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Preliminaries

. Based upon on-going talks and initial
research with Masahico Saito

. Result is folklore ... maybe 20 years old
. There are lots of adjectives in the definition
e The point, then, is to describe the adjectives.
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Theorem

The naturally monoidal, strictly 2-pivotal, weakly
3-pivotal, rotationally commutative strictly
3-tortile 3-category with one object that s freely
generated by a weakly self-invertible non-identity
1-morphism is equivalent to the 3-category of
1sotopy classes of surfaces properly embedded in
3-dim’l space.
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early days of categorification as part of the
program proposed by Crane and Frenkel in order
to define higher TQFTs.

I like to re-experience simple stuff.
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Basic Principles

e Different things are not equal. At best, they
are naturally isomorphic.

e There is no sychronicity i.e. different events
do NOT occur simultaneously.
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A O-morphism is also called an object. A
1-morphism between a pair of objects is called a
(single) arrow. In general, a k-morphism will be
also called a double, triple, or quadruple arrow,
for the obvious values of k. An overly simplistic
definition of a really small n-category is that it is
a category in which the set of morphisms between
(n — 1)-morphisms is a category. Composition is
associative, and there are identity n-morphs.



«O» «Fr «=)>»

<

Q>



Let a,b € Obj. Let b < 4 be an arrow with
source a = s(f),



Let a,b € Obj. Let b < 4 be an arrow with
source a = s(f), target b =t(f);



Let a,b € Obj. Let b < 4 be an arrow with
source a = s(f), target b = t(f); let ¢ <2— b be an

arrow s.t. s(g) = t(f),



Let a,b € Obj. Let b < 4 be an arrow with

source a = s(f), target b = t(f); let ¢ <2— b be an

arrow s.t. s(g) = t(f), Comp: ¢ & 4 with

source s(g o f) = a and target t(g o f) = b.



Let a,b € Obj. Let b < 4 be an arrow with

source a = s(f), target b = t(f); let ¢ <2— b be an

arrow s.t. s(g) = t(f), Comp: ¢ & 4 with

source s(g o f) = a and target t(g o f) = b.
Assoc.

[d#cﬁa}z[d(ﬂbéa.



Let a,b € Obj. Let b < 4 be an arrow with

source a = s(f), target b = t(f); let ¢ <2— b be an

arrow s.t. s(g) = t(f), Comp: ¢ & 4 with

source s(g o f) = a and target t(g o f) = b.
Assoc.

[d#cﬂa}z[d(ﬂbéa.

Id. Va € Obj d an arrow a—a s.t.



Let a,b € Obj. Let b < 4 be an arrow with
source a = s(f), target b = t(f); let ¢ <2— b be an
arrow s.t. s(g) = t(f), Comp: ¢ & 4 with
source s(g o f) = a and target t(g o f) = b.

Assoc.
[d#c(ﬂ a} = {d(ﬂ béa}.
Id. Va € Obj d an arrow a—a s.t.
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Assoc.

gof }

{d<LC<—a :[d&béa].

Id. Va € Obj 4 an arrow a—a s.t.

(bbéa):(béa):(béaa).
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Iz € Obj.

o —— .
def (+)k = (+)k71 o e,
Of course, (o)) = — =z— .

N ={0,1,2,...}, in unary notation. This is
the free monoid on a single generator.
Call (z +— x) rock.
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maps are only weak inversions on —e—.
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Right cusp [Y g]:

(leN)oy(Ual) 5 ().
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In a moment, I'll let you know in what way these
are isoms. That they are isoms, is what I am
calling strictly 2-pivotal. First, let’s examine
how to 2-compose.
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left cusp down.: YL right cusp down: Y g. def left
CuSp up: AP =v7 L mght cusp up AR = Y;zl
Assert Af =y and AT =Y, R are inverses:
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1< (N@) oy (I®U) <1,
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(N®Il)o (|®U)<1—|<1— (N&®1) oy (12 U),
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are the identity 3-morphisms on their
(coincident) sources and targets.
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Theorem

The naturally monoidal, strictly 2-pivotal, weakly
3-pivotal, rotationally commutative strictly
3-tortile 3-category with one object that is freely
generated by a weakly self-invertible non-identity
1-morphism is equivalent to the 3-category of

1sotopy classes of surfaces properly embedded in
R? x [0, 1].



OK. So now here is the sketch of the proof.
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A pr. emb. R? x [0,1] « S of a surface S w/

0S = 0yS[] 015 is given. Bdry. comps 0,5 may
be (). The complement R? x [0,1]\ S is the
object. A 1-morph. is an arc b/2 any two pts. in
the compl. The id. 1-morph. is an arc that does
not intersect S. An arc that intersects S trans’ly
and non-trivially is a non-id. 1-morph.
Composition is path addition. Arcs may be
augmented by identity arcs so that composition is
possible. A 2-morphism is an embedded disk that
intersects S transversely. A 3-morphism is an

embedded 3-ball.
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Choose heights in the 2-disks so that distinct
critical events occur at different heights, etc. Also
project the surface S generically to R x [0, 1] and
associate to the fold set identities on critical
points. The intersections b/2 two folds in the
plane of proj. is an exchanger.



S
Thank y()u

That’s my story.

Q>



Thank you

That’s my story. And I am sticking to it.



Thank you

That’s my story. And I am sticking to it. Thank
you!



