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In the early part of the 20th century Einstein’s theory of 
gravity made three predictions
The Universe was born out of nothing in a big bang everywhere
Black holes are the ultimate fate of massive stars
Gravitational waves are an inevitable consequence of any 
theory of gravity that is consistent with special relativity

Today we have indirect evidence for all but have 
directly observed none
The key to observing the first two is the new tool that 
is provided by the last
In this lecture we will discuss what gravitational waves are and 
how they can be used to explore the dark and dense Universe
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On the largest scales matter is electrically neutral
Stars and galaxies feel only the gravitational field of other 
stars and galaxies

So far, gravity has played a passive role in our 
exploration the Universe
But that is about to change

Over the next decade we expect to open a new 
window on the Universe
The gravitational window

This lecture will take you on a tour of what this 
window is all about and what it might tell us about 
the Universe
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In Newton’s law of gravity the gravitational field satisfies the Poisson 
equation:

Gravitational field is described by a scalar field, the interaction is 
instantaneous and no gravitational waves.

In general relativity for weak gravitational fields, i.e.

in Lorentz gauge, i.e.                         Einstein’s equations reduce to wave 
equations in the metric perturbation:

Here                                                                 is the trace-reverse tensor.

What are Gravitational Waves? 

7

Mathematics of linearized theory

• In linearized theory metric is nearly that of flat spacetime:

ds2 = (ηαβ + hαβ) dxαdxβ, |hαβ| ! 1.

• Define trace-reversed metric perturbation h̄αβ = hαβ − 1
2ηαβηµνhµν and

adopt Lorentz gauge:
h̄αβ

,β = 0,

where a subscripted comma denotes the partial derivative with respect
to the coordinate associated with the index that follows the comma.
Lorentz gauge is just a gauge (coordinate) choice: four equations use up
4 degrees of freedom to specify spacetime coordinates. Initial data for
these equations is still free.

• In Lorentz gauge, the Einstein field equations are just a set of decoupled
wave equations



−
∂2

∂t2
+ ∇2



 h̄αβ = −16πT αβ.

• To understand propagation, it is easiest to look at plane waves:

h̄αβ = Aαβ exp(2πıkµx
µ),

for constant amplitudes Aαβ and wave vector kµ. Then the Einstein
equations imply that the wave vector is null kαkα = 0 (propagation at
the speed of light), and the gauge condition implies that the amplitude
and wave vector are orthogonal, Aαβkβ = 0.

• Further gauge conditions (adjustments of the initial data for the Lorentz
gauge equations) are possible. Just state them here: we will explicitly
construct them in Chapter 4. We can demand that

1. A0β = 0 ⇒ Aijkj = 0: Transverse wave; and

2. Aj
j = 0: Traceless wave amplitude.

These conditions can only be applied outside a sphere surrounding the
source. Together, they put the metric into the transverse-traceless (TT)
gauge. In TT gauge, h̄αβ = hαβ .
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Plane-wave solutions:

Gravitational waves travel at the speed of light.

Gauge conditions imply that                               Further gauge conditions 

For a wave traveling in the z-direction then 
Gauge conditions, transversality and traceless conditions imply

Only two independent amplitudes. Two independent degrees of 
freedom for polarization: plus-polarization and cross-polarization.

Transverse-Traceless Gauge and Number of Degrees of 
Freedom
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Using the TT gauge to understand gravitational waves

• Only two independent polarizations The TT gauge leaves only two
independent wave amplitudes out of the original 10. Take the wave to
move in the z-direction, so that kz = k, kx = ky = 0. Then gauge +
transversality ⇒ A0α = Azα = 0, leaving only Axx, Axy = Ayx, and Ayy

nonzero. Tracelessness ⇒ Ayy = −Axx. So there are only 2 independent
amplitudes, 2 independent degrees of freedom for polarization.

• A wave for which Axy = 0 produces a metric of the form

ds2 = −dt2 + (1 + h+)dx2 + (1 − h+)dy2 + dz2,

where h+ = Axx exp[ik(z − t)]. This produces opposite effects on proper
distance on the two axes, contracting one while expanding the other.

• If Axx = 0 then only the off-diagonal term hxy = h× is non-trivial, and
these can be obtained from the previous case by a 45◦ rotation.

• A general wave is a linear combination of these two. If one lags the other
in phase, the polarization is circular or elliptical. The existence of only
two polarizations is a property of any non-zero spin field that propagates
at the speed of light.

• The effect of a wave in TT gauge on a particle at rest can be computed
from the Christoffel symbols. Its initial acceleration is

d2

dτ 2
xi = −Γi

00 = −
1

2
(2hi0,0 − h00,i) = 0.

So the particle does not move. The TT gauge represents a coordinate
system that is comoving with freely-falling particles. Because h0α = 0,
TT-time is proper time on the clock of a freely falling particle at rest.

• Tidal forces show the action of the wave independently of coordinates.
For example, the geodesic deviation equation for the separation ξ of two
freely falling particles initially at rest is

d2

dτ 2
ξi = Ri

0j0ξ
j =

1

2
hij,00ξ

j.

This contains the same information as we saw in the metric above. The
Riemann tensor is gauge-invariant in linearized theory.
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In the TT gauge, the effect of a wave on a particle at rest

So a particle at rest remains at rest. TT gauge is a coordinate 
system that is comoving with freely falling particles.
The waves have a tidal effect which can be seen by looking at the 
change in distance between two nearby freely falling particles:

Isaacson showed that a spacetime with GW will have curvature 
with the corresponding Einstein tensor given by

Tidal Effect of Gravitational Waves

8
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This contains the same information as we saw in the metric above. The
Riemann tensor is gauge-invariant in linearized theory.
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Practical applications of the energy formula

• Relation between typical wave amplitude and the energy radi-

ated by a source. If we are far from a source of gravitational waves, we
can treat the waves by linearized theory. Then if we adopt TT gauge and
specialize the stress-energy tensor of the radiation to a flat background,
we get

T (GW )
αβ =

1

32π
hTT

µν ,αhTTµν
,β.

Since there are only two components, a wave traveling with frequency f
(wave number k = 2πf) and with a typical amplitude h in both polar-
izations carries an energy flux Fgw equal to (see Exercise 6)

Fgw =
π

4
f 2h2.

Putting in the factors of c and G and scaling to reasonable values gives

Fgw = 3 mW m−2
[

h

1 × 10−22

]2 [

f

1 kHz

]2

,

which is a very large energy flux even for this weak a wave. It is twice
the energy flux of a full moon! Integrating over a sphere of radius r,
assuming a total duration of the event τ , and solving for h, again with
appropriate normalisations, gives

h = 10−21
[

Egw

0.01M#c2

]1/2 [

r

20 Mpc

]−1 [

f

1 kHz

]−1 [

τ

1 ms

]−1/2

.

This is the formula for the “burst energy”, normalized to numbers ap-
propriate to a gravitational collapse occurring in the Virgo cluster. It
explains why physicists and astronomers regard the 10−21 threshold as so
important. But this formula could be applied to binary systems radiating
away their orbital gravitational binding energy over long periods of time
τ , for example.

• Curvature produced by waves. Although the Isaacson flux tensor
is an approximation, it is a very robust and satisfying approximation.
Isaacson showed that the background spacetime will actually exhibit a
small average curvature when the waves are contained on it, and that
this curvature has an Einstein tensor given by.

Gαβ = 8πT (GW )
αβ .
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Tidal Gravitational Forces

Gravitational effect of a 
distant source can only 
be felt through its tidal 
forces 
Gravitational waves are 
traveling, time-
dependent tidal forces.
Tidal forces scale with 
size, typically produce 
elliptical deformations.
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δl

l

Gravitational waves cause a strain in space as they pass
Measurement of the strain gives the amplitude of 
gravitational waves
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Gravity's Standard Sirens 

Gravitational Wave Flux
Flux of gravitational waves can be shown to be 

where k = 2πf is the wave number. For a wave with an 
amplitude h in both polarizations the energy flux is

This is a large flux (twice that of full Moon) for even a source 
with a very small amplitude! Integrating over a sphere of 
radius r and assuming that the signal lasts for a duration τ 
gives the amplitude in terms of energy in GW

52

EXERCISE 3 (a) Use the metric for a plane wave with “+” polarisation,

ds2 = −dt2 + (1 + h+)dx2 + (1 − h+)dy2 + dz2,

to show that the square of the coordinate speed (in the TT coordinate system) of a photon moving in the
x-direction is

(

dx

dt

)2

=
1

1 + h+
.

This is not identically 1. Does this violate relativity? Why or why not?

(b) Imagine that an experimenter at the center of our circle of particles sends a photon to the particle at
coordinate location x = L on the positive-x axis, and that the photon is reflected when it reaches the particle
and returns to the experimenter. Suppose further that this takes such a short time that h+ does not change
during the experiment. To first order in h+, show that the experimenter’s proper time that elapses between
sending out the photon and receiving it back is (2 + h+)L.

(c) The experimenter says that this proves that the proper distance between herself and the particle is
(1 + h+/2)L. Is this a correct interpretation of her experiment? If the experimenter uses an alternative
measuring process for proper distance, such as laying out a number of standard meter sticks between her
location and the particle, would that produce the same answer? Why or why not?

(d) Show that if the experimenter simultaneously does the same experiment with a particle on the y-axis at
y = L, that photon will return after a proper time of (2− h+)L.

(e) The difference in these return times is 2h+L and can be used to measure the wave’s amplitude. Does
this result depend on our use of TT gauge, i.e. would we have obtained the same answer had we used a
different coordinate system?

EXERCISE 4 A frequently asked question is: if gravitational waves alter the speed of light, as we seem to
have used here, and if they move the ends of the interferometer closer and further apart, might these effects
not cancel, so that there would be no measurable effect on light? Answer this question. You may want to
examine the calculation in Exercise 3: did we make use of the changing distance between the ends, and why?

EXERCISE 5 Beam detectors. (a) Derive the full three-term return equation for the rate of change of the
return time for a beam traveling through a plane wave h+ along the x-direction, when the wave is moving
at an angle θ to the z-axis in the x − z plane. The formula is reproduced here:

dtreturn

dt
= 1 +

1

2
{(1 − sin θ)h+(t + 2L)− (1 + sin θ)h+(t)

+2 sin θh+[t + L(1 − sin θ)]} .

(b) Show that, in the limit where L is small compared to a wavelength of the gravitational wave, the derivative
of the return time is the derivative of t + δL, where δL = L cos2 θ h(t) is the excess proper distance for small
L. Explain where the factor of cos2 θ comes from.
(c) Examine the limit of the three-term formula in (a) when the gravitational wave is traveling along the
x-axis too (θ = ±π/2): what happens to light going parallel to a gravitational wave?

EXERCISE 6 Suppose a plane wave, traveling in the z-direction in linearized theory, has both polarization
components h+ and h×. Show that its energy flux in the z-direction, T (GW )0z, is

〈T (GW )0z〉 =
k2

32π
(A2

+ + A2
×

)

where the angle brackets denote an average over one period of the wave.

EXERCISE 7 Gauge transformations. The tensor transformation law of the components of the metric

tensor from coordinates xα to xµ′

is

gµ′ν′ =
∂xα

∂xµ′

∂xβ

∂xν′
gαβ .
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Practical applications of the energy formula

• Relation between typical wave amplitude and the energy radi-

ated by a source. If we are far from a source of gravitational waves, we
can treat the waves by linearized theory. Then if we adopt TT gauge and
specialize the stress-energy tensor of the radiation to a flat background,
we get

T (GW )
αβ =

1

32π
hTT

µν ,αhTTµν
,β.

Since there are only two components, a wave traveling with frequency f
(wave number k = 2πf) and with a typical amplitude h in both polar-
izations carries an energy flux Fgw equal to (see Exercise 6)

Fgw =
π

4
f 2h2.

Putting in the factors of c and G and scaling to reasonable values gives

Fgw = 3 mW m−2
[

h

1 × 10−22

]2 [

f

1 kHz

]2

,

which is a very large energy flux even for this weak a wave. It is twice
the energy flux of a full moon! Integrating over a sphere of radius r,
assuming a total duration of the event τ , and solving for h, again with
appropriate normalisations, gives

h = 10−21
[

Egw

0.01M#c2

]1/2 [

r

20 Mpc

]−1 [

f

1 kHz

]−1 [

τ

1 ms

]−1/2

.

This is the formula for the “burst energy”, normalized to numbers ap-
propriate to a gravitational collapse occurring in the Virgo cluster. It
explains why physicists and astronomers regard the 10−21 threshold as so
important. But this formula could be applied to binary systems radiating
away their orbital gravitational binding energy over long periods of time
τ , for example.

• Curvature produced by waves. Although the Isaacson flux tensor
is an approximation, it is a very robust and satisfying approximation.
Isaacson showed that the background spacetime will actually exhibit a
small average curvature when the waves are contained on it, and that
this curvature has an Einstein tensor given by.

Gαβ = 8πT (GW )
αβ .
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dynamics well described by post-Newtonian approximation
fast and luminous merger phase; requires numerical solutions to Einstein 
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Binary black hole dynamics

The signal from a binary black hole is characterized by
slow adiabatic inspiral - the two bodies slowly spiral in towards each other; 
dynamics well described by post-Newtonian approximation
fast and luminous merger phase; requires numerical solutions to Einstein 
equations
rapid ringdown phase; newly black hole emits quasi-normal radiation 
The shape of the signal contains information about the binary
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Two-Body Problem in General Relativity: 
Application of Various Methods

14

Alessandra Buonanno June 6, 2013

Methods to tackle the two-body problem and the generation
problem

[Blanchet et al. 10]

• Two parameters determine the

range of validity of each method:

Gm
r12 c2

∼ v2

c2
, m2

m1

• EOB formalism can incorporate

results of different methods.

It can span the entire parameter

and provide GW detectors with

faithful templates.

YKIS2013, Kyoto, Japan 4
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Current Status of Gravitational Observations: 
Science Runs:LIGO S1-S6 and VSR 1-3
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LIGO S6 Sensitivity

25

LIGO technology could be installed and tested [6,7]. This
included the installation of a higher power laser, and the
implementation of a DC readout system that included a
new output mode cleaner on an advanced LIGO seismic
isolation table [8]. In addition, the hydraulic seismic iso-
lation system was improved by fine-tuning its feed-forward
path.

The Virgo detector (denoted V1) is a single, 3 km laser
interferometer located in Cascina, Italy. The data used in
this search were taken from both Virgo’s second science
run (VSR2), which ran from July 7, 2009, to January 8,
2010, and its third science run (VSR3), which ran from
August 11, 2010, to October 20, 2010. In the period
between the first Virgo science run (VSR1) and VSR2,
several enhancements were made to the Virgo detector.
Specifically, a more powerful laser was installed in
Virgo, along with a thermal compensation system
and improved scattered light mitigation. During early
2010, monolithic suspensions were installed, which in-
volved replacing Virgo’s test masses with new mirrors
hung from fused-silica fibers [9]. VSR3 followed this
upgrade.

The sensitivity of the detectors during the S6, VSR2, and
VSR3 runs is shown in Fig. 1. The corresponding sensi-
tivity to binary coalescence signals is shown in Fig. 2. This
figure shows the distance at which an optimally oriented
and located binary would produce a signal-to-noise ratio
(SNR) of 8 in a given detector. The figure illustrates the
improvement in sensitivity for the LIGO detectors between
S5 and S6 and for Virgo between VSR1 and VSR2. The
reduction in the horizon distance of the Virgo detector in
VSR3 is due to a mirror with an incorrect radius of curva-
ture being installed during the conversion to monolithic
suspension.

III. BINARY COALESCENCE SEARCH

To search for gravitational waves from compact binary
coalescence [4,10,11], we use matched filtering to corre-
late the detector’s strain output with a theoretical model of
the gravitational waveform [12]. Each detector’s output is
separately correlated against a bank [13] of template wave-
forms generated at 3.5 post-Newtonian order in the fre-
quency domain [14,15]. Templates were laid out across the
mass range such that no more than 3% of the SNR was lost
due to the discreteness of the bank. Only nonspinning
waveforms with zero eccentricity and a component mass
! 1M" were generated, and the templates were terminated
prior to merger. In the early stages of the run, as in previous
searches [4,10,11], the template bank included waveforms
from binaries with a total mass M # 35M". However, the
search results indicated that the higher mass templates
(M> 25M") were more susceptible to nonstationary noise
in the data. Furthermore, it is at these higher masses where
the merger and ringdown phases of the signal come into the
detectors’ sensitive bands. Consequently, the upper mass
limit of this search was reduced to 25M" during the latter
stages of the science run. Results of a search for higher
mass binary black holes using nonspinning, full coales-
cence (inspiral-merger-ringdown) template waveforms,
such as in [16], will be presented in a future publication.
Although the template waveforms in this search neglect the
spin of the binary components, the search is still capable of
detecting binaries whose waveforms are modulated by the
effect of spin [17].
We require candidate signals to have a matched-filter

SNR greater than 5.5 in at least two detectors, and to have

FIG. 1 (color online). Typical detector strain noise spectral
density for the LIGO S6 and Virgo VSR2/3 runs. From lowest
to highest at 102 Hz, the curves are for the H1, L1, and V1
detectors.

FIG. 2 (color online). Inspiral horizon distance versus the total
mass of equal-mass binaries from S5/VSR1 and S6/VSR2/VSR3.
The horizon distance is the distance at which an optimally
located and oriented binary would produce an expected
signal-to-noise ratio of 8. The figure shows the best sensitivity
achieved by each detector during the runs.
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of distance and other parameters (Sec. IVC), providing an
astrophysical interpretation for the search. Together with
the FARs of the loudest triggers, the efficiency yields the
upper limits (Sec. IVD).

A. Data segmentation and conditioning,
power-spectral-density generation

As a first step in the pipeline, IHOPE identifies the
stretches of detector data that should be analyzed: for

each detector, such science segments are those for which
the detector was locked (i.e., interferometer laser light was
resonant in Fabry-Perot cavities [1]), no other experimental
work was being performed, and the detector’s ‘‘science
mode’’ was confirmed by a human ‘‘science monitor.’’
IHOPE builds a list of science-segment times by querying
a network-accessible database that contains this informa-
tion for all detectors.
The LIGO and Virgo GW-strain data are sampled at

16 384 and 20 000 Hz, respectively, but both are down-
sampled to 4096 Hz prior to analysis [15], since at fre-
quencies above 1 to 2 kHz detector noise overwhelms any
likely CBC signal. This sampling rate sets the Nyquist
frequency at 2048 Hz; to prevent aliasing, the data are
preconditioned with a time-domain digital filter with
low-pass cutoff at the Nyquist frequency [15]. While
CBC signals extend to arbitrarily low frequencies, detector
sensitivity degrades rapidly, so very little GW power could
be observed below 40 Hz. Therefore, we usually suppress
signals below 30 Hz with two rounds of 8th-order
Butterworth high-pass filters, and analyze data only above
40 Hz.
Both the low- and high-pass filters corrupt the data at the

start and end of a science segment, so the first and last few
seconds of data (typically 8 s) are discarded after applying
the filters. Furthermore, SNRs are computed by correlating
templates with the (noise-weighted) data stream, which is
only possible if a stretch of data of at least the same length
as the template is available. Altogether, the data are split
into 256 s segments, and the first and last 64 s of each
segment are not used in the search. Neighboring segments
are overlapped by 128 s to ensure that all available data are
analyzed.
The strain PSD is computed separately for every 2048 s

block of data (consisting of 15 overlapping 256 s seg-
ments). The blocks themselves are overlapped by 128 s.
The block PSD is estimated by taking the median [37] (in
each frequency bin) of the segment PSDs, ensuring robust-
ness against noise transients and GW signals (whether real
or simulated). The PSD is used in the computation of
SNRs, and to set the spacing of templates in the banks.
Science segments shorter than 2064 s (2048 s block length
and 16 s to account for the data corruption due to low- and
high-pass filtering) are not used in the analysis, since they
cannot provide an accurate PSD estimate.

B. Template-bank generation

The template bank must be sufficiently dense in parame-
ter space to ensure a minimal loss of matched-filtering
SNR for any CBC signal within the mass range of interest;
however, the computational cost of a search is proportional
to the number of templates in a bank. The method used to
place templates must balance these considerations. This
problem is well explored for nonspinning CBC signals
[38–44], for which templates need only be placed across
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FIG. 1. Structure of the IHOPE pipeline. Template bank crea-
tion, matched filtering, and coincidence testing are described in
Sec. II. To mitigate the effect of non-Gaussian noise, signal, and
amplitude consistency tests are performed on triggers and data
quality vetoes are applied; the calculation and applitcation of
these tests are described in Sec. III. Surviving triggers are ranked
by their false alarm rate FAR, and the efficiency of the pipeline is
evaluated using simulated signals. These final steps are described
in Sec. IV.
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of distance and other parameters (Sec. IVC), providing an
astrophysical interpretation for the search. Together with
the FARs of the loudest triggers, the efficiency yields the
upper limits (Sec. IVD).

A. Data segmentation and conditioning,
power-spectral-density generation

As a first step in the pipeline, IHOPE identifies the
stretches of detector data that should be analyzed: for

each detector, such science segments are those for which
the detector was locked (i.e., interferometer laser light was
resonant in Fabry-Perot cavities [1]), no other experimental
work was being performed, and the detector’s ‘‘science
mode’’ was confirmed by a human ‘‘science monitor.’’
IHOPE builds a list of science-segment times by querying
a network-accessible database that contains this informa-
tion for all detectors.
The LIGO and Virgo GW-strain data are sampled at

16 384 and 20 000 Hz, respectively, but both are down-
sampled to 4096 Hz prior to analysis [15], since at fre-
quencies above 1 to 2 kHz detector noise overwhelms any
likely CBC signal. This sampling rate sets the Nyquist
frequency at 2048 Hz; to prevent aliasing, the data are
preconditioned with a time-domain digital filter with
low-pass cutoff at the Nyquist frequency [15]. While
CBC signals extend to arbitrarily low frequencies, detector
sensitivity degrades rapidly, so very little GW power could
be observed below 40 Hz. Therefore, we usually suppress
signals below 30 Hz with two rounds of 8th-order
Butterworth high-pass filters, and analyze data only above
40 Hz.
Both the low- and high-pass filters corrupt the data at the

start and end of a science segment, so the first and last few
seconds of data (typically 8 s) are discarded after applying
the filters. Furthermore, SNRs are computed by correlating
templates with the (noise-weighted) data stream, which is
only possible if a stretch of data of at least the same length
as the template is available. Altogether, the data are split
into 256 s segments, and the first and last 64 s of each
segment are not used in the search. Neighboring segments
are overlapped by 128 s to ensure that all available data are
analyzed.
The strain PSD is computed separately for every 2048 s

block of data (consisting of 15 overlapping 256 s seg-
ments). The blocks themselves are overlapped by 128 s.
The block PSD is estimated by taking the median [37] (in
each frequency bin) of the segment PSDs, ensuring robust-
ness against noise transients and GW signals (whether real
or simulated). The PSD is used in the computation of
SNRs, and to set the spacing of templates in the banks.
Science segments shorter than 2064 s (2048 s block length
and 16 s to account for the data corruption due to low- and
high-pass filtering) are not used in the analysis, since they
cannot provide an accurate PSD estimate.

B. Template-bank generation

The template bank must be sufficiently dense in parame-
ter space to ensure a minimal loss of matched-filtering
SNR for any CBC signal within the mass range of interest;
however, the computational cost of a search is proportional
to the number of templates in a bank. The method used to
place templates must balance these considerations. This
problem is well explored for nonspinning CBC signals
[38–44], for which templates need only be placed across
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FIG. 1. Structure of the IHOPE pipeline. Template bank crea-
tion, matched filtering, and coincidence testing are described in
Sec. II. To mitigate the effect of non-Gaussian noise, signal, and
amplitude consistency tests are performed on triggers and data
quality vetoes are applied; the calculation and applitcation of
these tests are described in Sec. III. Surviving triggers are ranked
by their false alarm rate FAR, and the efficiency of the pipeline is
evaluated using simulated signals. These final steps are described
in Sec. IV.
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LIGO technology could be installed and tested [6,7]. This
included the installation of a higher power laser, and the
implementation of a DC readout system that included a
new output mode cleaner on an advanced LIGO seismic
isolation table [8]. In addition, the hydraulic seismic iso-
lation system was improved by fine-tuning its feed-forward
path.

The Virgo detector (denoted V1) is a single, 3 km laser
interferometer located in Cascina, Italy. The data used in
this search were taken from both Virgo’s second science
run (VSR2), which ran from July 7, 2009, to January 8,
2010, and its third science run (VSR3), which ran from
August 11, 2010, to October 20, 2010. In the period
between the first Virgo science run (VSR1) and VSR2,
several enhancements were made to the Virgo detector.
Specifically, a more powerful laser was installed in
Virgo, along with a thermal compensation system
and improved scattered light mitigation. During early
2010, monolithic suspensions were installed, which in-
volved replacing Virgo’s test masses with new mirrors
hung from fused-silica fibers [9]. VSR3 followed this
upgrade.

The sensitivity of the detectors during the S6, VSR2, and
VSR3 runs is shown in Fig. 1. The corresponding sensi-
tivity to binary coalescence signals is shown in Fig. 2. This
figure shows the distance at which an optimally oriented
and located binary would produce a signal-to-noise ratio
(SNR) of 8 in a given detector. The figure illustrates the
improvement in sensitivity for the LIGO detectors between
S5 and S6 and for Virgo between VSR1 and VSR2. The
reduction in the horizon distance of the Virgo detector in
VSR3 is due to a mirror with an incorrect radius of curva-
ture being installed during the conversion to monolithic
suspension.

III. BINARY COALESCENCE SEARCH

To search for gravitational waves from compact binary
coalescence [4,10,11], we use matched filtering to corre-
late the detector’s strain output with a theoretical model of
the gravitational waveform [12]. Each detector’s output is
separately correlated against a bank [13] of template wave-
forms generated at 3.5 post-Newtonian order in the fre-
quency domain [14,15]. Templates were laid out across the
mass range such that no more than 3% of the SNR was lost
due to the discreteness of the bank. Only nonspinning
waveforms with zero eccentricity and a component mass
! 1M" were generated, and the templates were terminated
prior to merger. In the early stages of the run, as in previous
searches [4,10,11], the template bank included waveforms
from binaries with a total mass M # 35M". However, the
search results indicated that the higher mass templates
(M> 25M") were more susceptible to nonstationary noise
in the data. Furthermore, it is at these higher masses where
the merger and ringdown phases of the signal come into the
detectors’ sensitive bands. Consequently, the upper mass
limit of this search was reduced to 25M" during the latter
stages of the science run. Results of a search for higher
mass binary black holes using nonspinning, full coales-
cence (inspiral-merger-ringdown) template waveforms,
such as in [16], will be presented in a future publication.
Although the template waveforms in this search neglect the
spin of the binary components, the search is still capable of
detecting binaries whose waveforms are modulated by the
effect of spin [17].
We require candidate signals to have a matched-filter

SNR greater than 5.5 in at least two detectors, and to have

FIG. 1 (color online). Typical detector strain noise spectral
density for the LIGO S6 and Virgo VSR2/3 runs. From lowest
to highest at 102 Hz, the curves are for the H1, L1, and V1
detectors.

FIG. 2 (color online). Inspiral horizon distance versus the total
mass of equal-mass binaries from S5/VSR1 and S6/VSR2/VSR3.
The horizon distance is the distance at which an optimally
located and oriented binary would produce an expected
signal-to-noise ratio of 8. The figure shows the best sensitivity
achieved by each detector during the runs.

J. ABADIE et al. PHYSICAL REVIEW D 85, 082002 (2012)

082002-6

Wednesday, 26 June 2013



S6/VSR3 Big Dog Event

32

IV. BLIND INJECTION RECOVERY

The search pipeline described above identified a
gravitational-wave candidate occurring on September 16,
2010, at 06:42:23 UTC, with !c ¼ 12:5 in coincidence
between the two LIGO detectors in the middle mass bin
3:48 " M=M# < 7:40. The highest matched-filter SNR
obtained in the search was 15 at M ¼ 4:7M# in H1 and
10 at M ¼ 4:4M# in L1. This difference in SNRs is
consistent with typical differences in antenna response
factors for these differently oriented detectors. Virgo was
also operating at the time of the event, but its sensitivity
was a factor of approximately 4 lower than the LIGO
detectors; the absence of a signal in Virgo above the
single-detector SNR threshold of 5.5 was consistent with
this fact. In the LIGO detectors, the signal was louder than
all time-shifted H1L1 coincident events in the same mass
bin throughout S6. However, with only 100 time-shifts, we
could only bound the FAR to<1=23 yr, even when folding
in all data from the entire analysis. To obtain a better
estimate of the event’s FAR we performed all possible
multiples of 5 sec time-shifts on four calendar months of
data around the event, corresponding to an effective analy-
sis time of 2:0$ 105 yr. We found five events with a value
of !c equal to or larger than the candidate’s, as shown in
Fig. 3. These five events were all coincidences between the
candidate’s signal in H1 and time-shifted transient noise in
L1. When we excluded 8 sec from around the event’s time
in the background estimation, we found no background
events with !c greater than the candidate and we obtained a
significantly different background distribution, also shown
in Fig. 3.

Including the events at the time of the candidate in the
background estimate, the FAR of the event in the 3:48 "
M=M# < 7:40 mass bin, coincident in the LIGO detec-
tors, was estimated to be 1 in 4$ 104 yr. Since this event
occurred in H1L1V1 time during VSR3, only two event
types were considered: H1L1 double-coincident events and
H1L1V1 triple-coincident events. This resulted in a trials
factor of 6 (accounting for the three mass bins and two
coincidence types) and a combined FAR of 1 in 7000 yr.
The false alarm probability of this event in this analysis,
over the 0.47 yr of coincident time remaining after all
vetoes were applied, was 7$ 10%5.

The detectors’ environmental monitoring channels re-
cord data from seismometers, accelerometers, micro-
phones, magnetometers, radio receivers, weather sensors,
and a cosmic ray detector. Injections of environmental
signals and other tests indicate that these channels are
much more sensitive to environmental signals than the
gravitational-wave readout channels are. Arrays of these
detectors were operating and providing full coverage at the
time of the event, and did not record environmental signals
that could account for the event. Environmental signal
levels at our observatories and at external electromagnetic
weather observatories were typical of quiet times.

Mechanisms that could cause coincident signals among
widely separated detectors—such as earthquakes, micro-
seismic noise due to large weather systems, and electro-
magnetic disturbances in the ionosphere [24,25]—were
therefore ruled out.
A loud transient occurred in L1 9 sec before the coales-

cence time of the signal. That transient belonged to a
known family of sharp (& 10 ms) and loud (SNR '
200–80 000) glitches that appear 10–30 times per day in
the output optical sensing system of this detector. Since the
candidate signal swept through the sensitive band of the
detector, from 40 Hz to coalescence, in less than 4 sec, it
did not overlap the loud transient. Studies, including rean-
alysis of the data with the glitch removed, indicated that the
signal was not related to the earlier instrumental glitch. No
evidence was found that the observed signal was associated
with, or corrupted by, any instrumental effect.
Following the completion of this analysis, the event was

revealed to be a blind injection. While the analysis groups
did not know the event was an injection prior to its un-
blinding, they did know that one or more blind injections
may be performed during the analysis period. Such blind
injections have been carried out before: see [4] for the

FIG. 3 (color online). The cumulative rate of events with chirp
mass 3:48 " M=M# < 7:40 coincident in the H1 and L1 de-
tectors, seen in four months of data around the September 16
candidate, as a function of the threshold ranking statistic !c. The
blue triangles show coincident events. Black dots show the
background estimated from 100 time-shifts. Black crosses
show the extended background estimation from all possible
5 sec shifts on this data restricted, for computational reasons,
to only the tail of loudest events. The gray dots and crosses show
the corresponding background estimates when 8 sec of data
around the time of the candidate are excluded. Gray shaded
contours show the 1-5" (dark to light) consistency of coincident
events with the estimated background including the extended
background estimate, for the events and analysis time shown,
including the candidate time. This event was later revealed to
have been a blind injection.
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location, and its orientation with respect to the detectors.
Numerous signals with randomly chosen parameters were
therefore injected into the data. To compute the sensitive
volume for a given binary mass, we perform a Monte Carlo
integration over the other parameters to obtain the effi-
ciency of the search—determined by the fraction of simu-
lated signals found louder than the loudest foreground
event—as a function of distance. Integrating the efficiency
as a function of distance then gives the sensitive volume.

We consider several systematic uncertainties that
limit the accuracy of the measured search volume and
therefore the upper limits [10]: detector calibration errors
(conservatively estimated to be 14% in sensitive distance
combined over all three detectors and over the entire ob-
servational period, and a 2% bias correction), waveform
errors (taken to be a one-sided 10% [31] bias toward lower
sensitive distance), and Monte Carlo statistical errors
(3–5% in sensitive volume). We convert the sensitive dis-
tance uncertainties to volume uncertainties, and then mar-
ginalize over the uncertainty in volume to obtain an upper
limit which takes into account these systematic uncertain-
ties [31].

In Table I we present the marginalized upper limits
at the 90% confidence level assuming canonical mass
distributions for nonspinning BNS (m1 ¼ m2 ¼
1:35" 0:04M#), BBH (m1 ¼ m2 ¼ 5" 1M#), and
NSBH (m1 ¼ 1:35" 0:04M#, m2 ¼ 5" 1M#) systems.
We also compute upper limits as a function of total mass
M, using an injection population distributed uniformly
over M and uniformly over m1 for a given M. For
NSBH systems we present the upper limit as a function
of black hole mass, keeping the neutron-star mass fixed in
the range 1–3M#. These are presented in Fig. 4. Figure 5
compares the upper limits obtained in this analysis (dark
gray regions) to limits obtained in our previous searches
up to S5/VSR1 [4] (light gray region) and to astrophysi-
cally predicted rates (hatched regions) for BNS, NSBH,
and BBH systems. The improvement over the previous
limits is up to a factor of 1.4, depending on binary mass;
this reflects the additional observation time and improved
sensitivity of the S6/VSR2/VSR3 data with respect to all
previous observations.

Although we searched with a bank of nonspinning tem-
plates, we compute upper limits for NSBH and BBH
systems in which one or both of the component masses
are spinning. These results are also presented in Table I.
We did not compute upper limits for spinning BNS systems
because astrophysical observations indicate that neutron
stars cannot have large enough spin to significantly affect
waveforms observable in the LIGO frequency band
[36,37]. Black hole spins were uniformly distributed in
both orientation and magnitude, S, with S constrained to
the range 0 $ S $ Gm2=c, and m is the mass of the black
hole. As can be seen in Table I, the spinning upper limits
are %16% larger than nonspinning. Signals from spinning

systems are recovered with a worse match to our templates
since we use a nonspinning template bank.
While the rates presented here represent an improve-

ment over the previously published results from
earlier LIGO and Virgo science runs, they are still above
the astrophysically predicted rates of binary coalescence.
There are numerous uncertainties involved in estimating
astrophysical rates, including limited numbers of observa-
tions and unknown model parameters; consequently
the rate estimates are rather uncertain. For BNS
systems the estimated rates vary between 1& 10'8

and 1& 10'5 Mpc'3 yr'1, with a ‘‘realistic’’ estimate of
1& 10'6 Mpc'3 yr'1. For BBH and NSBH, realistic esti-
mates of the rate are 5& 10'9 Mpc'3 yr'1 and
3& 10'8 Mpc'3 yr'1 with at least an order of magnitude

FIG. 4. Themarginalized upper limits as a function ofmass. The
top plot shows the limit as a function of total mass M, using a
distribution uniform inm1 for a givenM. The lower plot shows the
limit as a function of the black hole mass, with the neutron star
mass restricted to the range 1–3M#. The light gray bars indicate
upper limits from previous searches. The dark bars indicate the
combined upper limits including the results of this search.
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location, and its orientation with respect to the detectors.
Numerous signals with randomly chosen parameters were
therefore injected into the data. To compute the sensitive
volume for a given binary mass, we perform a Monte Carlo
integration over the other parameters to obtain the effi-
ciency of the search—determined by the fraction of simu-
lated signals found louder than the loudest foreground
event—as a function of distance. Integrating the efficiency
as a function of distance then gives the sensitive volume.

We consider several systematic uncertainties that
limit the accuracy of the measured search volume and
therefore the upper limits [10]: detector calibration errors
(conservatively estimated to be 14% in sensitive distance
combined over all three detectors and over the entire ob-
servational period, and a 2% bias correction), waveform
errors (taken to be a one-sided 10% [31] bias toward lower
sensitive distance), and Monte Carlo statistical errors
(3–5% in sensitive volume). We convert the sensitive dis-
tance uncertainties to volume uncertainties, and then mar-
ginalize over the uncertainty in volume to obtain an upper
limit which takes into account these systematic uncertain-
ties [31].

In Table I we present the marginalized upper limits
at the 90% confidence level assuming canonical mass
distributions for nonspinning BNS (m1 ¼ m2 ¼
1:35" 0:04M#), BBH (m1 ¼ m2 ¼ 5" 1M#), and
NSBH (m1 ¼ 1:35" 0:04M#, m2 ¼ 5" 1M#) systems.
We also compute upper limits as a function of total mass
M, using an injection population distributed uniformly
over M and uniformly over m1 for a given M. For
NSBH systems we present the upper limit as a function
of black hole mass, keeping the neutron-star mass fixed in
the range 1–3M#. These are presented in Fig. 4. Figure 5
compares the upper limits obtained in this analysis (dark
gray regions) to limits obtained in our previous searches
up to S5/VSR1 [4] (light gray region) and to astrophysi-
cally predicted rates (hatched regions) for BNS, NSBH,
and BBH systems. The improvement over the previous
limits is up to a factor of 1.4, depending on binary mass;
this reflects the additional observation time and improved
sensitivity of the S6/VSR2/VSR3 data with respect to all
previous observations.

Although we searched with a bank of nonspinning tem-
plates, we compute upper limits for NSBH and BBH
systems in which one or both of the component masses
are spinning. These results are also presented in Table I.
We did not compute upper limits for spinning BNS systems
because astrophysical observations indicate that neutron
stars cannot have large enough spin to significantly affect
waveforms observable in the LIGO frequency band
[36,37]. Black hole spins were uniformly distributed in
both orientation and magnitude, S, with S constrained to
the range 0 $ S $ Gm2=c, and m is the mass of the black
hole. As can be seen in Table I, the spinning upper limits
are %16% larger than nonspinning. Signals from spinning

systems are recovered with a worse match to our templates
since we use a nonspinning template bank.
While the rates presented here represent an improve-

ment over the previously published results from
earlier LIGO and Virgo science runs, they are still above
the astrophysically predicted rates of binary coalescence.
There are numerous uncertainties involved in estimating
astrophysical rates, including limited numbers of observa-
tions and unknown model parameters; consequently
the rate estimates are rather uncertain. For BNS
systems the estimated rates vary between 1& 10'8

and 1& 10'5 Mpc'3 yr'1, with a ‘‘realistic’’ estimate of
1& 10'6 Mpc'3 yr'1. For BBH and NSBH, realistic esti-
mates of the rate are 5& 10'9 Mpc'3 yr'1 and
3& 10'8 Mpc'3 yr'1 with at least an order of magnitude

FIG. 4. Themarginalized upper limits as a function ofmass. The
top plot shows the limit as a function of total mass M, using a
distribution uniform inm1 for a givenM. The lower plot shows the
limit as a function of the black hole mass, with the neutron star
mass restricted to the range 1–3M#. The light gray bars indicate
upper limits from previous searches. The dark bars indicate the
combined upper limits including the results of this search.
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uncertainty in either direction [5]. In all cases, the upper
limits derived here are 2 to 3 orders of magnitude above the
realistic estimated rates, and about a factor of 10 above the
most optimistic predictions. These results are summarized
in Fig. 5.

VII. DISCUSSION

We performed a search for gravitational waves from
compact binary coalescences with total mass between 2
and 25M! with the LIGO and Virgo detectors using data
taken between July 7, 2009, and October 20, 2010. No
gravitational waves candidates were detected, and we
placed new upper limits on CBC rates. These new limits
are up to a factor of 1.4 improvement over those achieved
using previous LIGO and Virgo observational runs up to
S5/VSR1 [4], but remain 2 to 3 orders of magnitude above
the astrophysically predicted rates.

The installation of the advanced LIGO and Virgo detec-
tors has begun. When operational, these detectors will
provide a factor of 10 increase in sensitivity over the initial
detectors, providing a factor of "1000 increase in the
sensitive volume. At that time, we expect to observe tens
of binary coalescences per year [5].

In order to detect this population of gravitational-wave
signals, we will have to be able to confidently discriminate
it from backgrounds caused by both stationary and

transient detector noise. It is customary [5] to assume
that a signal with SNR of 8 in each detector would stand
far enough above background that we would consider it to
be a detection candidate. The blind injection had somewhat
larger SNR than 8 in each detector, and we were able
estimate a FAR of 1 in 7000 yr for that event.
Alternatively, consider a coincident signal with exactly
SNR of 8 in two detectors. Provided the signal is a good
match to the template waveform (!2

r # 1 in Eq. (1)) this
corresponds to "c ¼ 11:3. As can be seen from the ex-
tended background events with the blind injection removed
in Fig. 3 (light gray crosses), this gives a FAR of "1 in
2% 104 yr in a single trial, or 1 in 3000 yr over all trials.
Achieving similar-or-better background distributions in
Advanced LIGO and Virgo will require detailed data qual-
ity studies of the detectors and feedback from the CBC
searches, along with well-tuned signal-based vetoes. We
have continued to develop the pipeline with these goals in
mind. For this analysis we significantly decreased the
latency between taking data and producing results, which
allowed data quality vetoes to be finely tuned for the CBC
search. These successes, along with the successful recov-
ery of the blind injection, give us confidence that wewill be
able to detect gravitational waves from CBCs at the ex-
pected rates in Advanced LIGO and Virgo.
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FIG. 5 (color online). Comparison of CBC upper limit rates for
BNS, NSBH, and BBH systems. The light gray regions display
the upper limits obtained in the S5/VSR1 analysis; dark gray
regions show the upper limits obtained in this analysis, using the
S5/VSR1 limits as priors. The new limits are up to a factor of 1.4
improvement over the previous results. The lower (blue hatched)
regions show the spread in the astrophysically predicted rates,
with the dashed-black lines showing the realistic estimates [5].
Note: in Ref. [5], NSBH and BBH rates were quoted using a
black hole mass of 10M!. We have therefore rescaled the S5 and
S6 NSBH and BBH upper limits in this plot by a factor of
ðM5=M10Þ5=2, where M10 is the chirp mass of a binary in
which the black hole mass is 10M! and M5 is the chirp mass of
a binary in which the black hole mass is 5M!.
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! ! m1

M
!1 þ

m2

M
!2; (3)

where !i ! Si # L̂=m2
i is the dimensionless spin of black

hole i projected onto the orbital angular momentum L.
These waveforms are calibrated against numerical-
relativity simulations in the parameter range 1 $ q $ 4
and %0:85 $ ! $ 0:85, and, for the inspiral part, to the
calculated evolution in the extreme-mass-ratio (test mass)
limit. The waveform family is constructed in the frequency
domain and then converted to the time domain by means of
an inverse discrete Fourier transform.

As simulated signals we used two sets of IMRPhenomB
injections, a nonspinning set and a spinning set. Both were
uniformly distributed in total mass between 25 and 100M&,
and uniformly distributed in q=ðqþ 1Þ ! m1=M for a
given M, between the limits 1 $ q < 4. In addition, the
spinning injections were assigned aligned spin components
!i uniformly distributed between %0:85 and 0.85.

To illustrate the effect of aligned spin on the search
sensitivity, we plot in Fig. 7 the average sensitive distance
over the S6-VSR2/3 observation time, in bins of total mass
M, for both nonspinning simulated signals and for injec-
tions with !< 0 and !> 0, respectively.

Component spin is expected to have several effects on
our search, compared to its performance for nonspinning
systems. First, the amplitude of the expected signal from a
coalescence at a given distance may depend on spin: see,
for instance, Fig. 3 of Ref. [13], where the horizon distance
for IMRPhenomB signals with optimally fitting templates,
with Initial LIGO noise spectra, was found to increase

steeply with increasing positive !. Second, the EOBNR
templates used in our search may have reduced overlap
with the simulated spinning signals, leading to a loss of
sensitivity. Third, the signal-based !2 test values are
expected to be higher than if exactly matched spinning
templates were used, due to ‘‘unmatched’’ excess power in
the signals; this would further reduce the search sensitivity.
Given the complexity of the search pipeline, it is not clear
which effect would dominate. Figure 7 indicates higher
sensitivity to positive-! signals even with the current
nonspinning templates, but also shows that the search is
significantly less sensitive to negative-! signals at higher
values of total mass M.

D. Waveforms including higher
spherical harmonic modes

In the filter templates and in all injections used in this
search, we consider only the dominant mode of GW emis-
sion from coalescing binaries, the ðl; mÞ ¼ ð2; 2Þ mode. In
general, higher-order modes are important in BBH with
asymmetric masses and significant component spins.
Omitting these modes in templates will neglect their con-
tributions to the SNR [50,51], and may also lead to a worse
(higher) value of the !2 test, tending to reduce the sensi-
tivity of the search. However, such effects will depend
strongly on the mass ratio and on extrinsic (angular)
parameters, and it is beyond the scope of this analysis to
investigate them in detail.
In Ref. [12] the mismatch between NR waveforms con-

taining the strongest seven modes observed with a binary
inclination angle of "=3, and EOBNRv2 templates con-
taining only the ðl; mÞ ¼ ð2; 2Þ mode, was calculated using
the Advanced LIGO zero-detuning high-power PSD [52].
This mismatch took values up to 10% for BBHs with mass
ratio q ¼ 1–6 and total mass M< 100M&. Adding non-
dominant modes to the EOBNRv2 waveforms reduced the
mismatch to below 1% (for the same inclination angle and
a template containing five modes).

E. Astrophysical implications

There is no commonly accepted astrophysical rate esti-
mate for high-mass CBCs, owing to the many possible
formation scenarios and the considerable uncertainties
affecting them. In Refs. [5,53] a rate of 3:6þ5:0

%2:6 *
10%7 Mpc%3 yr%1 for IMR signals from binaries with chirp
mass comparable to 15M& was estimated based on two
observed tight binaries believed to consist of a massive
stellar BH and a Wolf-Rayet star. Our 90% upper rate limit
for the bin with component masses 19<m1=M& < 28,
10<m2=M& < 19, for which the chirp mass ranges
between 12 and 20M&, is 5:9* 10%7 mergers
Mpc%3 yr%1. Thus, current searches are close to the sensi-
tivity necessary to put nontrivial constraints on astrophys-
ical scenarios of BBH formation and evolution. However,
we remind the reader that systems with near-extremal

FIG. 7 (color online). Dependence on aligned spin and
total mass of the averaged sensitive distance of our search to
phenomenological inspiral-merger-ringdown waveforms. For
each of six bins in total mass M, we show the sensitivity for
IMRPhenomB signals with negative aligned spin parameter !
(left), nonspinning signals (center) and signals with positive
aligned spin parameter (right). The simulated signal parameters
were restricted to mass ratios 1 $ q < 4 and aligned spins
%0:85 $ ! $ 0:85.

SEARCH FOR GRAVITATIONAL WAVES FROM BINARY . . . PHYSICAL REVIEW D 87, 022002 (2013)

022002-13

Wednesday, 26 June 2013



Rate upper limit: per Mpc3 per Myr

38

fit, leading to a reduction in the 90% confidence upper limits by a factor of 5 to 7. However, we note that the resulting upper
limits may still be affected by as much as 50% by our inability to estimate !i with sufficient accuracy for borderline
candidates given our finite estimation of the event background and simulated signal injections.

With these corrections, our search better constrains the rate of BBH mergers: the resulting 90% confidence rate upper
limits are shown in Fig. 1, which replaces Fig. 2 of [1].

[1] J. Abadie et al. (LIGO Scientific Collaboration and Virgo Collaboration), Phys. Rev. D 83, 122005 (2011).
[2] R. Biswas, P. R. Brady, J. D. E. Creighton, and S. Fairhurst, Classical Quantum Gravity 26, 175009 (2009).
[3] R. K. Kopparapu, C. Hanna, V. Kalogera, R. O’Shaughnessy, G. Gonzalez, P. R. Brady, and S. Fairhurst, Astrophys. J. 675, 1459

(2008).

FIG. 1. The 90% confidence upper limit on the merger rate as a function of mass in units ofM! (symmetric over m1 and m2). This
image represents the rate limit in units of Mpc"3 Myr"1. These limits can be converted to traditional units of L"1

10 Myr"1 by dividing
by 0:0198L10 Mpc"3 [3]. Only bins with mass ratios<4:1 have upper limits computed, due to uncertainty in the waveform models for
more asymmetric systems.
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range as a function of the component masses for the net-
works analyzed in this search. The mass bins are limited to
mass ratios less than 4:1, since no numerical relativity data
is readily available for validation of the waveforms with
larger mass ratios. For the more sensitive H1H2L1V1 net-
work, the best effective range is achieved in the 88þ
88 M" bin at 241 Mpc. For the H1H2L1 network, the

corresponding range is 190 Mpc. The ranges in Fig. 2
take into account the SNR bias correction for the
EOBNR waveform family as described in Sec. IVD.
Combining errors from the statistical procedure, calibra-
tion, and the waveform systematic errors, the total
uncertainty on the effective ranges is estimated to
be 20%.
In the absence of detection, we set upper limits on the

rate of IMBHmergers at the 90% confidence level by using
the loudest event statistic [61]:

R90% ¼ 2:3

!ðFAD?Þ : (5.1)

The !ðFAD?Þ is the time-volume productivity of the search
calculated at the FAD rate of the first-ranked event (the top
event in Table IV). The rate density upper limits calculated
in a binning of the component masses are presented in
Fig. 3. The upper limit for the combined search, averaged
over all masses, is estimated to be 0:9 Mpc&3 Myr&1. In the
most sensitive bin, the rate limit is nearly an order of
magnitude greater than for the overall search at
0:13 Mpc&3 Myr&1.
Since globular clusters are the most likely hosts of

IMBHs, we convert our overall search upper limit into an
astrophysical density of 3' 103 GC&1 Gyr&1. This rate is
still few orders of magnitude above the predictions for
IMBH-IMBH rates in [41]. It should be noted, however,

FIG. 1. False alarm density rate vs " for the background events
(H1H2L1V1—solid line, H1H2L1—dashed line) and the fore-
ground events (H1H2L1V1—black squares, H1H2L1—open
squares).

TABLE IV. Highest ranked events by FAD. The first ranked event, produced by the four-detector network, has a relatively small "
compared to the other three events. However, the four-detector network is much less noisy resulting in a low FAD value.

Rank Global Positioning System time Network " cc #net FAR (yr&1) FAD (Mpc&3 Myr&1) FAP

1 871 474 393 H1H2L1V1 3.16 0.90 0.17 0.76 0.09 45%
2 857 692 870 H1H2L1 3.74 0.74 0.13 1.61 0.26 63%
3 846 735 754 H1H2L1 3.69 0.76 0.13 1.91 0.30 45%
4 820 091 022 H1H2L1 3.55 0.83 0.05 2.90 0.42 51%

FIG. 2. The effective range Reff in Mpc (values and white-gray scale) per component mass bin: H1H2L1V1 (left plot), H1H2L1
(right plot). The overall uncertainty on the ranges quoted here is 20%. IMBH systems with mass ratios of greater than 4:1 are excluded
since their waveforms are not verified with the NR calculations.
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that the predicted astrophysical rates are very uncertain due
to the lack of knowledge of the distribution and formation
of IMBH sources.

VI. SUMMARY

In this paper, we have presented a search for gravita-
tional waves from IMBH coalescences in the mass range of
100–450 M! and mass ratios up to 4:1. The search was
performed in the S5/VSR1 data collected with two differ-
ent network configurations: H1H2L1 and H1H2L1V1. For
identification of potential GW candidates, we used the
coherent waveburst algorithm with a polarization con-
straint for the first time. To establish the significance of
candidates from either search network, we combined their
detection statistics into a single measurement by using the
false alarm rate density statistic. No plausible GW candi-
dates were identified. From this search, we place upper
limits on the rate density of the IMBH binaries as a
function of the component masses. In the most sensitive
mass bin (centered at 88þ 88 M!), the rate limit is
0:13 Mpc#3 Myr#1. When averaged over the mass plane,
the rate limit is 0:9 Mpc#3 Myr#1 at the 90% confidence
level.

The sensitivity of the search was estimated by
Monte Carlo simulations of detection efficiency using
waveforms from the EOBNR family with component
masses uniformly distributed on the mass plane. The
most dominant source of error in this analysis is the
systematic uncertainty (45%) due to accuracy of simulated
IMBH waveforms used for the estimation of the search
visible volume. There are a few features of black hole
coalescence which were neglected in the simulation stud-
ies, for instance, the effect of spinning component black
holes. However, unmodeled searches like CWB are sensi-
tive to the energy emitted in gravitational waves regardless
of details of the waveform evolution. While the effects of
spinning component masses in the binary have not been
examined in this study in detail, it is expected that their
inclusion could only increase the effective range of the

search [62]. This is because the increase in the GWenergy
output in favorable (coaligned) spin configurations is
greater than its decrease from less favorable (antialigned)
configurations, giving an overall increase in the emitted
energy. Moreover, the additional energy of aligned spin
configurations could extend the mass range for which we
can search beyond 450 M!.
This search has been limited to a relatively small area in

the component mass plane of potential IMBH sources.
However, future experiments with advanced detectors
will have a significant increase in sensitivity, and more
importantly, advanced detectors will also widen the sensi-
tive frequency band. At low frequencies, LIGO design
sensitivity at 10 Hz calls for an increase of a few orders
of magnitude; hence, a greater fraction of IMBH binary
signals should become observable. These improvements
should allow for better chances of detection of IMBH
sources.
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APPENDIX: LIKELIHOOD ANALYSIS OF
ELLIPTICALLY POLARIZED WAVES

The CWB algorithm performs the likelihood analysis
[46] of the detector data streams, which are transformed
into the time-frequency domain with the Meyer

FIG. 3. The rate density upper limits in Mpc#3 Myr#1 (values
and white-gray scale) calculated over the component mass plane.
These rate limits include all sources of error.
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An upper limit on the stochastic gravitational-wave
background of cosmological origin
The LIGO Scientific Collaboration* & The Virgo Collaboration*

A stochastic background of gravitational waves is expected to arise
from a superposition of a large number of unresolved gravitational-
wave sources of astrophysical and cosmological origin. It should
carry unique signatures from the earliest epochs in the evolution
of the Universe, inaccessible to standard astrophysical observa-
tions1. Direct measurements of the amplitude of this background
are therefore of fundamental importance for understanding
the evolution of the Universe when it was younger than one
minute. Here we report limits on the amplitude of the stochastic
gravitational-wave background using the data from a two-year sci-
ence run of the Laser Interferometer Gravitational-wave Obser-
vatory2 (LIGO). Our result constrains the energy density of the
stochastic gravitational-wave background normalized by the critical
energy density of the Universe, in the frequency band around
100Hz, to be ,6.93 1026 at 95% confidence. The data rule out
models of early Universe evolution with relatively large equation-
of-state parameter3, as well as cosmic (super)string models with
relatively small string tension4 that are favoured in some string
theory models5. This search for the stochastic background improves
on the indirect limits from Big Bang nucleosynthesis1,6 and cosmic
microwave background7 at 100Hz.

According to the general theory of relativity, gravitational waves
are produced by accelerating mass distributions with a quadrupole
(or higher)moment.Moreover, in the early phases of the evolution of
the Universe, they can be produced by the mechanism of amplifica-
tion of vacuum fluctuations. Once produced, gravitational waves
travel through space-time at the speed of light, and are essentially
unaffected by the matter they encounter. As a result, gravitational
waves emitted shortly after the Big Bang (and observed today) would
carry unaltered information about the physical processes that
generated them. These waves are expected to be generated by a large
number of unresolved sources, forming a stochastic gravitational-
wave background (SGWB) that is usually described in terms of the
gravitational-wave spectrum:

VGW fð Þ~ f

rc

drGW
df

ð1Þ

where drGW is the energy density of gravitational radiation contained
in the frequency range f to f1 df and rc is the critical energy density of
the Universe8. Many cosmological mechanisms for generation of the
SGWB exist, such as the inflationary models9,10, pre-Big-Bang mod-
els11–13, electroweak phase transition14, and cosmic strings4,5,15,16.
There are also astrophysical mechanisms, such as magnetars17 or
rotating neutron stars18.

The physical manifestation of gravitational waves consists of
stretching and compressing the spatial dimensions orthogonal to
the direction of wave propagation, producing strain in an oscillating
quadrupolar pattern. A Michelson interferometer with suspended

mirrors2 is well suited to measure this differential strain signal due
to gravitational waves. Over the past decade, LIGO has built three
such multi-kilometre interferometers, at two locations2: H1 (4 km)
and H2 (2 km) share the same facility at Hanford, Washington, USA,
and L1 (4 km) is located in Livingston Parish, Louisiana, USA. LIGO,
together with the 3 km interferometer Virgo19 in Italy and GEO20 in
Germany, forms a network of gravitational-wave observatories.
LIGO has completed science run S5 (between 5 November 2005
and 30 September 2007), acquiring one year of data coincident
among H1, H2 and L1, at the interferometer design sensitivities
(Fig. 1).

The search for the SGWB using LIGO data is performed by cross-
correlating strain data from pairs of interferometers8. In the fre-
quency (f ) domain, the cross-correlation between two interferom-
eters is multiplied by a filter function ~QQ fð Þ (Supplementary
Information):

~QQ fð Þ~N
c fð ÞVGW fð ÞH2

0

f 3P1 fð ÞP2 fð Þ
ð2Þ
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Figure 1 | Sensitivities of LIGO interferometers. LIGO interferometers
reached their design sensitivity in November 2005, resulting in
interferometer strain noise at the level of 33 10222 r.m.s. in a 100Hz band
around 100Hz. This figure shows typical strain sensitivities of LIGO
interferometers during the subsequent science run S5. Also shown is the
strain amplitude corresponding to the upper limit on the gravitational-wave
energy density presented in this paper (grey dashed line). Note that this
upper limit is ,100 times lower than the individual interferometer
sensitivities, which illustrates the advantage of using the cross-correlation
technique in this analysis.

*Lists of participants and their affiliations appear at the end of the paper.
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from the X-ray point source at the centre of Cas A is nearing completion and

has reported an expected sensitivity also in the range ∼ 10
−24

[23]. The Ligo

and Virgo Collaborations have now developed a broad suite of algorithms and

methods to tack a wide range of potential sources of continuous gravitational

radiation, including all-sky searches for binary sources, and the full power of

these will be applied to data form the current S6/VSR2 runs.

4.5 Future prospects

As with other searches that involve population statistics, the crude extrapo-

lation holds that a factor η improvement in sensitivity will increase detection

numbers by a factor ∼ η3
. Clearly the physical extent of the Galaxy places

an upper limit on this, but that only becomes relevant for current all-sky

searches when broadband sensitivities are a factor ∼ 100 times their current

values. Perhaps more important is a consideration of the types of neutron

star that may be detectable in the future using instruments with an improved

low frequency response. Current detectors show good sensitivity only to rela-

tively rapidly spinning pulsars, most of which are recycled millisecond pulsars

with low observed spin-down rates and, probably, low gravitational luminos-

ity. Young, glitchy pulsars are more common at gravitational frequencies below

∼ 100 Hz, with some of the most interesting, rapidly braked, sources closer to

10 Hz, so the low-frequency wall is a particular challenge for future continuous

wave gravitational observations.

5 Stochastic Background

A stochastic gravitational-wave background (SGWB) refers to a long-lived

random GW signal. This is generally produced by a superposition of many

unresolved sources, and can be characterized as cosmological or astrophysi-

cal according to the epoch in which the GWs are generated. Cosmological

backgrounds can be assumed to be approximately isotropic, unpolarized and

stationary, while astrophysical backgrounds may have additional structure de-

pending on the nature of their sources.

5.1 Sources

A convenient measure of the strength of a SGWB is the energy density in the

GWs, per logarithmic frequency interval, in units of the critical energy density

needed to close the universe:
1

Ωgw(f) =
1

ρcrit

dρgw

d ln f
(7)

1
Note that ρcrit depends on the value of the Hubble constant; it has become conventional

to use the fiducial value 72 km/s/Mpc when defining Ωgw(f)
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Cosmological models which produce a SGWB include amplification of quan-
tum vacuum fluctuations during inflation [88–90], phase transitions [91,92],
pre-big-bang models [93–95], and cosmic (super-)string models [96–99]. Stan-
dard inflationary models generate a backround of constant Ωgw(f) over many
decades of frequencies, but the amplitude of such a background is already
bounded by cosmic microwave background observations to be Ωgw(f) < 10−14

[100]. Astrophysical GW backgrounds can be generated by unresolved super-
positions of sources such as cosmic string cusps [99], supernovae [101], and
neutron-star instabilities [102,103].

The most stringent indirect limit on a SGWB in the frequency range of
ground-based detectors comes from a constraint on the total energy density
present at the time of nucleosyntheis. This big-bang nucleosynthesis (BBN)
bound limits the total energy density in gravitational waves to be

�
df

f
Ωgw(f) � 1.1× 10−5 (8)

Note that this limit only applies to cosmological SGWBs, i.e., gravitational
waves generated before the era of nucleosynthesis.

5.2 Search Methods

Since the amplitude of a SGWB will be much smaller than that of instrumental
noise in a typical ground-based detector, one needs to exploit the expectation
that while instrumental noise will be (predominantly) uncorrelated between
independent detectors, the gravitational wave signals in a pair of detectors
should have an average correlation

�h̃1(f)∗h̃2(f �)� =
1
2
δ(f − f

�)γ12(f)Sgw(f) (9)

where γ12(f) encodes the observing geometry (location and orientation of de-
tectors 1 and 2, and in the case of an anisotropic background, the spatial
distribution of the background) and Sgw(f) is a one-sided power spectral den-
sity for the SGWB which is given for an isotropic background by

Sgw(f) = [(3H
2
0 )/(10π2)]f−3Ωgw(f) . (10)

The standard search method [104] for an isotropic background cross-correlates
the data from pairs of detectors using an optimal filter

Q̃(f) ∝ γ12(f)Sgw(f)
S1(f)S2(f)

(11)

where S1,2(f) are the noise power spectra for the two detectors and Sgw(f) is
the expected shape of the SGWB spectrum. The resulting search is sensitive
to a background Sgw(f) = SRSgw(f) of strength

S
detectable
R ∼

�
2T

� ∞

0
df

[γ12(f)S(f)]2

S1(f) S2(f)

�−1/2

. (12)
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4.1. Complementarity with Other Measurements and Observations

Figure 14 compares different experiments and some of the theoretical models. For
wavelengths larger than the horizon size at the surface of last scattering (redshifted to today,

this corresponds to frequencies below ∼ 10−16 Hz), the COBE observations of the CMB place
an upper limit on the stochastic gravitational wave background of ΩGW(f) < 1.3 × 10−13

(Allen & Koranda 1994). In standard inflationary models (Turner 1997), the GW spectrum
is expected to be (almost) flat at frequencies above ∼ 10−16 Hz.

The fluctuations in the arrival times of millisecond pulsar signals can be used to place
a bound at ∼ 10−8 Hz (Jenet et al. 2006): ΩGW(f) < 3.9 × 10−8 (assuming frequency

independent GW spectrum). Similarly, Doppler tracking of the Cassini spacecraft can be
used to arrive at yet another bound, in the 10−6 − 10−3 Hz band (Armstrong et al. 2003):
ΩGW(f) < 0.027.

If the energy density carried by the gravitational waves at the time of Big-Bang Nucle-

osynthesis (BBN) were large, the amounts of the light nuclei produced in the process could
be altered. Hence, the BBN model and observations can be used to constrain the total
energy carried by gravitational waves at the time of nucleosynthesis (Kolb & Turner 1990;

Maggiore 2000; Allen 1996):
∫

ΩGW(f) d(ln f) < 1.1 × 10−5 (Nν − 3), (9)

where Nν is the effective number of relativistic species at the time of BBN. Measurements of
the light-element abundances, combined with the WMAP data, give the following 95% upper
bound: Nν − 3 < 1.4 (Cyburt et al. 2005). This limit translates into

∫

ΩGW(f) d(ln f) <

1.5 × 10−5. This bound applies down to ∼ 10−10 Hz, corresponding to the horizon size at
the time of BBN.

Gravitational waves are also expected to leave a possible imprint on the CMB and matter
spectra, similar to that of massless neutrinos. (Smith et al. 2006a) used recent measurements

of the CMB anisotropy spectrum, galaxy power spectrum, and of the Lyman−α forest, to
constrain the energy density carried by gravitational waves to

∫

ΩGW(f) d(ln f) < 1.3×10−5

for homogeneous initial conditions. This bound is competitive with the BBN bound and
it extends down to ∼ 10−15 Hz, corresponding to the horizon size at the time of CMB

decoupling. It is also expected to improve as new experiments come online (such as Planck
or CMBPol).

The LIGO results apply to the frequency region around 100 Hz. The result discussed in
this paper is an improvement by a factor 13× over the previous LIGO result in the 100 Hz

region, for a frequency-independent spectrum of GW background. A one-year run at design
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cosmic-string, and pre-big-bang models are examples; significant variations of the predicted
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“CMB and Matter Spectra” apply to the integral of the GW spectrum over the frequency
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Note that the sensitivity of a cross-correlation search improves like the square
root of the observing time T . Also, stochastic background measurements tend
to be dominated by the low end of the available frequency range, because
γ12(f) oscillates with increasing f within an envelope whose leading term is
∝ f−1 and because Eq. 10 means that a constant-Ωgw(f) background has
S(f) ∝ f−3.

A cross-correlation search can also be used to search for an astrophysical
background with a specified spatial distribution, e.g., a SGWB coming from
one point on the sky [105]. More sophisticated techniques can be used to
recover the spatial distribution of a measured background [106].

5.3 Search Results

The most stringent published direct limit on Ωgw(f) was set using data from
the S4 run of LIGO Livingston and LIGO Hanford [107], which set the 90%
confidence level upper limit of Ωgw(f) < 6.5 × 10−5 assuming Ωgw(f) to be
constant over the interval 51 < f < 150 Hz. This is less stringent than the
BBN bound by a factor of about 6, but does place additional restrictions
on the parameters of some cosmic string models which generate GWs both
before and after the era of nucleosynthesis. Additional searches of S4 LIGO
data set limits on the strength of possible point-like backgrounds [108] and (by
correlating LIGO Livingston data with data from the ALLEGRO bar detector)
set a higher-frequency limit of Ωgw(915 Hz) < 1.02 [109].

Preliminary results correlating part of the S5 data from the two LIGO
sites [110] set a limit on Ωgw(f) comparable to the BBN bound; analysis of
the full S5 data is expected to surpass that bound. Correlation measurements
using LIGO and Virgo data are also expected to improve the high-frequency
measurement [111]. Further searches for anisotropic backgrounds are also being
conducted.

6 Discussion

The current search for GW covers multiple types of signals originating from
different possible astrophysical events like core collapse of massive stars and
neutron stars formation, binary coalescing systems of neutron stars and black
holes, non-axysimmetric spinning neutron stars and signals produced by a
large collection of incoherent sources. The data acquired by the most sensible
GW observatories, which are at present the LIGO and Virgo interferometers,
are analysed applying different methods and strategies targeted to the identi-
fication and characterisation of the signals emitted by these possible sources.
Moreover, methods able to catch signals coming from unknwon sources are
currently used.

The analysis of the latest scientific data, acquired during the first part
of S5/VSR1 run, did not show up to know any evidence of a possible detec-
tion. Upper limits on the rate of events and/or the strain amplitude h are
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Spin-down limit on the Crab pulsar
2 kpc away, formed in a spectacular 
supernova in 1054 AD
Losing energy in the form of particles 
and radiation, leading to its spin-down
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the first nine months of the fifth science run of the Laser Interferometer Gravitational-wave Observa-
tory (LIGO). These limits are based on two searches. In the first we assume that the gravitational
wave emission follows the observed radio timing, giving an upper limit on gravitational wave emission
that beats indirect limits inferred from the spin-down and braking index of the pulsar and the ener-
getics of the nebula. In the second we allow for a small mismatch between the gravitational and radio
signal frequencies and interpret our results in the context of two possible gravitational wave emission
mechanisms.
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1. INTRODUCTION

The Crab pulsar (PSR B0531+21, PSRJ0534+2200)
has long been regarded as one of the most promis-
ing known local sources of gravitational wave emission
and is an iconic target for gravitational wave searches
(Press & Thorne 1972; Zimmermann 1978). Its high
spin-down rate, ν̇ ≈ −3.7×10−10 Hz s−1, corresponds to a
kinetic energy loss rate of Ė = 4π2Izzν|ν̇| ≈ 4.4×1031 W
(using a spin frequency of ν = 29.78Hz and the canonical
value of 1038 kgm2 for the principal moment of inertia
Izz.) This loss is due to a variety of mechanisms, in-
cluding magnetic dipole radiation, particle acceleration
in the magnetosphere, and gravitational radiation. If
one assumes that all the energy is being radiated grav-
itationally, the gravitational wave tensor amplitude at
Earth is hsd

0 = 8.06×10−19 I38r
−1
kpc(|ν̇|/ν)1/2, where rkpc

is the distance to the pulsar in kpc and I38 is the moment
of inerta in units of the canonical value (Abbott et al.
2007c). For the Crab pulsar this “spin-down upper limit”
is hsd

0 = 1.4×10−24, using the canonical moment of in-
ertia and a distance r = 2kpc. It has long been known
that the Laser Interferometer Gravitational-wave Obser-
vatory (LIGO) can achieve this sensitivity by integrating
several months of data with the initial design noise spec-
trum.

The electromagnetic emission and accelerating expan-
sion of the Crab Nebula are powered almost entirely by
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has long been regarded as one of the most promis-
ing known local sources of gravitational wave emission
and is an iconic target for gravitational wave searches
(Press & Thorne 1972; Zimmermann 1978). Its high
spin-down rate, ν̇ ≈ −3.7×10−10 Hz s−1, corresponds to a
kinetic energy loss rate of Ė = 4π2Izzν|ν̇| ≈ 4.4×1031 W
(using a spin frequency of ν = 29.78Hz and the canonical
value of 1038 kgm2 for the principal moment of inertia
Izz.) This loss is due to a variety of mechanisms, in-
cluding magnetic dipole radiation, particle acceleration
in the magnetosphere, and gravitational radiation. If
one assumes that all the energy is being radiated grav-
itationally, the gravitational wave tensor amplitude at
Earth is hsd

0 = 8.06×10−19 I38r
−1
kpc(|ν̇|/ν)1/2, where rkpc

is the distance to the pulsar in kpc and I38 is the moment
of inerta in units of the canonical value (Abbott et al.
2007c). For the Crab pulsar this “spin-down upper limit”
is hsd

0 = 1.4×10−24, using the canonical moment of in-
ertia and a distance r = 2kpc. It has long been known
that the Laser Interferometer Gravitational-wave Obser-
vatory (LIGO) can achieve this sensitivity by integrating
several months of data with the initial design noise spec-
trum.

The electromagnetic emission and accelerating expan-
sion of the Crab Nebula are powered almost entirely by
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ABSTRACT

We present direct upper limits on gravitational wave emission from the Crab pulsar using data from
the first nine months of the fifth science run of the Laser Interferometer Gravitational-wave Observa-
tory (LIGO). These limits are based on two searches. In the first we assume that the gravitational
wave emission follows the observed radio timing, giving an upper limit on gravitational wave emission
that beats indirect limits inferred from the spin-down and braking index of the pulsar and the ener-
getics of the nebula. In the second we allow for a small mismatch between the gravitational and radio
signal frequencies and interpret our results in the context of two possible gravitational wave emission
mechanisms.
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We have searched for gravitational waves in 
data from the fifth science run of LIGO 
detectors
The search did not find any gravitational 
waves
Lack of GW at S5 sensitivity means a limit on 
ellipticity a factor 4 better than spin-down 
upper limit - less than 4% of energy in GW

4 The LIGO Scientific Collaboration

all three detectors. We use both uniform priors and re-
stricted priors on ψ and ι when calculating the posterior.
We marginalize the angle parameters to produce a pos-
terior probability for h0 and from this calculate a 95%
degree-of-belief upper limit on the gravitational wave am-
plitude.

A search was also performed at gravitational wave fre-
quencies νGW in a narrow band about 2ν, based on
simple astrophysical arguments. We begin by writing
νGW = 2ν(1 + δ), where δ is a small number. A rela-
tion of this form holds if the gravitational waves are pro-
duced by a component spinning separately from the elec-
tromagnetically emitting one, with the two components
linked by some torque which acts to enforce co-rotation
between them on a timescale τcoupling. In such a case
δ ∼ τcoupling/τspin−down, where τspin−down ∼ ν/ν̇ " 2500
years. A relation of the form given for νGW above also
holds if the gravitational waves are produced by free
precession of a nearly biaxial star (Jones & Andersson
2002). In such a case δ ∼ α(Izz − Ixx)/Ixx where α is a
factor of order unity dependent on the geometry of the
free precession, e.g. the angle between the symmetry axis
and angular momentum axis. No clear signature of free
precession has been seen in the radio pulsations of the
Crab pulsar, although precession would have little effect
on the radio signal if the amplitude of the precession were
small.

Together, these scenarios suggest searching over a fre-
quency interval ±∆νGW centred on 2ν, where ∆νGW ∼
|δ| 2ν. We have followed such a strategy, using a
maximum value of |δ| = 10−4. In terms of the
two-component model, such a |δ| value corresponds to
τcoupling ∼ 10−4 τspin−down ∼ several months, compara-
ble to the longest timescales seen in glitch recovery where
re-coupling between the two components might be ex-
pected to occur. In terms of free precession, |δ| = 10−4

is on the high end of the range of deformations that
compact objects are thought to be capable of sustain-
ing (Owen 2005; Lin 2007; Haskell et al. 2007).

Using the above estimates as a guide, a band of fre-
quencies ±6×10−3 Hz centred on twice the Crab pulsar’s
observed frequency was searched over. Corresponding
bands in frequency derivatives were motivated via differ-
entiation of the equation for νGW, which together with
the assumption that δ itself evolves no more rapidly than
on the spin-down timescale, leads to a band in frequency
first derivative of ±1.5 × 10−13 Hz/s, with searches over
higher derivatives being unnecessary.

The multi-template search method is a maximum like-
lihood technique, the coherent multi-detector F -statistic
derived in Cutler & Schutz (2005). An explicit search
is required over a single sky position and second deriva-
tive of the frequency, and over the selected ranges of the
frequency and of the first frequency derivative. The spac-
ing of the templates is chosen in such a way as to ensure
at most a 5% loss in the detection statistic, resulting
in a total of 3 × 107 templates. The detection statis-
tic 2F is computed for each template. The expected 3σ
range of the largest 2F value for Gaussian noise (no sig-
nal present) and 3× 107 templates is 35–49. The largest
2F value found in the actual search is 37, well within the
expected range for noise.

Based on the largest 2F value, 95% confidence upper
limits are produced using a frequentist Monte Carlo in-

jection method, as described in Abbott et al. (2007a).
For the unknown parameters uniform distributions and
physically informed distributions were used for the in-
jected population of signals, consistent with the choices
made for the single-template time domain search.

3. RESULTS

In the single-template search the joint (i.e. multi-
detector) posterior probability distribution for the grav-
itational wave amplitude peaks at zero, indicating that
no signal is visible at our current sensitivity. The joint
95% upper limit on the gravitational wave amplitude,
using uniform priors on all the parameters, is h95%

0 =
3.4×10−25. In terms of the pulsar’s ellipticity, given by
ε = 0.237 h−24rkpcν−2I38 (Abbott et al. 2007c), where
h−24 is h0 in units of 1×10−24, this gives ε = 1.8×10−4 us-
ing the canonical moment of inertia and r = 2kpc. This
is 4.1 times lower than the spin-down upper limit and
also 1.6 times lower than the limit estimated by Palomba
(2000) (see §1.) Squaring the ratio of the spin-down and
direct upper limit shows that less than ≈ 6% of the to-
tal power available from spin-down is being emitted as
gravitational waves, assuming the canonical moment of
inertia. Using the restricted priors on ψ and ι we get
an upper limit on h0 of 2.7×10−25, which is 1.3 times
smaller than that with uniform priors, and corresponds
to less than 4% of the spin-down energy available.

With the coherent multi-template frequency-frequency
first derivative search we set 95% confidence upper limits
on h0 and ellipticity of 1.7×10−24 and 9.0×10−4 respec-
tively, over the entire parameter space searched. These
upper limits are larger than the single-template search
limits by roughly a factor of five. This is to be expected
because the larger number of templates raises the num-
ber of trials and thus the statistical confidence threshold.
Assuming restricted priors on ψ and ι yields an improved
upper limit of 1.2×10−24, a factor of 1.2 below the spin-
down limit, across the entire parameter space searched.
This limits the energy budget of gravitational waves to
be less than 73% of the available energy. These quoted
upper limits are subject to uncertainty in the calibra-
tion of the detectors. Amplitude calibration uncertain-
ties for H1, H2 and L1, respectively, are: 8.1%, 7.2%
and 6.0% (single-template analysis), and 9.5%, 7.8% and
8.7% (multi-template analysis).

4. DISCUSSION

Under the assumption that the gravitational wave and
the electromagnetic signals are phase-locked, our single-
template search results constrain the gravitational wave
luminosity to be less than 6% of the observed spin-down
luminosity. This beats the indirect limits inferred from
all electromagnetic observations of the Crab pulsar and
nebula.

Our upper limits are interesting because they have en-
tered the outskirts of the range of theoretical predictions.
Normal neutron stars are believed to be mostly fluid
with maximum elastic deformations orders of magnitude
smaller than the few ×10−4 of our upper limits, but some
theories of quark matter predict solid or mostly solid
stars which could sustain such ellipticities (Owen 2005;
Lin 2007; Haskell et al. 2007). However, our upper limits
do not constrain the composition of the star and cannot
constrain any fundamental properties of quark matter.
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Fig. 1.— The single template search upper limits from S5, for
the uniform and restricted prior ranges, and spin-down upper limit
plotted as exclusion regions in a moment of inertia–ellipticity plane.
Areas to the right of the diagonal lines are excluded. The dashed
horizontal lines represent estimates of the theoretical lower and up-
per bounds of acceptable moments of inertia at (1–3)×1038 kgm2.
The shaded area represents the region that is newly excluded with
these results.

The ellipticity is proportional to the quadrupolar strain,
which may simply be very low for a given star no matter
its composition. The Crab is likely to have an ellipticity
at least about 10−11 due to the stresses of its internal
magnetic field (Cutler 2002) if the internal field is com-
parable to the external dipole of 4× 1012 G. Our upper
limits can be interpreted as direct upper limits of about
1016 G on the internal magnetic field, depending on the
ratio of toroidal to poloidal components (Colaiuda et al.
2008).

As discussed in Abbott et al. (2007c) there is consid-
erable uncertainty in the true value of the Crab pulsar’s
moment of inertia. The best guesses at its value come
from neutron star equation of state models rather than
direct measurements. Previous pulsar ellipticity upper
limits and spin-down limits have made use of the canoni-
cal value of Izz . We can however cast our upper limit in a
way that makes no assumptions about the moment of in-
ertia, by placing the limit on the neutron star quadrupole
moment ≈ Izzε. This then allows us to plot the single-
template search results as exclusion regions in the I-ε
plane. The results, with uniform and restricted prior
ranges, are plotted in this way in Figure 1. Our up-
per limits are smaller than the spin-down limit by a fac-

tor that varies as I1/2
zz . If we take the theoretical upper

bound on the moment of inertia to be 3×1038 kgm2 as in
(Abbott et al. 2007c) then the result with uniform priors
beats the spin-down limit by a factor of 7.2.

Finally, the physical interpretation of our multi-
template search depends upon the assumed cause of
the splitting νGW = 2ν(1 + δ) between gravitational
and electromagnetic signals. In the context of the two-
component spin-down model, our results show that a
gravitational wave emitting component of the star cou-
pled to the electromagnetic (radio) emitting component
on a timescale of a few months or less has a quadrupole
asymmetry Iyy − Ixx of no more than 9.0 × 1034 kgm2.
This is about five times larger than the bound on Iyy−Ixx
obtained in the single-template search. If free precession
is responsible for the frequency splitting our results in-
stead give an upper limit on the product ∆I sin2 θ, where
∆I is the Izz − Ixx part of the quadrupole moment ten-
sor that participates in the precession and θ the wobble
angle (Jones & Andersson 2002).
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