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1 Green-Kubo formalism

See references|1, 2, 3, 4, 5, 6, §]

1.1 Tracer diffusion and self diffusion

Tracer diffusion is the phenomenon of diffusion of a very dilute substance
in a macroscopically homogeneous background. The background may be a
gaseous or a liquid system, but it may also be a crystal or amorphous solid.
In case the tracer particles are mechanically identical to the surrounding
particles constituing the background, but are distinguishable from these, e.g.
through the orientation of their nuclear spin, one talks of self diffusion. In
any case, mutual interactions between different tracer particles should be
negligible.



As argued in subsection 77 tracer diffusion is described at the macroscopic
level by the diffusion equation

on(r,t)

— = DVPn(r 1), (1)

where, this time, I used the number density rather than the mass density. Mi-
croscopically, n(r,t) is a fluctuating field. Its average behavior (i.e. averaged
either over many tracer particles, or over many macroscopically equivalent
realizations of the process) is described by (1). On the other hand it should
also satisfy

n(r,t) = Zﬂ(r,t), (2)

where 7 runs over all tracer particles and P;(r,t) is the probability density for
finding particle ¢ at r at time ¢. Again, the probabilistic nature comes from
averaging over macroscopically equivalent realizations of the initial state.
From (2) and the linearity of the diffusion equation it follows that on macro-
scopic time and length scales also P;(r, t) must satisfy the diffusion equation.

As stated before, the solution of the diffusion equation starting out from
a 0-function in space as initial condition, in a d-dimensional system is of the

form
Gp(r,t) = o o (3)
DAY = rDtyiz “P\ Tapt )

Applied to P;(r,t) this describes the probability density for a tracer particle
to be displaced over r during a time interval of length ¢. Hence, we may
conclude that the mean squared displacement of a tracer particle as function
of time may be found as

(v =1} = [drGoiror
— 2dDt. (4)

In physical processes the actual probability density will differ from the dif-
fusion Green function, but for long enough times and large enough displace-
ments it will approach to it. This implies that (4) will be valid asymptotically



for t — oo. This is expressed by the famous Finstein relation

Al —r(0)7)
D= tlgg 2dt ' (5)

Under mild conditions this can be transformed in a few steps to a Green-Kubo
ETPTESSLON:

1 d 2
D = ﬁthm —<!T() r(0)[%),

(prov1ded this limit exists)

o1
= 3520 g<<r(t) = 7(0) - w(1)).
1 t

- = / — (©

In these expressions the brackets indicate averaging over an equilibrium
ensemble (e.g. the canonical ensemble). This does not imply though that
the diffusion constant is an equilibrium property that can be obtained from
thermodynamics. It is crucial that the average involves products of phase
space functions at different times (in this case just two velocities of the
same particle). Equilibrium averages of such products are called equilib-
rium time correlation functions. The specific correlation function considered
here, (v(0) - v(t)), is known as the velocity autocorrelation function. In equi-
librium, or more generally in stationary states, time correlation functions
possess time translation invariance:

(A1) B(t2)) = (At + 7)B(t2 + 7)) = (A(0)B(l2 — 1)) (7)

This has been used in the chain of simplifications leading to (6).



1.2 Frequency and wave number dependent diffusion
coefficient

Fourier and Laplace transform of the diffusion equation leads to

(z+ DE)i(k,z) = n(k,t=0), or
n(k,z) = Gp(k,z)n(k,t=0), with
1
Gp(k,z) = T DR (8)

This should describe physical diffusive systems on large time and length
scales, corresponding to the limit of both k and z tending to zero. Hence, it
is reasonable to assume that the full Green function of such a system can be
written in the form

1
Glk,z) = 2+ Uk, 2)k?’ ©)
with D = lim U(k,z). (10)
k—0

z—01

The limit D > 0 should be independent of the direction from which the point
k,z = 0,0 is approached, as long as Re(z) > 0.

G(k, z), and consequently U(k, z), may be expressed in terms of time corre-



lation functions:

Gk,z) = /Ooodte_Zt/dre_ik'r<(5(r1(t) —r1(0) — 7)),

_ /OO dtefzt<efik-('r1(t)fr1(0))>,

0
—e <1 [ .
_ |: eZ <62k-(7‘1(t)’r'1(0))>:| + ;/ dtefzt<_,ik X ,Ul(t)eflk-(Tl(t)le(U))>7
0 0
1 o et -
= ; —|—/0 dt B <—Zk: "Ul(o)eil '(""1(0)7"11(7&))’
= 1 — |:i 672t<_ikj . fvl (t)eik'("'l(t)rl(o))>:| ~
z 22 0
1 [ .
| At (R m ) (ki (e O,
L A : ik (74 (£)—71(0))
G(k,z) = ~— | dte” (k- 01(0)) (K - vy (t))e*r®=mi0)y (11)
0
1 K2

Here the inverse Laplace transform of C(k, z) is the wave number dependent
velocity autocorrelation function

Ok, t) = (k- 01(0))(k - vy (1))e* OO, (13)
Some algebra yields
Uk, z) %, (14)
B 2U(k, 2)
or C(k,z) = T RU(k ) (15)

From the regular behavior around k,z = 0,0 of U(k, z) we may conclude
that the diffusion coefficient follows from C(k, z) as

D = lim lim C(k, z). (16)

z—0 k—0

This is again the Green-Kubo expression (6). But note that C'(k, z) has a
very discontinuous behavior near the origin! For example, one has

. oy aD
11€1_r)1(1)6’(k,ak )= a+D




So far no physical details have been invoked yet. We only have seen state-
ments of the type "If a system behaves diffusively on large time and length
scales, its diffusion coefficient can be expressed as ...”. To determine the
actual properties of functions such as U(k, z) for some physical system one
should in some way start from the equations of motion (classically or quantum
mechanically) and derive from these the form of U(k, z). The expressions in
terms of time correlation functions are a very convenient tool for reaching

this goal, but basically no more than that.

Once the function U(k, z) is known explicitly one may rewrite the diffusion
equation as a non-local equation (both in position and time) that takes full
account of all information contained in U(k, z). The form of this equation is

8n’rt /dr/dtur n(r —r' t —1t). (17)

Here u(r,t) is the inverse Fourier and Laplace transform of U(k, z). If the
density changes only on time and length scales that are large compared to
the ranges in time and space of u(r,t), this equation reduces to the ordinary
diffusion equation, with indeed, D = [dr [;~ dtu(r,t) = U(0,0).

Remark: Instead of the Laplace transform one often uses the Fourier
transform with respect to time, defined through

Flw) = / T dte (),

For even functions f this is simply related to the Laplace transform through
f(w) = f(iw) + f(—iw). Autocorrelation functions (f(0)f(t)) are even be-
cause of time translation invariance.

1.3 Projection operator formalism

The projection operator method has been introduced in Green-Kubo theory
by Zwanzig[9] and Mori[10]. It can be avoided, but there are a number of
advantages in using it:



1) The connections between Green-Kubo formalism for hydrodynamic fluc-
tuations and linear response theory become more transparent.

2) The structure of equations remains simpler in more complicated situa-
tions, such as the description of hydrodynamic fluctuations in liquids,

3) The physical ideas underlying the method are interesting and illumi-
nating.

4) Tt appears very frequently in the physics literature, so it is useful know-
ing it.

As preliminaries we first introduce a Hilbert space of square integrable
functions on phase space under the inner product

(19 =Y [ dTpo(TID) = (FOW (o0 - G, (1)
N
Here I' = (71 - rxn,p1-- - pn) and pg denotes the grand canonical density.
The time evolution of phase functions (i.e. functions depending on the po-

sition and momentum coordinates of the particles in the system) may be
described formally through the action of the Liouwille operator, i.e.

df(r) cf(r)_i{&,i_M.i}f(r), (19)

dt —~ |m Or or; P
FE) = e~ f(D). (20)
In addition the time evolution of an ensemble in phase space is described by!
dp(T
WD~ o), @
p(T,t) = e“p(T,0) = p(e“T, 0). (22)

For infinite systems or systems with periodic boundary conditions, without
external potential, £ commutes with the translation operator T'(a), defined
through

T(a)f(ri---ry,p1-py)=f(ri+a---ry+a,pr- - pn). (23)

'Here I denotes an arbitrary point in phase space and not the set of coordinates of all
particles, as in (19).



The reason for this is that in these cases the potential depends on relative
coordinates only and therefore is invariant under the action of 7'(a). Then
the Hilbert space can be decomposed into Fourier components consisting of
functions of the form

e *Bf(p - pn,p1-DN)

t

with R the center of mass and p; = r; — R. The operator e** maps each

Fourier component onto itself?

Let us assume that the system contains exactly one tracer particle, which
we will label as particle 1. Consider all square integrable functions un-
der the inner product (18) of its coordinates, r1,p; and their equilibrium
averages (f(ry,p1)). They can be decomposed into functions of the form
exp(—ik-r1)P,(p1), with P, a complete set of orthogonal polynomials under
the inner product (18). Note that the equilibrium averages vanish for all
non-zero k. One may investigate how the averages of all these functions over
a non-equilitbrium ensemble evolve in time. For k& — 0 one should expect this
decay is very slow for the averages (exp(—ik - 1)), since these are the Fourier
components of the tagged particle density, which ought to satisfy a diffusion
equation. There is no reason to expect an independent slow decay for any
of the other functions of particle 1, since the distribution of its momentum,
if not an equilibrium distribution initially, will approach such a distribution
rapidly. Averages of other phase space functions of particle 1 may have a
small component that decays diffusively as well, because the microscopic
function that on average decays according to the diffusion equation is not
entirely identical to exp —ik - ;. But these slow decays are not independent
of the decay of (exp(—ik - r1)) and in the projection operator formalism it
is the latter that is entirely representing them. There could in principle be
phase space functions involving other particles that would decay slowly, but
for the time being we will assume that the "bath” consisting of these parti-
cles is perfectly in equilibrium, or at most shows small deviations that are
determined completely again by the tagged particle density (exp(—ik - 71)).

20ne may also describe the momenta in the center of mass frame, in other words set
the total momentum equal to zero. For the decomposition into Fourier components this
is not necessary, but in doing so-called molecular dynamics simulations it is the standard
choice.



We now introduce the projection operator® 4 with the idea that the aver-
age time evolution of the set of functions n,(k) will determine the slowly
decaying part of an arbitrary function f(rq,p1). In addition we define

P,=1-P (24)
and R
L=P LP,. (25)
Let the system to be considered be described by an ensemble of the form
p(t) = po(1+ A(t)) = po (1 + PA(t) + PLA(L)), (26)

with py the Grand canonical distribution. The time evolution of this is
described by Liouville’s equation (21)
Ip(t)

ot

where the identity Lpy = 0 was used. This may be worked out into the two
equations

= —Lp(t) = —poLA(), (27)

apa_i(t) — _PLPLA®), (28)
apg_f(t) — _PLLPLA(H) - PLLPA(), (29)

In deriving (28) we used PLP = 0, following from (n.(k)| L] n,(k)) = 0.
Eq. (29) can be solved for P, LPA(t), as

t R ~
PLA(t) = — / d7e XD LPA(T) 4 e F1PLA(0). (30)
0

Substitution into (28) results into

t - ~
apa—At(t): / dTPLPLe P LPA(t — 7) — PLPLe “PLA(0). (31)
0

3There is no need here to subtract the averages of phase space functions, as is done in
(18). For k # 0 the averages all vanish. For k = 0 ny(k) reduces to a constant, so it’s
time evolution is trivial.

4In order to have P to project onto slowly decaying functions only one should specify
an upper cut-off on the value of k. The choice of this is somewhat arbitrary. Fortunately,
since the time evolution in the present case does not couple different values of k this
does not really matter. For any value of k the projection operator projects onto a single
function within the corresponding set.

10



Next use:

Lng(k) = Lembm = ik Plo—ikr — ks (k). (32)

my

Insert this into (31) letting the first £ act to the left. This yields

apA Z K2 / t d7(ju(k)|e T ji(k)YPA(t — 7) — PLPLe P, A(0).

(33)
Let us denote the average tracer density by m;(k,t). It is given by

il t) = Z/dfpo[l +AWBIm(k)
= Oro + (A1) | ne(K)) (34)

With this notation we may rewrite the adjoint of (33) as

on(k,t ¢ , . _ =
Tulk.t) _ e / Ar(iulk) | €57 ju(k) (e, t—7)+(A(0) | PLeEP L Lny(R)),
0
(35)
where we used that —L is the adjoint of £. We expect that for the perturba-
tions under consideration (only particle 1 out of equilibrium) the propagator

£t induces a rapid decay to zero®. Then the second term on the rhs. of (35)
may be neglected and we recover the generalized diffusion equation

% = —k2/0 dru(k, )ik, t — 7). (36)

with now
<Jt | ef Jt )> (37)
From (36) we see that <jt(k:) | e Tjt(k:)> describes the response of On;(k,t)/0t

to ny(k,t — 7). The orthogonal projection in €7 prevents double counting of

5The assumption underlying this is that it is true for k = 0, where all functions depend
on p; only. The function n(0) is just unity and does not decay. The averages of all
functions of p; orthogonal to this under the inner product (18) are expected to decay
rapidly to their equilibrium value, which is zero, because it is just the inner product with
the unit function). Then it will remain true for small &k, because the spectrum of £ depends
smoothly on k.

11



the response to ny(k,7’), with t — 7 < 7/ < t. In the limit k£ — 0 n,(k, 7’) is

not excited and e“” becomes identical to e£7, as follows from (15).

We may also use the projection operator technique for deriving (15) in an
alternative way. First note the identity

Clk,z) = (je(k) | (z = L) '5i(K)) - (38)

Next we need a chain of algebraic operator identities:

PLeL)PL =Py [z = £) + (== £)N(PLPL + PLLP)(= — £)7] P,

o~

again using PLP = 0. Next use P, (z — L) 'P = 0 to obtain
Piz=L)"PL=Pi(z=L) " 1+ PLP{(: = L)'+ (= £)"PLP.(z - £) ) }| Pu.

The same identity has been used again for (z — L)}, plus 73(2—2)’171 =0.
Using this once more leads to

PL(z—L) P =Py (:—L)" {1 — | i)Y (nu(k) | (2 — L) 'ny(k)Yike(ke) | (2 — c)*l] PL.
(39)

Next use (z—L ) ~'ny(k) = ny(k)/z and take the inner product (j, (k)| - - - j:(k))

on both sides. This reproduces eq. (14);

C(k,2) = Uk, 2)(1 — %QC(k,z)).

An important remark to be made here is that the tagged particle density-
density time correlation function satisfies exactly the same generalized diffu-
sion equation (35) as the tagged particle density itself. This follows from the
identities
(ni(ke) | ny(k, 1)) = (mu(k) | e“ny(k)),
and (A(t) | ni(k)) = <e_LtA(O) | nt(kz)> = <A(0) | eﬁtnt(k)>.

The right hand sides are identical in case P;A(0) = 0. This demonstrates
Onsager’s regression hypothesis: Thermally excited fluctuations in an equilib-
rium system on average decay in exactly the same way as small macroscopic
deviations from equilibrium. The decay of the probability distribution P(r,t)

for the position of a tagged particle according to the (generalized) diffusion
equation is just one example of this.

12



1.4 Hydrodynamic equations for a simple fluid

In this section I will represent the hydrodynamic fields of a simple fluid
primarily by number density, momentum density and energy density. Their
Fourier components are given, microscopically, by

n(k) = Z etk (40)

N
Gk) = ) pie ™, (41)
=1

N

ak) = > et (42)

=1

with

pi 1
J#i

Since we will only consider small deviations from total equilibrium we need

not define the densities in a local comoving frame, as in (??7,77). Other

hydrodynamic fields may be defined as linear combinations of the above

ones. For example the temperature field may be introduced as

T(r,t) = Ty(r,t) + (Z—T)Eén(r,t) + <%—T)nae(r,t), (44)

n €
with on(r,t) = n(r,t) —ng(r,t) and de(r,t) = e(r,t) —eo(r, t) the deviations
of number and energy density from their equilibrium values. For the Fourier
components this leads to

T(k,t) = (Z—Dﬁ(kz,t) + @—f)nak,t). (45)

This has to be generalized slightly as k is increased; in fact the dependence of
temperature on density and energy density exhibits mild non-local effects due
to the interactions between particles. In Appendix A it is shown how these
effects can be taken into account. On our Hilbert space we may introduce
the projection operator P, projecting for each k onto the d+ 2 (five in three

13



dimensions) densities specified above. For a compact description of this it is
useful introducing the d 4+ 2-dimensional vector

(k)
Y(k) = G(k) (46)
(k)
plus the adjoint vector
d(k) = p(k)ox (k). (47)

Here o denotes the simple inner product @ o b = >, a;b; in the (d + 2)-
dimensional space spanned by (k). In other words,

6i(k) = 37 5 (k)G (k).

The matrix x is defined through
Xij (k) = (ti(k) [ 1;(k)) . (48)

from which one immediately obtains the identities

(Wi(k) | ¢j(k)) = (di(k) | 1;(k)) = ;5.

In terms of these vectors the projection operator may be expressed as
P o= ) (k) o (oK), (49)
k
= Y 1¢(k)) o ((k)|. (50)
k
This may be rewritten in a physically more appealing form as

P %Z [m(k)xﬁ(kzﬂ + %lé(k)> (G(K)| — [a(k)) (BRI . (51)

k

Here we introduced the fields 8 and v. These are defined through

B0 = e (52)
I/(T‘,t) = B(r7t)ﬂ(r’t)> (53)

14



with p the chemical potential. Precise definitions and a derivation of (51) are
given in Appendix A. An alternative for (51) may be obtained by replacing
the energy density €(k) and the variable (k) by k-dependent generalizations
of the entropy per unit mass, o(k) and the pressure, p(k) (Appendix A). This
yields

szﬁ—;ozk:[ k))(p(k |+—\G )) - (G(K)| +n2| (k)Y (T(k)
(54)

Now we are ready to formulate the hydrodynamic equations linearized around
a total equilibrium state in a homogeneous system. Set again

p(t) = po[l + PA(t) + PLA(Y)]. (55)

Like in the case of tracer diffusion the equation for the time evolution can be
split up as

aPaAt(t) — —PLPA(t) — PLPLA(®), (56)
37’5_?@) — _PLLPLA() — PLLPA(L), (57)

from which P, A(t) can be solved as

t N ~
PLA(L) = — / dre P LPA(T) + e F1PLA(0). (58)

0

Now substitution into (56) gives

WaA(t) — —PLPA®) + / dTPLP e FP L LPA(t — 7)
t 0
—sze—fth(O). (59)
Set p(k,t) = (A(t)| ¥(k)) = (Y(—k) | A(t)). Using (50) and neglecting the
last term in (59) one obtains
0P (k —
WD Bty o (i) | k)

+ /0 t d7d(k, t —7) 0 (P(k) | PLPLLPLLPY(K)). (60)

15



Next we have to introduce some further notation:

k) = (k)| Lp(R)), (61)
Uk, t) = k2V<¢ )| LPLEP Lap(K)). (62)

These matrices may be reexpressed in terms of the currents,
J(k) = ﬁ‘_bi(: ) (63)

which are called this way in view of the conservation laws®

dyi(k)
U = ik Ji(k). (64)
In terms of these we have
k) = (k)| I(K). (65)
Ulh,1) = (0] SI0R)). (66)

We can now rewrite (60) in terms of the generalized hydrodynamic equations

op(k,t)

o =V —ikE(k,t)oQ(k:)—kZ/o dro(k,t —7)olU(k,7)|. (67)

The Laplace transform of this equation reads
2p(k,z) = V(k,z) o Q [—ikQ(k) — KUk, 2)] +P(k,t =0).  (68)

These equations are still very general. They provide a good description of the
macroscopic time evolution of a fluid close to equilibrium, whenever all slow
variations in the long-wave-length Fourier components of our Hilbert space
can be parameterized by the behavior of number density, momentum density
and energy density alone. In order to have them reducing to the ordinary
(linearized) hydrodynamic equations on macroscopic time and length scales,
the limit lim ko U(k, z) has to exist (and be positive definite!), just like in

the case of the dlffusmn equation.

6for the interpretation of (64) as a set of conservation laws it is crucial that the limit
of J(k) for k — 0 exists, implying d)(0)/dt = 0.

16



1.4.1 Specific form of the hydrodynamic equations

To appreciate that indeed (67,68) represent the hydrodynamic equations as
we have seen them, one has to work out the matrices 2 and & more explicitly.
First of all, we specify the hydrodynamic densities and currents in more
detail:

Lmi(k) = —ik-G(k), (69)
LG(k) = —ik-P(k), (70)
T.Lo(k) = —ik-J (k). (71)

Here G(k) was defined in (41). The Fourier components of the microscopic
pressure tensor P(k) are defined as

—ik-ri —ik~7‘j

5 . DiDPi _ikr; € —€
From this the k-dependent pressure is obtained as
p(k) = Pkk:P(k). (73)

The Fourier components of the microscopic density of entropy per particle
follow from the conditions

(0(k)| p(k)) =0 (74)
plus
o~ . 1 —~ Po + €0
]16125 o(k) = Ty (k) — ” n(k)| . (75)
As shown in Appendix A this leads to
~ I . ~
(k) = —[e(k) — ho(k)(k)). (76)

with ho(k) the k-dependent enthalpy density (defined there). From this the
heat current is obtained as
- Ty

Jy(k) = —2L5 (k). (77)

17



Notice that, thanks to (74), Pfq = 0. The matrix elements of £ may now
be worked out as

(k)| Lr(k)) = (A(k)| Le(k)) = (e(k) | LE(k))
_<’\ 0

_ (elk) | Lalk)) =0, (78)
(G(k)| LG(k)) =0, (79)
()| £GK)) = (GOK)| LK) = —(Glk) | k- Gk

(G(k)| L5(k)) = (3(k)| LG(K)) = ik(5(k) | P(k)) =0.  (81)
The wave number and frequency dependent linearized hydrodynamic equa-
tions may now be cast in more explicit form. The continuity equation be-
comes

on(k,t 1k .
E?t ) = G(k,t) = —ik - nou(k,t), (82)
with u(k,t) again the Fourier transform of the local velocity. The ”Navier-

Stokes equation” becomes

8@(13 t)

= —ikp(k,t)

nom

/dﬂ (k, ) (k7t—r)+{n(k:,¢)—|—%n(km)}l%l%-@(k,t—ﬂ

_KEnofik / r (P (kk:P(k) | £ Puk - Jy(k)) Tkt 7). (83)

v
Here the transport kernels 7 and « are defined as
B i B | EiiS
n(k,t) = V<k:l P(k) | £tk P(k)> (84)
2(d -1 .
k) + 2Dy = 5 (ki) | E PRk (R)) . (55)

with I an arbitrary unit vector perpendicular to k. The equation of heat
conduction, finally, is of the form

0o (k, t) K[ _

BT Tkt = 86

ot noTo/ dr Mk, )T (k,t — ) (6)
knfgh [* L. T Cro LD N

_W/ dr (Puk- Jy(k)| S PLkkP(K) ) k- Glk,t 7).

18



with

V
Like in the case of tracer diffusion the k- and z-dependent transport coeffi-
cients may also be expressed in terms of current-current correlation functions
with unprojected time evolution operators. Setting

Ak, 1) <7>g% T (k)| 5Pk - fq(k)> . (87)

Uk,2) = % (PLIR)| (== £)'PLI(K) ) (88)
Clk2) = 3 (PLIR)| (= = L) PLIK)) (39)

one has the relationship

Uk, z) =Clk,2) | T+ k {wz +ikQ — K2C(k, z)}_l C(k, 2)

(90)
In the limit & — 0 U and C become equal again. In this limit we ob-

tain the standard Green-Kubo expressions for the hydrodynamic transport
coefficients. For the shear and bulk viscosity,

n— % / " at (KiPO)REP() ). (01)

- %/Zdu émp(on - (%)nw— (H)) - (g—i)e(N— (N)) = pV|
(92)

Lrvip(o) - (%)nw ) - (%) (N = (N) = pV'). (93)

Here P(t) is 1T r/P\(k: = 0) evaluated as function of the particle coordinates
at time ¢. In (93) we have used (73) and subtracted pV = (p(k = 0)). By
combining Eqs. (87), (77), (74) and (69) one finds that the heat conduction
coefficient becomes

60 /OO hO ho
A v /., dt { J.(0) mG| J.(t) mG . (94)
Here the energy current is
_ pi 1 Pi p )y
I =SB ly (m Fy)ry (95)

i i<j

and G is the total momentum.
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1.4.2 Positivity of transport coefficients

For Re(z) > 0 the real parts of n(k, z), A\(k, z) and k(k, z)+2(d—1)n(k, z)/d
are positive. This follows from the antihermiticity of P ' LP,: the operator
(z — £) (and therefore also its inverse) has a spectrum with a positive real
part. For z = iw Forster[2] gives the following, more subtle argument: one
has

T ) ) T . .
I={( / Tdt1 e“ J(k)e ™ | / Tdt2 e“2 J(k)e ™2 ) > 0. (96)

Time translation invariance allows rewriting I as

I = T/:TdT (1—%) [<J(k)]e£TJ(k:)>e’i‘”+cc]. (97)

Here 7 = t5 — t; and an integration has been performed over (¢, + t2)/2.
If <J(k) | eéTJ(k)> = o(1/7) for 7 — oo the contribution of the term with

7/(2T) will vanish in the limit 7" — oo. In this case the remaining term
approaches combinations such as [n(k,iw) +n(k, —iw)]. From (96) it follows
that this is > 0. The possibility that transport coefficients are 0 or infinite
remains open! For both possibilities there exist ample examples.

1.4.3 Mixtures

It is straightforward extending the Green-Kubo formalism to mixtures of s
species of particles with masses m; - - - m4 and interparticle potentials ¢y, (1),
depending on the species [ and n of the particles ¢ and j. The hydrodynamic
space is now represented by the mass densities

N
puk)=my Yy e T, (98)
j=1

together with momentum density and energy density, which are defined as
before, except that masses and potentials now depend on particle species.
The matrix x has to be generalized to an (s+4) x (s+4) dimensional matrix
with matrix elements

Xin(k) = (k) | pu(k)) s xie(k) = (pu(k) | €(k)) (99)
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etc. The fields adjoint to the mass densities are (k) = v(k)/my, with g,
the chemical potential of species [. The other adjoint fields do not change.
The matrix €2 now has matrix elements

e = Qar = piksTo, (100)

between mass densities and the k-component of the momentum density, in
addition to the matrix elements between €(k) and G(k) - k. For simplicity
we now concentrate on the equations in the limit of k, 2 — 0. These become

apl(k’ t) Plo .7 = = -
= —%@k -Gk, t) — K ; LinDn(k,t) — LiB(k,t)| (101)

ag(kv t) _ _po . -~ 1.2 1 = =
o = pozkz G(k,t)—k no)\T(k,t) +;Lmun(k,t) (102)
% —ikp(k, t) — k* [né(kz, )+ (k + ‘%277)12;12;:6(1:, t)}lOS)

Here the Onsager coefficients were introduced, defined as

=1 [
L, = ,13%?/0 dt (P Lpi(k)| e P Lpn(K)),

- é/ooodt (Ji(0) - Ju(t)) (104)

Lo = 3| ar@o-a,m), (105)
La = 4 at@,0-20). (106)

Here the currents J; are given explicitly by

Ny
J=Yp - %G. (107)
j=1

Notice that a mass-current of species [ is not only driven by a gradient in
the mass density of this species, but may also result from gradients in the
other mass densities as well as from a temperature gradient. Similarly, a heat
current may also be the result of gradients in the densities. Notice further
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that the Onsager coefficients are not linearly independent. From Eqs. (104-
106) and (107) one obtains the relationships

> Lim = ) Lin=0, (108)
> L = ) La=0. (109)

1.4.4 Onsager relations

Onsager was the first one to note the symmetry relations

Ly, = Ly, (110)
L = Lyg. (111)
These are a direct consequence of time reversal invariance of the equations
of motion. The Green-Kubo formalism makes this particularly transparent.
Define the time-reversal operator 7 by its action on an arbitrary phase func-
tion;
T rn,pi---py) = f(ri- TN, —P1- — PN). (112)
Obviously 72 = 1 and for a Hamiltonian that is even in the momenta” one
has
TLT = —L, (113)
Te“T = e . (114)
On the basis of this, one obtains
<J1 | eLtJ2> = <TJ1 | T@ﬁtTTJ2>,
<TJ1 ‘ eiatTJ2> s
= <TJ2 ‘ €£tTJ1> .

(115)

If J; and J; have the same, definite parity in the momenta the time reversal
operators in the last equality may be taken out by replacing p; by —p; in
the equilibrium average (). This is the basis of all the Onsager symmetries
contained in (104-105).

"This means in practice that the forces do not depend on velocities. In the presence of
a magnetic field time reversal requires reversal of this field in addition to the momenta.
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1.5 Linear response theory

The Green-Kubo formalism may also be used to describe the response of
densities to small driving fields. Also in this case Einstein’s treatment of
Brownian motion has been ground laying.

1.5.1 Einstein relation between conductivity and diffusion coeffi-
cient

Einstein considered the electrical current of charged tracer particles in an
equilibrium background due to a driving field on the one hand and to density
gradients on the other. Phenomenologically these may be written as

Ja = —oVo, (116)
Jairr = —DeiVny, (117)

with @ the Coulomb potential, e; the charge of a tracer particle and n,(r,t)
the number density of these particles. He noted that in equilibrium both of
these contributions would still be present, but ought to cancel each other.
Therefore, if one can establish a relationship between V® and Vn; in an
equilibrium state, this will translate into a relationship between ¢ and D.
Ensemble theory allows one to establish just such a relationship. First of all,
we want to use the canonical ensemble to find out how the chemical potential
changes if a system is placed in an external potential. For simplicity, first
look at the case that species 1---s are subjected to uniform potentials (per
particle) ¢y - - - ¢s This leads to a canonical partition function

Z(T,V, N, ¢;) = eXp(‘ZNiB@)Z(TaVaNi)a (118)

with Z(T,V, N;) the partition function in absence of external potentials.
From this one finds

O(—kgTInZz _
(T, V, N, ¢i) = % = ¢; + (T, V, Ny), (119)

with f1; the intrinsic chemical potential of species i. For a nonuniform system
with gradients on macroscopic length scales this may be generalized to a local
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relationship®
pi(T(r),1i(r), di(1)) = i(r) + f1i(T, (). (120)
In an equilibrium system p; should be uniform, hence
Viu(T,ni(r)) = =Vi(r). (121)

In a system where only the tracer density is nonuniform one has
Vi = =—Vn,. (122)

Substitution of (120-121) into (116-117), using ¢; = e;P, and requiring the
vanishing of the sum of these currents leads to the Einstein relation

2 8nt

=D|— . 123
€t2 (a:ut)T,nb ( )

Ony

ot
by using the Grand canonical ensemble: since tracer particles do not interact
it follows that the Grand canonical partition function for a system containing
some tracer particles assumes the form

For the tracer particles the derivative ( ) may be worked out in detail
T,nb

- _ = Ay, T, V)™
=, o, T, V) = Zo(ue, T,V) 1+Zexpntﬁlut<’ub—')
ni=1 Ty
= Soexp{exp[Bu]A(um, T, V) }, (124)

where A(uy, T, V') is the ratio of the Grand partition function in the presence
of one tracer particle and that without any. From this one obtains for the
average tracer density

_ 1 (9kpTlog=E)

ne = % 3,th = eXP[ﬂMt]A(/Lba T7 V): (125>

leading to the identity
8nt >
(a/,bt Ty 6 t ( )

8 Adequate generalizations are also known in the case of strong gradients[11].
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solved by n; = Cexp Bu. Substituting this into the Einstein relation (123)

one obtains 21
ntet
= 127
=T (127)

Linear response theory allows one to generalize this to a frequency and wave
number dependent relationship. Set

H = Ho+ AH(t)

(128)
with AH(t) = etz O(rj,t) = >, P(k,t)n(—k,t) and, for the time
being, AH(t) =0 for t < 0. The corresponding Liouville operator, the time
dependent phase space density and the Liouville equation may be split up
similarly as

L = Lo+ AL(1), (129)
p = po(1+A(1)), (130)
dp
% = —(Lo+ AL(L))p. (131)
Linearization of the Liouville equation yields
A
aa—it) = —LoA(t) — AL(t) log po. (132)
Under the projection operator formalism A(t) is split up again as
A(t) = PA(t) +PLA(L) (133)

and P A(t) can be solved as
¢ )
PLA®) = - / dr e80T [P L PA(R) + PLAL(T) logp],  (134)
0

leaving for PA(t) the equation

IPA(t)
ot

= —PLPA(t) — PALIlog py

0
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Let us now apply this to the case of tracer diffusion in an external electric
field. In this case we have

1
P o= gy 2 ) (B (136)
AL() = ZetE rj.t) 8(199 (137)

with E(r,t) = —V®(r,t). Applying AL(t) to the Grand canonical distribu-
tion we obtain

Aﬁ(t) logpo = Zﬁp] etE r]a )7

= —2 Gi(k) e EB(—k, 1), (138)

with 5, (1) = SN (pi/my)d(r —r;). In the case of tracer diffusion PAL log py
vanishes. Inserting (136) and (138) into (136) we obtain

am | nt (k- gi(k) | exp(—LoT)k - ji(K) )
Z/ N

N,

{—kQ (ne(k) | A(t — 7)) — 5<V’f>etz'k - E(—k,t — )| (139)
The second term between square brackets describes the ”direct response”
of A(t) to the electric field, the first term the ”indirect response” due to
diffusive decay of the density field resulting from the action of the electric
field at preceding times. From this one obtains the hydrodynamic equation
for the tracer density as

(k)

ony(k,t) _ <877A(t)
ot ot
= /thU(k,T) (kT (k,t — 7) + Beny ik - E(k,t — )] .
(140)
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The Laplace transform of this reads
sk, 2) = Ulk,2) | k(K. 2) + Bemuik - E(k, z)] 4y (k.t = 0).
(141)

1.5.2 Linear response theory for full hydrodynamics

It is straightforward now extending the above derivations to the case of
the full hydrodynamic equations. First of all we have to evaluate the term
PALlog pg. From (138) this immediately follows as

PALlogpy = ik Gk) Y nyn(—k 1)) (142)
l
with M the average total mass. This contributes an external force term
to the Navier-Stokes equations. Furthermore, as follows from (139), the
external potentials have the effect of consistently replacing Vv, by the sum
of the gradients of the intrinsic 77 and of S¢;. In summary, the linearized
hydrodynamic equations in presence of external potentials become

% = —ik-G(r,1), (143)
% = —ik [‘kzt —|—an0¢1 (k t)]
nom/ dr { (k,7)G(k,t — 1) + {s(E, 7')+¥77(k T)}I%I%-@(k,t—f)}
”+”80/0 <P¢(l%l% P(k)| L Pk - J(k)>kBT(k:,t—T). (144)
aag«t:,t) _ _nlz;o /Oth [)\(k,T)T(k,t—T)+ZLel(k,7) [El(k,t—7)+5¢z(k,t—¢)}]
_Ijszf /tdr <7>l12:-J( )| £, kke:P (K )>k.é(k,t—r), (145)
w - ’;’;’apg‘;t ——k2/ dTZLmsz Dok, t —7) + By (k,
+k? /OthLle(k:,T)B(k,t—T). (146)

27



References

[1] D. A. McQuarrie, Statistical Mechanics Ch. 21-8, (Harper and Row, New
York 1976, see http://www.abebooks.com/ for an inexpensive Indian
edition)

[2] D. Forster, Hydrodynamic fluctuations, broken symmetry, and correla-
tion functions , (W. A. Benjamin, Reading, Mass.)

[3] P. Résibois and M. De Leener, Classical kinetic theory of fluids, (Wiley,
New York 1977)

[4] J. R. Dorfman, Kinetic and hydrodynamic theory of time correlation
functions, in ”Fundamental Problems in Statistical Mechanics”, E. G.
D. Cohen ed. (North Holland, Amsterdam 1975)

[5] R. J. Zwanzig, Ann. Rev. Phys. Chem. 16 (1965) 67
[6] T. M. de Schepper and M. H. Ernst, Physica 98 A (1979) 189

[7] J. A. McLennan, Introduction to Non Equilibrium Statistical Mechanics
(Prentice Hall, 1988)

[8] W. A. Steele in Transport Phenomena in Fluids, H. J. M. Hanley ed.
(Dekker, New york 1969)

9] R. J. Zwanzig, Phys. Rev. 124 (1961) 963
[10] H. Mori, Prog. Theor. Phys. 33 (1964) 423

[11] see e.g. R. Evans, Adv. Phys. 28 (1979) 143

28



