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1. Introduction to model reduction

We have a noisy control system and a noisy measurement

z ′ = Az + Bu + µ, z(0) = z0 + µ0,

yobs(t) = Hz(t) + η(t) ∈ Yo.

Under suitable assumptions on (A,B,H), we have seen that we can
determine a feedback control with partial information by solving a
finite dimensional Riccati equation for the feedback control, e.g.

Pω,u ∈ L(Zω,u,Z ∗ω,u), Pω,u = P∗ω,u > 0,

Pω,uAω,u + A∗ω,uPω,u − Pω,u Bω,uB∗ω,uPω,u = 0,

an infinite dimensional Riccati equation (or a finite dimensional
approximation of high dimension) to determine the filtering gain

Pe = P∗e ≥ 0, APe + PeA∗ − PeH∗R−1
o HPe + Qo = 0,

and the control is obtained by solving the system

z ′e = Aze + BKze + L(Hze − yobs), ze(0) = z0,

with
K = −B∗ω,uPω,uπω,u and L = −PeH∗R−1

o .
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Next the control
u(t) = −B∗ω,u Pω,u πω,u ze(t),

is inserted in the dynamical system

z ′ = Az + Bu + µ, z(0) = z0 + µ0.

Since the equation for the estimator is of high dimension, it cannot be
solved fast enough to determine the control which is inserted in the
real system.

Our goal is to replace the estimator by an equation of small
dimension and try to keep the good stability properties of the full
system coupling z and ze.
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2. Model reduction for finite dimensional systems

2.1. Balancing transformation

Consider

z ′ = Az + Bu, z(0) = z0, yobs(t) = Hz(t) ∈ Rp,

with A ∈ Rn×n, B ∈ Rn×m, H ∈ Rn×p. We assume that A is stable.

Let T ∈ L(Rn) be invertible, and set z̃ = T z. With transformation T ,
the system becomes

z̃ ′ = Ãz̃ + B̃u, z̃(0) = z̃0, yobs(t) = H̃z̃(t) ∈ Rp,

with
Ã = T A T −1, B̃ = T B, H̃ = H T −1.

The extended controllability Gramians for (A,B) is

P =

∫ ∞
0

eτABB∗eτA∗d τ,

and the extended observability Gramians for (A,H) is

Q =

∫ ∞
0

eτA∗H∗H eτAd τ.
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Since σ(Ã) = σ(A), Ã is also stable.

The extended controllability Gramians for (Ã, B̃) is

P̃ =

∫ ∞
0

eτ ÃB̃B̃∗eτ Ã∗d τ = T P T ∗,

and the extended observability Gramians for (Ã, H̃) is

Q̃ =

∫ ∞
0

eτ Ã∗H̃∗H̃ eτ Ãd τ = T −∗QT −1.

The balancing transformation consists in finding T ∈ L(Rn),
invertible, such that

P̃ = Q̃.
In that way the degree of controllability of a state z0, that is the ratio

dc(z0) =

(
P̃z0, z0

)
Z

‖z0‖2
Z

,

is equal to its degree of observability

do(z0) =

(
Q̃z0, z0

)
Z

‖z0‖2
Z

.
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To find a balancing transformation, we can use the Cholesky factor of
P

P = V V ∗,

and the eigenvalue decomposition of V ∗PV

V ∗PV = W Σ2W ∗.

Assume that A is stable, (A,B) is controllable, (A,H) is observable,
then a balancing transformation is given by

T = Σ1/2W ∗V−1 and T −1 = V W Σ−1/2.

This transformation leads to

T P T ∗ = P̃ = Σ = T −∗QT −1 = Q̃.
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2.2. Reduction of stable systems by balanced truncation

Let us assume that (Ã, B̃, H̃) is a balanced realization of (A,B,H) and
that the corresponding extended controllability and observability
Gramians are equal and diagonal

P̃ = Q̃ = Σ =

(
Σ1 0

0 Σ2

)
.

Here Σ1 and Σ2 are two diagonal matrices corresponding to a
partition of Σ.

With each partition (Σ1,Σ2) of Σ is associated a partition of Ã, B̃ and
H̃ as follows

Ã =

(
Ã11 Ã12

Ã21 Ã22

)
, B̃ =

(
B̃1

B̃2

)
, H̃ =

(
H̃1 H̃2

)
.
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Assume that Σ1 = diag(σ1, · · · , σr ) and Σ2 = diag(σr+1, · · · , σn) and
that σi−1 ≥ σi > 0 for 1 ≤ i ≤ n − 1 (the eigenvalues are repeated
according to their multiplicity). Assume in addition that σr > σr+1.

Let G̃ = GÃ,B̃,H̃ be the transfer function of the system (Ã, B̃, H̃), that is

G̃(s) = H̃(sI − Ã)−1B̃,

and G̃1 = GÃ11,B̃1,H̃1
be the transfer function of the system (Ã11, B̃1, H̃1)

G̃1(s) = H̃1(sI − Ã11)−1B̃1.

Then
‖G̃ − G̃1‖H∞ ≤ 2

∑
i ≥ r + 1

without repetition

σi ,

where
‖G̃‖H∞ = sup

ω∈R
max

j
σj (G̃(iω)),

σj (G̃) =
(
λj (G̃∗G̃)

)1/2
and λj denotes the j-th eigenvalue.

The substitution of the system (A,B,H) by (Ã11, B̃1, H̃1) is called a
model reduction by balanced truncation.
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Let us set z̃ = (z̃1, z̃2). The system for z̃ is

z̃ ′1 = Ã11z̃1 + Ã12z̃2 + B̃1u + µ̃1,

z̃ ′2 = Ã21z̃1 + Ã22z̃2 + B̃2 + µ̃2

yobs(t) = H̃1z̃1(t) + H̃2z̃2(t) + η(t),

The reduced model is

z̃ ′1,e = Ã11z̃1,e + B̃1u + L̃1(H̃1z̃1 − yobs),

z ′ = Az + BK̃1z̃1,e + µ, z(0) = z0 + µ0.
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2.3. Reduction of unstable systems using balanced truncation for
stable systems Rowley et al. 09, Sipp et al. 10.

Now we consider the unstable system(
zu
zs

)′
=

(
Au 0
0 As

)(
zu
zs

)
+

(
Bu

Bs

)
u.

The stable part is rewritten by using a balancing transformation.
Introducing Bs = πsB, Hs = Hπs,

Pc =

∫ ∞
0

etAs Bs B∗s etA∗s dt and Qo =

∫ ∞
0

etA∗s H∗s HsetAs dt ,

the balancing transformation consists of finding a basis J in which Pc
is diagonal, a basis K in which Qo is diagonal, the two diagonals
being equal and the two bases being bi-orthogonal

PcQo = J Σ2 and QoPc = K Σ2.

Let (Ãs, B̃s, H̃s) be the corresponding balanced realization.
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To each partition of Σ =

(
Σ1 0
0 Σ2

)
corresponds partitions of Ãs,

B̃s, and H̃s, of the form

Ãs =

(
Ãs,11 Ãs,12

Ãs,21 Ãs,22

)
, B̃s =

(
B̃s,1

B̃s,2

)
, H̃s = (H̃s,1 H̃s,2).

The reduced system is

z ′u = Auzu + πuBu, zu(0) = πuz0,

z̃ ′s,1 = Ãs,11z̃s,1 + B̃s,1u, z̃s,1(0) = z̃0,s,1,

that is
ẑ = Âẑ + B̂u,

where

ẑ =

(
zu

z̃s,1

)
, Â =

(
Au 0
0 Ãs,11

)
, B̂ =

(
Bu

B̃s,1

)
.
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As in the stable case, the control law has to be determined for the
reduced system and the estimator is determined with the reduced
system and the measure operator

Ĥ =
(

Hu H̃s,1

)
.

Advantage. The transfer function is well approximated.

Drawback. The measure H̃s,2z̃s,2 is not taken into account.
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2.4. Spectral reduction

As before we start with the system(
zu
zs

)′
=

(
Au 0
0 As

)(
zu
zs

)
+

(
Bu
Bs

)
u.

We use the following decomposition of Zs

Zs =
K∑

j=1

GR(λj ),

where Zs is the stable subspace of Z = Rn, (λj )1≤j≤K and (λj )1≤j≤K
are the eigenvalues of As and GR(λj ) are the associated real
generalized eigenspaces.

We look for a decomposition of the form

Zs =
∑
j∈J

GR(λj ) +
∑
j 6∈J

GR(λj ) = Zs,1 ⊕ Zs,2,

where the set J ⊂ {1, · · · ,K} is selected so that (λj )j∈J and (λj )j∈J
correspond to the most stabilizable (or controllable) and detectable
(or observable) modes.
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If we introduce the variables zs,1 and zs,2 corresponding to the
decomposition of zs, the original system may be written as zu

zs,1
zs,2

′ =

 Au 0 0
0 As,1 0
0 0 As,2

 zu
zs,1
zs,2

+

 Bu
Bs,1
Bs,2

u,

with As,1 = π1As, As,2 = π2As, Bs,1 = π1Bs, Bs,2 = π2Bs, π1 is the
projection onto Z1 along Z2 and π2 is the projection onto Z2 along Z1.

We can choose(
zu

zs,1

)′
=

(
Au 0
0 As,1

)(
zu

zs,1

)
+

(
Bu

Bs,1

)
u,

as reduced system.

Advantage. We can a priori determine a feedback control law K , for
e.g. for the unstable system. If Au + BuKπu is stable, the reduced
closed loop system(

Au 0
0 As,1

)
+

(
Bu

Bs,1

)
Kπu

is also stable.
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The estimator may be determined for the reduced system(
zu,e

zs,1,e

)′
=

(
Au 0
0 As,1

)(
zu,e

zs,1,e

)
+

(
Bu

Bs,1

)
u

+L̂(Huzu,e + Hs,1zs,1,e − yobs),

where L̂ is a filtering operator for the system

Â =

(
Au 0
0 As,1

)
, Ĥ =

(
Huzu Hs,1

)
where Hu = Hπu and Hs,1 = Hπ1 πs.

Drawback. There is no common criteria to detect the most stabilizable
and the most detectable modes since the realization is not balanced.

An empirical criterion has to be defined (see e.g. Bagheri etal. 2009
or Akervik etal. 2007).

16/36



3. Model reduction of infinite dimensional systems

We are in the case when

Z = Zu ⊕ Zs,

where Zu is of finite dimension, while Zs is of infinite dimension.

We denote by A, Au, and As, a finite element approximation of A, Au,
and As respectively.

We can assume that Zu the F.E.M. approximation of Zu is accurate,
while for Zs we have

Zs = Zs,a + Zs,r and Zs = Zs,a + Zs,r ,

where Zs,a is a finite dimensional subspace of Zs, invariant by As,
while Zs,r is of infinite dimension and is badly approximated by the
finite element model Zs,r , which is of finite but huge dimension. Thus
the approximate model is a dynamical system on the space

Z = Zu + Zs.

Associated with this decomposition we introduce three projection
operators πu,f , πs,f and πr , where πu,f is the projection onto Zu,f
parallel to the sum of the two other ones, and so on.

17/36



The vector spaces Zu, Zs,a, Zs,r are invariant under A (the F.E.
approximation of A), and that πu,f A is unstable while πs,f A is stable.
Typical dimensions are 2 ≤ dimZu ≤ 20 and dimZs ' 100.

For the 1D heat equation on [0,1] with Homogeneous Dirichlet B.C.,
the eigenvalues of ∆ = d2

dx2 are

λj = −π2 j2.

The approximate values (by a P1-F.E.M.) are

λj,n =
4
h2 sin2

(
jπ

2(n + 1)

)
=

4
h2 sin2

(
j π h

2

)
, h =

1
n + 1

.

Thus ∣∣λj − λj,n
∣∣ ≤ 1

6
λ2

j h2.

Thus for j = 100, we have∣∣λj − λj,n
∣∣ ≤ 1

6
λ2

j h2 ≤ 10−2 if h ≤ 1√
2

10−3.
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Since the approximation Zs,r by Zs,r is bad, we definitely forget that
part. We would like to construct an estimator for the projected system
living in the space Zu ⊕ Zs,a.

When we look for a filtering gain of the form

L(Huzu,e + Hszs,a,e − yobs),

it means that we neglect
Hs,2 zs,r .

Is the estimator accurate if we neglect high frequency observations ?
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Let us make some calculations for the k -th mode of the 1D heat
equation. We re-use the model of Lecture 2

∂z
∂t
− ∂2z
∂x2 = 0 in (0,1)× (0,∞),

z(0, t) = 0 and z(1, t) = u(t) for t ∈ (0,∞),

z(x ,0) = z0(x) in (0,1).

We choose
Hz(t) =

∂z
∂x

(0, t).

Recall that
λj = −π2 j2, ej (x) =

√
2 sin(j π x),

and that we use the expansion

z(x , t) =
∞∑
j=1

zj (t) ej (x).
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We would like to answer the following unrealistic situation.

• Assume that the model is exact, except for the mode k , which is the
only one for which there is an error. Thus the estimation problem
reduces to estimate only zk .

•We would like to know if, for k large enough, the filtering gain
corresponding to this frequency may be neglected.

Since we estimate only zk , the Riccati equation in the space E(λk ) is
of the form

Pk > 0, APk + Pk A∗ − Pk H∗R−1
o HPk + Qo = 0.

We can look for Pk = Pk ek , Pk ∈ R+.
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The equation for zk is

z ′k (t) = −π2 k2 zk (t) + u(t)e′k (1) = −π2 k2 zk (t) + u(t)kπ
√

2(−1)k .

The measure is

H(zk (t) ek ) = zk (t)Hek = zk (t) e′k (0) = zk (t) kπ
√

2.

Assume that we have to construct an estimator with Qo = IL2(0,1) and
Ro = 1.

We are going to estimate Lk H(zk ek ), where Lk is the estimator for the
equation satisfied by zk . We know that Lk = −Pk H∗, where Pk is the
solution to

Pk ∈ R+, −2π2 k2Pk − P2
k (Hek )2 + 1 = 0.

Thus
P2

k + Pk −
1

2π2 k2 = 0,

that is(
Pk +

1
2
−
√

1
4

+
1

2π2 k2

)(
Pk +

1
2

+

√
1
4

+
1

2π2 k2

)
= 0.
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The only positive solution is

Pk =

√
1
4

+
1

2π2 k2 −
1
2

=
1
2

(√
1 +

2
π2 k2 − 1

)
=

1
2π2 k2 +O

(
1
k4

)
.

The estimator equation for zk ek is

z ′k ek = A(zk ek ) + Bk u − Pk H∗(Hzk ek − yobs).

We would like to know if Pk H∗Hek is negligible. We have

(Pk H∗Hek ,ek )L2(0,1) = Pk (H ek )2 ' 1
2π2 k2 2π2 k2 = 1.

If we neglect Pk H∗Hek , the convergence of the estimator follows from
the exponential decrease of zk , but we cannot say that Pk H∗Hek is
negligible.

If we replace (Qoek ,ek ) by qk and Ro by rk , the equation for Pk is

Pk ∈ R+, −2π2 k2Pk − 2π2 k2 1
rk

P2
k + qk = 0.
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The only positive solution to the equation

P2
k + rk Pk −

qk rk

2π2 k2 = 0,

is

Pk =

√
r2
k
4

+
qk rk

2π2 k2−
rk

2
=

rk

2

(√
1 +

qk

π2 k2 − 1

)
=

rk qk

2π2 k2 +O
( rk

k4

)
.

In that case

(Pk H∗Hek ,ek )L2(0,1) = Pk (H ek )2 ' rk qk

2π2 k2 2π2 k2 = rk qk .

Assuming that
rk qk −→ 0 as k →∞,

corresponds to a regularity assumption on the noises.
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• The estimator is not accurate for high frequencies.

Why the filtering equation provides a stabilizing feedback with partial
information ?

• It is because high high frequencies are naturally damped.

Why reduction by balanced truncation works well ?

• One reason is that all the numerical experiments are done for the
same discrete model.

What can be the remedy ?

• Try to choose Qo in the filtering equation so that in the term L yobs,
the image by L of the observation coming from high frenquencies are
small.
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4. A new approach for finding an estimator of finite dimension

We start with the system split as follows

z ′u = Auzu + πuBu, zu(0) = πuz0,

z ′s = Aszs + πsBu, zs(0) = πsz0.

where πu : Z 7→ Zu, πs = I − πu,

Au = πuA, Bu = πuB, As = πsA, Bs = πsB.

We choose the best control law for the unstable system

K = −B∗uPu = −B∗π∗uPu,

and the best estimator for the unstable system

L = −PeH∗u R−1, Hu = Hπu,

with Pe ∈ L(Z ∗u ,Zu)

Pe = P∗e ≥ 0, PeA∗u + AuPe − PeH∗u R−1HuPe + Q = 0,

and
Hu = Hπu, Hs = Hπs.
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At that stage, the estimator is of the form

z ′u,e = Auzu,e + BuKzu,e − PeH∗u R−1(Huzu,e+Hszs,e − yobs),

zu,e(0) = πuz0,e = πuz0,

z ′s,e = Aszs,e + BsKzu,e, zs(0) = πsz0,e = πsz0.

The estimator is still of infinite dimension.

To obtain a finite dimensional estimator, we use the exact expressions
of the projectors πu and π∗u to determine PeH∗u R−1Hszs,e.

There exists a basis (ei )1≤i≤N of Zu and a basis (φi )1≤i≤N of Z ∗u ,
which are bi-orthogonal and

πu f =
N∑

i=1

(f , φi )ei , π∗u f =
N∑

i=1

(f ,ei )φi .

We have

zs,e(t) = z1
s,e(t) + z2

s,e(t) = etAsπsz0 +

∫ t

0
e(t−τ)As BsKzu,e dτ.
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We have to determine

PeH∗u R−1Hszs,e(t) = PeH∗u R−1Hsz1
s,e(t) + PeH∗u R−1Hsz2

s,e(t).

We have

PeH∗u R−1Hsz1
s,e(t) = PeH∗u R−1HsetAsπsz0 =

N∑
i=1

(πsz0, Ei (t)) Peφi ,

where
Ei (t) = etA∗s H∗R−1Hei , for 1 ≤ i ≤ N.

For z2
s,e, we write

PeH∗u R−1Hsz2
s,e(t) =

N∑
j=1

N∑
i=1

∫ t

0

(
zu,e(τ),Ei,j (t − τ)φj

)
Peφi dτ,

with, for 1 ≤ i , j ≤ N,

Ei,j (t) =
(

R−1Hei ,H etAs BsB∗uPuej

)
∈ R.
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We choose the estimator

z ′u,e = Auzu,e + BuKzu,e − PeH∗u R−1(Huzu,e − yobs)

−
N∑

j=1

N∑
i=1

∫ t

0

(
zu,e(τ),Ei,j (t − τ)φj

)
Peφi dτ −

N∑
i=1

(πsz0, Ei (t)) Peφi ,

zu,e(0) = πuz0,e = πuz0.

Therefore, the estimator is an integro-differential equation.

The system for (zu,eu), with eu = zu − zu,e, is(
zu
eu

)′
=

(
Au + BuKu −BuKu

0 Au − PeH∗u Hu

)(
zu
eu

)
+

(
µ

LHses + Lη

)
,

zu(0) = πuz0, eu(0) = πuµ0.

Thus we can obtain the exponential stabilization of the system
coupling the feedback control law and the estimator that we have
determined.
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Tests - Cylinder - Boundary Measure of the vorticity

Time interval needed for the convolution w. r. to time

Representation of PeH∗u R−1Hsz1
s,e(t) and PeH∗u R−1Hsz2

s,e(t).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−2

0

2

4
x 10

−15 Response1

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−400

−200

0

200

400
Response2
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Comparison between the reduced observer and the exact one for the
L.N.S.E.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−4

−2

0

2

4
x 10

−3 observation: full order observer

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−4

−2

0

2

4
x 10

−3 observation: reduced order observer
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Comparison with a higher level of noise and pressure measurements

0 2 4 6 8 10
−4

−2

0

2

4
x 10

−3

t [s]

observation: observer 1, SNR=19.51 dB

0 2 4 6 8 10
−4

−2

0

2

4
x 10

−3 observation: observer 2 (using only 5 last sec. data)

t [s]
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Comparison of control norms determined with the reduced and exact
observers

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−0.5

0

0.5

1
control: full order observer

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−0.5

0

0.5

1
control: reduced order observer
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Comparison of solution norms determined with the reduced and exact
observers

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.01

0.02

0.03

0.04
Norm2: full order observer

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.01

0.02

0.03

0.04
Norm2: reduced order observer
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