increases, one sees that the time scale !!
approaches !f = 2.25. In particular, for |c| = 2 the stress
tensor is already within 10% of its hydrodynamic limit
at !f . As discussed above, both of these features are
to be expected. Increasing |c| means that the changing
geometry does more work on the system, producing a
larger energy density, and consequently the relaxation
times of non-hydrodynamic degrees of freedom decrease.
In all cases presented in Table I, the relevant dynamics
— from the production of the plasma to its relaxation to
near local equilibrium (where hydrodynamics applies) —
occur over a time !! # !i ! 2/T!.

From Table I, one also sees that for |c| ! 1/2 the time
scale !! at which a hydrodynamic treatment becomes ac-

!(") = c h("!"0)6 e!1/h(!!!0)

h(!") = 1! (!")2/!2

Limit of validity of hydro controlled by relaxation of non-hydro modes, 
not by growth of higher-order viscous terms

arXiv:0906.4426

time-dep geometry
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Colliding shocks
• Transverse homogeneity ➡ 5d Einstein eqns. reduce to 2+1d ODEs

Work in progress...

background = cool plasma


