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A
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a category in which the set of morphisms between
(n− 1)-morphisms is a category. Composition is
associative, and there are identity n-morphs.
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• N = {0, 1, 2, . . .}, in unary notation. This is
the free monoid on a single generator.

• Call (x
•←− x) rock.
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S’pose
Ii

F
Ik

and
Ij

G
I`

are given.

Ii

F
Ik
⊗

Ij

G
I`

=

(
Ii

F
Ik
⊗

j

)
◦2

(
k

⊗
Ij

G
I`

)

=


Ii

F
I

j

k

I
G
I`

 .



The Exchanger

Def a natural isom:(
i

⊗
Ij

G
I`

)
◦2

(
Ii

F
Ik
⊗

`

)

X _(
Ii

F
Ik
⊗

j

)
◦2

(
k

⊗
Ij

G
I`

)
the exchanger.



F
GF

G

F G,  double arrows

Exchanger

+

-

projectX

 (+)

 (-)
= I

i ij j

k k

X

X

k
i

j

 (+)X

= 

 (+)

 (-)

= 

X

X
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More 3-morphisms. Pt. 2: not isoms:
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Crotch
[ .
∩
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:

(I⊗ I) ^ (U) ◦2 (

U
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So that these are not isoms. is why the

U

and U
maps are only weak inversions on • .



More 3-morphs: Pt 3: isoms

Left cusp [gL]:

(

U⊗ I) ◦2 (I⊗ U) _̂ (I) ,

Right cusp [gR]:

(I⊗ U

) ◦2 (U⊗ I) _̂ (I) .



In a moment, I’ll let you know in what way these
are isoms.

That they are isoms, is what I am
calling strictly 2-pivotal. First, let’s examine
how to 2-compose.



In a moment, I’ll let you know in what way these
are isoms. That they are isoms, is what I am
calling strictly 2-pivotal.

First, let’s examine
how to 2-compose.



In a moment, I’ll let you know in what way these
are isoms. That they are isoms, is what I am
calling strictly 2-pivotal. First, let’s examine
how to 2-compose.



i j i j

i j k

i j ki j k

i j ki j k

i j ki j k

i j k

i j

i j

i j

i j

i j

i j

i j

i j

Birth

Death
L R

X

Saddle

Crotch

X X X

..
.

.



Strongly 2-pivotal

This page is intentionally blank.



left cusp down: gL

right cusp down: gR. def left
cusp up: fL = g−1L right cusp up: fR = g−1R .
Assert fL = g−1L and fR = g−1R are inverses:

I
fL

^ (

U⊗ I) ◦2 (I⊗ U)
gL^ I,

(

U⊗ I) ◦2 (I⊗ U)
gL^ I

fL

^ (

U⊗ I) ◦2 (I⊗ U),

I
fR

^ (I⊗ U

) ◦2 (U⊗ I)
gR^ I,

(I⊗ U

) ◦2 (U⊗ I)
gR^ I

fR

^ (I⊗ U

) ◦2 (U⊗ I)

are the identity 3-morphisms on their
(coincident) sources and targets.



left cusp down: gL right cusp down: gR.

def left
cusp up: fL = g−1L right cusp up: fR = g−1R .
Assert fL = g−1L and fR = g−1R are inverses:

I
fL

^ (

U⊗ I) ◦2 (I⊗ U)
gL^ I,

(

U⊗ I) ◦2 (I⊗ U)
gL^ I

fL

^ (

U⊗ I) ◦2 (I⊗ U),

I
fR

^ (I⊗ U

) ◦2 (U⊗ I)
gR^ I,

(I⊗ U

) ◦2 (U⊗ I)
gR^ I

fR

^ (I⊗ U

) ◦2 (U⊗ I)

are the identity 3-morphisms on their
(coincident) sources and targets.



left cusp down: gL right cusp down: gR. def left
cusp up: fL = g−1L

right cusp up: fR = g−1R .
Assert fL = g−1L and fR = g−1R are inverses:

I
fL

^ (

U⊗ I) ◦2 (I⊗ U)
gL^ I,

(

U⊗ I) ◦2 (I⊗ U)
gL^ I

fL

^ (

U⊗ I) ◦2 (I⊗ U),

I
fR

^ (I⊗ U

) ◦2 (U⊗ I)
gR^ I,

(I⊗ U

) ◦2 (U⊗ I)
gR^ I

fR

^ (I⊗ U

) ◦2 (U⊗ I)

are the identity 3-morphisms on their
(coincident) sources and targets.



left cusp down: gL right cusp down: gR. def left
cusp up: fL = g−1L right cusp up: fR = g−1R .

Assert fL = g−1L and fR = g−1R are inverses:

I
fL

^ (

U⊗ I) ◦2 (I⊗ U)
gL^ I,

(

U⊗ I) ◦2 (I⊗ U)
gL^ I

fL

^ (

U⊗ I) ◦2 (I⊗ U),

I
fR

^ (I⊗ U

) ◦2 (U⊗ I)
gR^ I,

(I⊗ U

) ◦2 (U⊗ I)
gR^ I

fR

^ (I⊗ U

) ◦2 (U⊗ I)

are the identity 3-morphisms on their
(coincident) sources and targets.



left cusp down: gL right cusp down: gR. def left
cusp up: fL = g−1L right cusp up: fR = g−1R .
Assert fL = g−1L and fR = g−1R are inverses:

I
fL

^ (

U⊗ I) ◦2 (I⊗ U)
gL^ I,

(

U⊗ I) ◦2 (I⊗ U)
gL^ I

fL

^ (

U⊗ I) ◦2 (I⊗ U),

I
fR

^ (I⊗ U

) ◦2 (U⊗ I)
gR^ I,

(I⊗ U

) ◦2 (U⊗ I)
gR^ I

fR

^ (I⊗ U

) ◦2 (U⊗ I)

are the identity 3-morphisms on their
(coincident) sources and targets.



left cusp down: gL right cusp down: gR. def left
cusp up: fL = g−1L right cusp up: fR = g−1R .
Assert fL = g−1L and fR = g−1R are inverses:

I
fL

^ (

U⊗ I) ◦2 (I⊗ U)
gL^ I,

(

U⊗ I) ◦2 (I⊗ U)
gL^ I

fL

^ (

U⊗ I) ◦2 (I⊗ U),

I
fR

^ (I⊗ U

) ◦2 (U⊗ I)
gR^ I,

(I⊗ U

) ◦2 (U⊗ I)
gR^ I

fR

^ (I⊗ U

) ◦2 (U⊗ I)

are the identity 3-morphisms on their
(coincident) sources and targets.



left cusp down: gL right cusp down: gR. def left
cusp up: fL = g−1L right cusp up: fR = g−1R .
Assert fL = g−1L and fR = g−1R are inverses:

I
fL

^ (

U⊗ I) ◦2 (I⊗ U)
gL^ I,

(
U⊗ I) ◦2 (I⊗ U)

gL^ I
fL

^ (
U⊗ I) ◦2 (I⊗ U),

I
fR

^ (I⊗ U

) ◦2 (U⊗ I)
gR^ I,

(I⊗ U

) ◦2 (U⊗ I)
gR^ I

fR

^ (I⊗ U

) ◦2 (U⊗ I)

are the identity 3-morphisms on their
(coincident) sources and targets.



left cusp down: gL right cusp down: gR. def left
cusp up: fL = g−1L right cusp up: fR = g−1R .
Assert fL = g−1L and fR = g−1R are inverses:

I
fL

^ (

U⊗ I) ◦2 (I⊗ U)
gL^ I,

(
U⊗ I) ◦2 (I⊗ U)

gL^ I
fL

^ (
U⊗ I) ◦2 (I⊗ U),

I
fR

^ (I⊗ U

) ◦2 (U⊗ I)
gR^ I,

(I⊗ U

) ◦2 (U⊗ I)
gR^ I

fR

^ (I⊗ U

) ◦2 (U⊗ I)

are the identity 3-morphisms on their
(coincident) sources and targets.



left cusp down: gL right cusp down: gR. def left
cusp up: fL = g−1L right cusp up: fR = g−1R .
Assert fL = g−1L and fR = g−1R are inverses:

I
fL

^ (

U⊗ I) ◦2 (I⊗ U)
gL^ I,

(
U⊗ I) ◦2 (I⊗ U)

gL^ I
fL

^ (
U⊗ I) ◦2 (I⊗ U),

I
fR

^ (I⊗ U

) ◦2 (U⊗ I)
gR^ I,

(I⊗ U

) ◦2 (U⊗ I)
gR^ I

fR

^ (I⊗ U

) ◦2 (U⊗ I)

are the identity 3-morphisms on their
(coincident) sources and targets.




_fL

I
U

U
I

_gL

 =

[ ]
;


I
U

U
I

_gL

_fL

I
U

U
I


=

 I
U

U
I

_

I
U

U
I

 .




_fL

I
U

U
I

_gL

 =

[ ]
;


I
U

U
I

_gL

_fL

I
U

U
I


=

 I
U

U
I

_
I
U

U
I

 .




_fR

I

U

U
I

_gR


=

[ ]
;



I

U

U
I

_gR

_fR

I

U

U
I


=

 I

U

U
I

_
I

U

U
I

 .




_fR

I

U

U
I

_gR


=

[ ]
;



I

U

U
I

_gR

_fR

I

U

U
I


=

 I

U

U
I

_
I

U

U
I

 .



L

RL

R

L

L

R

R



Weakly 3-pivotal

.

.

.

.

.

.

.

.



Weakly 3-pivotal

(
⊗ .
∩
)
◦3
(

_. ⊗
)

= =
(
⊗_.

)
◦3
(
∪. ⊗

)
,

(
_. ⊗

)
◦3
(
⊗ ∪.

)
= =

(
⊗ .
∩
)
◦3
(

_. ⊗
)
.



Weakly 3-pivotal

(
⊗ .
∩
)
◦3
(

_. ⊗
)

= =
(
⊗_.

)
◦3
(
∪. ⊗

)
,

(
_. ⊗

)
◦3
(
⊗ ∪.

)
= =

(
⊗ .
∩
)
◦3
(

_. ⊗
)
.



Weakly 3-pivotal

.

.

.

.

.

.

.

.



Rotationally commutativity
Modify notation so that it is more transparent.

fR = f•, fL = •f, gR = g•, gL = •f, and
◦3 = ◦.
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(
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(
⊗ •g
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A 4-isomorphism 
is an equality between
triple arrows.
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Theorem
The naturally monoidal, strictly 2-pivotal, weakly
3-pivotal, rotationally commutative strictly
3-tortile 3-category with one object that is freely
generated by a weakly self-invertible non-identity
1-morphism is equivalent to the 3-category of
isotopy classes of surfaces embedded in 3-dim’l
space.



OK. So now here is the sketch of the proof.
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