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Outline of this talk: 

• 	  What	  is	  the	  memory	  and	  why	  is	  it	  interes0ng?	  
	  
• 	  How	  do	  we	  calculate	  the	  memory?	  

• 	  Is	  it	  observable?	  



Examples	  of	  memory:	  

vin	  

vout	  

Two-‐body	  sca<ering/hyperbolic	  orbits	  

[	  Turner	  ‘77,	  Turner	  &	  Will	  ’78,	  MF	  ‘11	  ]	  



Examples	  of	  memory:	  
[	  Burrows	  &	  Hayes	  ’96	  ]	  

[Murphy,	  O<,	  &	  Burrows	  ’09]	  

Core-‐collapse	  supernovae	  



Examples	  of	  memory:	  

Binary	  black-‐hole	  mergers	  



Why is this called “memory”? 
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[	  GW	  propaga0ng	  	  perpendicular	  to	  	  the	  screen	  ]	  



Why is this interesting? 
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The	  nonlinear	  memory	  is	  unique	  among	  the	  many	  other	  nonlinear	  effects	  
present	  in	  the	  gravita0onal-‐wave	  signal:	  
	  

• 	  it	  is	  non-‐oscillatory	  and	  visually	  dis0nc0ve	  in	  the	  waveform.	  

• 	  it	  has	  a	  clear	  interpreta0on	  in	  terms	  of	  the	  GWs	  produced	  by	  GWs	  (more	  later).	  

• 	  like	  GW	  “tails”,	  the	  nonlinear	  
memory	  is	  hereditary:	  	  



Why is this interesting? 
The	  nonlinear	  memory	  is	  unique	  among	  the	  many	  other	  nonlinear	  effects	  
present	  in	  the	  gravita0onal-‐wave	  signal:	  
	  
	  
• 	  Unlike	  other	  post-‐Newtonian	  correc0ons,	  the	  memory	  affects	  the	  waveform	  at	  
leading	  (Newtonian)	  order.	  Its	  “hereditary”	  nature	  allows	  a	  small	  effect	  to	  build-‐up	  
to	  a	  large	  value	  over	  0me.	  

• 	  The	  nonlinear	  memory	  is	  observable	  and	  could	  serve	  as	  a	  test	  of	  general	  
relaFvity.	  

[	  Wiseman	  &	  Will	  ’91	  ]	  



Understanding the memory: 
the linear memory effect [Zel’Dovich	  &	  Polnarev	  ’74;	  Braginsky	  &	  Grishchuk	  ‘85;	  	  

Braginsky	  &	  Thorne	  ‘87]	  



Understanding the memory: 
the linear memory effect [Zel’Dovich	  &	  Polnarev	  ’74;	  Braginsky	  &	  Grishchuk	  ‘85;	  	  

Braginsky	  &	  Thorne	  ‘87]	  

vin	  

vout	  

Hyperbolic	  orbit/two-‐body	  sca<ering	  
[Turner	  ‘77,	  Turner	  &	  Will	  ‘78,	  Kovacs	  &	  
Thorne	  ‘78	  ]	  



Understanding the memory: 
the linear memory effect 

General	  formula	  for	  the	  memory	  jump	  in	  a	  system	  w/	  N	  components	  	  [Braginsky	  &	  
Thorne	  ‘87,	  Thorne	  ‘92]	  



Solve	  EFE:	  

[Wiseman	  &	  Will	  ‘91]	  

Harmonic	  gauge	  
EFE…	  

…has	  a	  nonlinear	  source	  from	  
the	  GW	  stress-‐energy	  tensor.	  

Understanding the memory: 
the nonlinear memory [Christodoulou	  ‘91;	  Blanchet	  &	  Damour	  ‘92]	  

Mathema0cally,	  the	  nonlinear	  memory	  arises	  from	  the	  contribu0on	  of	  
the	  gravitaFonal-‐wave	  stress-‐energy	  to	  Einstein’s	  equa0ons:	  



Understanding the memory: 
the nonlinear memory [Christodoulou	  ‘91;	  Blanchet	  &	  Damour	  ‘92]	  

Mathema0cally,	  the	  nonlinear	  memory	  arises	  from	  the	  contribu0on	  of	  
the	  gravitaFonal-‐wave	  stress-‐energy	  to	  Einstein’s	  equa0ons:	  

Nonlinear	  memory	  can	  be	  related	  to	  the	  “linear”	  memory	  if	  we	  interpret	  the	  
component	  masses	  as	  the	  individual	  radiated	  gravitons	  (Thorne’92):	  



§ 	  Memory	  piece	  scales	  like	  the	  radiated	  energy.	  

	  
§ 	  So	  the	  nonlinear	  memory	  is	  present	  in	  all	  GW	  sources.	  

§ 	  The	  effect	  is	  hereditary	  (depends	  on	  en0re	  past	  evolu0on).	  

Understanding the memory: 
the nonlinear memory [Christodoulou	  ‘91;	  Blanchet	  &	  Damour	  ‘92]	  

Can	  also	  think	  of	  it	  as	  a	  nonlinear	  correc0on	  to	  the	  mul0poles:	  



Understanding the memory: 
the nonlinear memory: inspiralling binaries 

Although	  it	  arises	  from	  a	  2.5PN	  correc0on	  to	  the	  mul0pole	  moments,	  for	  
inspiralling	  binaries	  the	  nonlinear	  affects	  the	  waveform	  at	  leading	  
(Newtonian)	  order:	  
	  
	  
	  
	  
	  
Why?	  	  

[Wiseman	  &	  Will	  ‘91]	  



Computing the nonlinear memory: 
previous/ongoing work (inspiral only) 
ü 	  Wiseman	  &	  Will	  ‘91:	  0PN	  memory	  waveform	  (circular,	  nonspinning).	  

ü 	  Thorne	  ‘92:	  analogy	  w/	  linear	  memory;	  crude	  detectability	  es0mates.	  

ü 	  Kennefick	  ’94:	  repeats	  Wiseman-‐Will;	  crude	  detectability	  es0mates.	  

ü 	  Wiseman	  &	  Will	  ‘91:	  nonlinear	  memory	  from	  high-‐velocity	  sca<ering	  (e>>1).	  

ü Arun	  ,	  Blanchet,	  Iyer,	  et	  al	  ‘04,	  ‘08:	  compute	  3PN	  waveform;	  0.5PN	  memory	  vanishes	  
(circular,	  nonspinning).	  

ü 	  MF	  ’09a:	  3PN	  memory	  waveform	  (circular,	  nonspinning).	  

ü 	  MF	  ’11:	  leading-‐order	  nonlinear	  memory	  for	  eccentric	  binaries	  (ellip0cal,	  
hyperbolic,	  parabolic,	  radial;	  nonspinning);	  crude	  detectability	  es0mates.	  

ü 	  Guo	  &	  MF	  (in	  prep):	  1.5PN	  memory	  waveform	  (spinning	  binaries).	  



Computing the nonlinear memory: 
previous/ongoing work (inspiral only) 
	  
Calcula0on	  of	  the	  inspiral	  memory	  is	  important	  because	  it	  allow	  us	  to:	  
	  
§ 	  obtain	  analy0cal	  understanding	  of	  how	  the	  memory	  behaves.	  

§ 	  complete	  our	  knowledge	  of	  PN	  waveforms	  consistently	  to	  a	  given	  order.	  

§ 	  provide	  accurate	  ini0al	  condi0ons	  for	  the	  memory	  in	  NR	  calcula0ons.	  	  



Computing the nonlinear memory: 
previous/ongoing work (merging BHs) 

	  
ü MF	  ‘08,	  ‘09b:	  “minimal	  waveform	  model”	  &	  EOB	  calc;	  detectability	  es0mates.	  	  

ü 	  MF	  (in	  prep):	  hybrid	  NR/PN	  calcula0on;	  improved	  detectability	  es0mates.	  

ü 	  Pollney	  &	  Reisswig	  ’11:	  extrac0on	  from	  full	  NR	  evolu0ons;	  aligned	  spins.	  

ü Seto	  ‘09,	  van	  Haasteren	  &	  Levin	  ‘10,	  Pshrikov	  et	  al	  ’10,	  Cordes	  &	  Jenet	  ‘12:	  
detectability	  es0mates	  from	  pulsar	  0ming	  arrays.	  

ü 	  Wang,	  Hobbs,	  &	  Wang	  ‘13:	  Parkes	  PTA	  search	  for	  memory.	  

ü 	  Plans	  for	  memory	  search	  in	  LIGO.	  

For	  detectability	  purposes,	  we	  need	  to	  know	  the	  en0re	  build-‐up	  and	  
satura0on	  value	  of	  the	  memory	  (need	  inspiral	  +	  merger/ringdown).	  	  



1.  Waveform	  can	  be	  expanded	  in	  spin-‐weighted	  spherical	  harmonic	  
modes:	  

2.  The	  nonlinear	  memory	  modes	  are	  related	  to	  the	  GW	  energy	  flux:	  

3.  The	  energy	  flux	  is	  related	  to	  the	  oscilla0ng	  (non-‐memory)	  hlm	  modes:	  

4.  Compute	  0me-‐deriva0ve	  of	  hlm[v(t), L(t), S1(t), S2(t), e(t)],	  subs0tute	  
equa0ons	  of	  mo0on,	  plug	  in	  and	  integrate.	  

Computing the nonlinear memory: 
outline of the calculation 



[MF,	  Phys.	  Rev.	  D	  ‘09]	  

Computing the nonlinear memory: 
result: 3PN hlm modes and polarization 



1PN	   2PN	   2.5PN	   3PN	  0PN	  

Computing the nonlinear memory: 
result: 3PN hlm modes and polarization 



spin	  contributes	  a	  
	  ~20%	  -‐	  30%	  
correcFon.	  

Computing the nonlinear memory: 
result: aligned spins, no precession 

[Guo	  &	  MF	  (in	  prep)]	  



Computing the nonlinear memory: 
result: precessing spins (small inclination approx.) 

[Guo	  &	  MF	  (in	  prep)]	  



§ 	  Need	  to	  solve	  spin	  equa0ons	  numerically.	  

§ 	  Simple	  precession	  case:	  memory	  monotonically	  increases	  as	  before.	  

§ 	  Transi0onal	  precession	  (preliminary):	  mostly	  monotonic	  increase,	  
except	  for	  a	  single	  oscilla0on	  during	  the	  “transi0on”	  
	  

[	  Apostolatos	  et	  al’94	  ]	  

Computing the nonlinear memory: 
result: arbitrary spins 

[Guo	  &	  MF	  (in	  prep)]	  



• 	  ellip0cal	  orbit	  (e<1)	  waveforms:	  
ü 	  0PN	  (Peters-‐Mathews	  ’63)	  
ü 	  1PN	  (Junker-‐Schafer	  ’91)	  
ü 	  2PN	  (Gopakumar-‐Iyer	  ’02)	  
q nonlinear	  memory	  correc0on	  unknown	  

• 	  hyperbolic/parabolic	  orbit	  (e≥1)	  waveforms:	  	  
ü 	  0PN	  (Mike	  Turner	  ’77)	  
ü 	  1PN	  (Junker-‐Schafer	  ‘91)	  
q 	  nonlinear	  memory	  only	  computed	  for	  e>>1	  case	  (Wiseman-‐Will	  ‘91)	  

• 	  Circularized	  binaries	  were	  eccentric	  (even	  hyperbolic)	  in	  
the	  past:	  

q 	  Since	  the	  nonlinear	  memory	  is	  hereditary,	  effects	  of	  
the	  (past-‐growing)	  eccentricity	  could	  poten0ally	  have	  
an	  effect	  on	  the	  value	  of	  the	  (late-‐0me)	  memory.	  	  	  

Computing the nonlinear memory: 
eccentric binaries: motivation 



1.  We	  want	  the	  leading-‐order	  nonlinear	  memory	  terms:	  these	  rely	  on	  only	  
the	  leading-‐order	  mass-‐quadrupole	  moments	  for	  Keplerian	  orbits:	  

2.  These	  leading-‐order	  modes	  are	  subs0tuted	  into	  an	  expression	  for	  the	  
nonlinear	  memory	  modes:	  

3.  To	  compute	  the	  0me	  integral,	  use	  a	  Keplerian	  model	  for	  the	  orbit	  
(including	  radia0on-‐reac0on	  in	  the	  ellip0cal	  case).	  Transform	  0me-‐
integral	  to	  an	  integral	  over	  the	  true-‐anomaly	  or	  the	  eccentricity.	  	  

Computing the nonlinear memory: 
eccentric binaries: outline of calculation 



linear	  memory	  case:	  
	  

Hyperbolic	  orbits:	  	  
	  

Parabolic	  orbits:	  no	  linear	  memory	  
	  

Ellip0cal	  orbits:	  no	  linear	  memory	  

Nonlinear	  memory	  case:	  
	  

Hyperbolic/parabolic	  orbits:	  	  
	  
Ellip0cal	  orbits:	  	  

0PN	  

2.5PN	  

Computing the nonlinear memory: 
result: eccentric binaries 

[MF	  PRD’11]	  



Nonlinear	  memory	  case:	  
	  

Hyperbolic/parabolic	  orbits:	  	  
	  
Ellip0cal	  orbits:	  	  

0PN	  

2.5PN	  

Computing the nonlinear memory: 
result: eccentric binaries 

[MF	  PRD’11]	  



§ 	  Hereditary	  nature	  of	  memory	  implies	  dependence	  on	  
past	  orbital	  evolu0on.	  

§ 	  BH	  binaries	  usually	  assumed	  to	  be	  circularized.	  

§ 	  Does	  the	  binary’s	  past-‐growing	  eccentricity	  affect	  
memory	  calcula0ons	  that	  assume	  quasi-‐circular	  orbits?	  

Computing the nonlinear memory: 
result: sensitivity to early-time eccentricity 

[MF	  PRD’11]	  



Summary of results in eccentric case: 
• 	  The	  nonlinear	  memory	  is	  a	  non-‐oscillatory	  component	  of	  the	  gravita0onal-‐
wave	  signal;	  it	  is	  due	  to	  gravita-onal	  waves	  produced	  by	  gravita-onal	  waves.	  

• 	  Previous	  calcula0ons	  considered	  only	  quasi-‐circular	  binaries.	  

• 	  Nonlinear	  memory	  waveforms	  have	  been	  computed	  for	  binaries	  with	  any	  
eccentricity	  (ellip0cal,	  hyperbolic,	  parabolic,	  and	  radial	  orbits).	  

• 	  In	  the	  hyperbolic/parabolic	  case,	  nonlinear	  memory	  enters	  at	  2.5PN	  order.	  

• 	  In	  the	  ellip0c	  case,	  nonlinear	  memory	  enters	  at	  the	  same	  order	  as	  the	  
Peters-‐Mathews	  waveforms	  (0PN	  order,	  as	  in	  the	  circular	  case).	  

• 	  While	  the	  nonlinear	  memory	  depends	  on	  the	  past-‐history	  of	  the	  binary,	  the	  
past-‐growing	  eccentricity	  is	  only	  a	  small	  correc0on	  to	  the	  memory	  for	  nearly-‐
circularized	  binaries.	  



–  No	  memory	  in	  (2,2)	  mode!	  Shows	  up	  in	  m=0	  modes	  in	  quasi-‐circular	  case.	  

–  In	  Ψ4	  	  memory	  is	  a	  5PN	  order	  effect;	  in	  h+	  it	  is	  a	  0PN	  effect.	  

(2,2),	  (4,4),	  (3,2),	  (4,2)	  modes	  are	  much	  larger	  than	  the	  memory	  modes	  (2,0),	  (4,	  0),	  etc..	  

Orbital	  separa0on	  decreasing	  à	  	   Orbital	  separa0on	  decreasing	  à	  	  

(2,2)	  
(2,0)	  

(4,4)	   (3,2)	  

(4,2)	  

(4,0)	  

(3,0)	  

(2,2)	  

(4,4)	  
(3,2)	  
(4,2)	  

(2,0)	  

(4,0)	  

(3,0)	  

Calculating the nonlinear memory from BH mergers: 
limitations of numerical relativity 

[MF	  PRD’09]	  



	  
Other	  problems	  with	  NR	  computa0ons	  of	  the	  memory:	  

–  Need	  to	  choose	  two	  integra0on	  constants	  to	  go	  from	  curvature	  to	  metric	  
perturba0on	  
	  Choosing	  these	  incorrectly	  leads	  to	  “ar0ficial”	  memory	  (Ber0	  et	  al.	  ’07).	  

–  Memory	  is	  sensi0ve	  to	  the	  past-‐history	  of	  the	  source;	  need	  large	  ini0al	  
separa0on:	  
•  Consider	  leading-‐order	  (2,0)	  memory	  mode,	  with	  a	  finite	  separa0on	  r0 

–  Errors	  from	  gauge	  effects	  and	  finite	  extrac0on	  radius	  	  can	  further	  contaminate	  
NR	  waveforms	  and	  swamp	  a	  small	  memory	  signal.	  

Calculating the nonlinear memory from BH mergers: 
limitations of numerical relativity 

[MF	  PRD’09]	  



Recall	  that	  the	  nonlinear	  memory	  contributes	  a	  piece	  to	  the	  hlm	  modes	  that	  depends	  
on	  integrals	  over	  the	  gravita0onal-‐wave	  energy	  flux…	  

…where	  this	  flux	  is	  itself	  a	  sum	  over	  the	  hlm	  modes	  :	  

The	  nonlinear	  memory	  only	  appears	  in	  the	  m=0	  modes,	  which	  can	  be	  expanded	  
in	  terms	  of	  the	  m≠0	  modes:	  
	  
	  
	  
	  
Plug	  in	  merger/ringdown	  descrip0on	  for	  h22	  ,	  etc…and	  then	  match	  to	  3PN	  inspiral	  
calcula0on	  of	  h20	  .	  

Calculating the nonlinear memory from BH mergers: 
an analytic hybrid scheme 



Only	  consider	  leading-‐order	  (2,2)	  contribu0on	  to	  the	  memory…	  
	  
	  
	  

…and	  use	  a	  simple	  model	  for	  the	  inspiral	  and	  ringdown	  (2,2)	  modes…	  
	  
	  
	  
…matching	  the	  mul0poles	  	  and	  2	  deriva0ves	  at	  the	  light-‐ring	  (r/m	  ≈	  3)	  to	  get	  A22n	  .	  
	  

r(t) and	  𝜙(t)	  evolve	  via	  the	  standard	  leading-‐order	  formulas:	  
	  
	  
Use	  NR	  results	  to	  	  determine	  the	  final	  mass	  and	  spin	  (as	  a	  func0on	  of	  𝜂)	  that	  enter	  the	  
quasi-‐normal	  mode	  (QNM)	  frequencies	  and	  damping	  0mes.	  
	  
Get	  a	  fully	  analy0c	  0me-‐domain	  solu0on	  for	  the	  full	  memory:	  

Calculating the nonlinear memory from BH mergers: 
an analytic hybrid scheme: minimal waveform model 

[MF	  ApJL	  ’09]	  



Only	  consider	  leading-‐order	  (2,2)	  contribu0on	  to	  the	  memory…	  
	  
	  
	  

Or	  use	  an	  EOB	  model	  calibrated	  to	  NR	  simula0ons:	  
	  
	  
	  
Solve	  EOB	  Hamilton’s	  equa0on	  for	  	  
par0cle	  mo0on,	  and	  match	  inspiral	  	  
modes	  to	  5	  QNMs.	  	  

Calculating the nonlinear memory from BH mergers: 
an analytic hybrid scheme: EOB model 

[	  MF,	  ApJL,	  ’09	  ]	  



Only	  consider	  leading-‐order	  (2,2)	  contribu0on	  to	  the	  memory…	  
	  
	  
	  

Or	  directly	  use	  the	  numerical	  NR	  (2,2)	  mode	  [Caltech/Cornell/CITA]:	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  

Ø ~27%	  smaller	  than	  previous	  EOB	  calcula0on.	  	  

Ø 	  smooth	  matching	  to	  3PN	  order	  inspiral	  allows	  evalua0on	  to	  arbitrarily	  early	  0mes.	  

Calculating the nonlinear memory from BH mergers: 
an analytic hybrid scheme: direct NR-hybrid 



Memory	  during	  the	  merger/ringdown:	  NR	  results	  
Pollney	  &	  Reissweg	  [arXiv:1004.4209]	  extract	  memory	  directly	  from	  NR	  simulaFon:	  	  

• 	  causally-‐disconnected	  outer	  boundary	  
• 	  Cauchy	  characteris0c	  extrac0on	  to	  compute	  GWs	  at	  Scri+	  

• 	  equal-‐mass,	  equal	  spins	  
aligned	  or	  an0-‐aligned.	  

• 	  excita0on	  of	  (2,0)	  QNM.	  

• 	  accurate	  3PN	  inspiral	  
memory	  crucial	  to	  gezng	  
correct	  magnitude.	  



Detectability of the nonlinear memory: 
interferometers 



Inspiral	  
waves	  

memory	  

LISA	  noise	  
Signal-‐to-‐noise	  raFo	  vs.	  total	  mass	  

[	  MF,	  0902.3660,	  ApJL,	  696,	  159	  ]	  

Detectability of the nonlinear memory: 
LISA 



Detectability of the nonlinear memory: 
pulsar timing 

Seto,	  MNRAS	  ’09	  
Pshirkov,	  Baskaran,	  Postnov,	  MNRAS,	  ’10	  
van	  Haasteren	  &	  Levin,	  MNRAS	  ‘10	  

• 	  Memory	  burst	  detectable	  out	  to	  z	  ~	  0.1	  for	  M=108	  M☉	  	  (observable	  universe	  for	  M=1010	  M☉).	  

• 	  But	  rates	  are	  low:	  0.1	  –	  0.01	  detecFons	  in	  10	  yrs	  w/	  near-‐term	  Pulsar-‐Timing-‐Arrays.	  



AddiFonal	  DC	  contribuFons	  to	  the	  waveform:	  
•  Arun	  et	  al	  ’04	  found	  a	  nonlinear,	  non-‐hereditary	  DC	  contribu0on	  to	  the	  “×”	  

polariza0on	  at	  2.5PN	  order;	  it	  originates	  from	  nonlinear	  correc0ons	  to	  the	  
radia0ve	  current	  octupole	  moment	  V3m:	  	  

•  In	  addi0on,	  there	  are	  linear,	  zero-‐frequency	  terms	  that	  arise	  from	  the	  m=0	  
pieces	  of	  the	  source	  mass	  and	  current	  moments.	  For	  example:	  

…which	  leads	  to	  a	  5PN,	  non-‐oscillatory	  correc0on	  to	  the	  waveform.	  

•  Not	  clear	  if	  these	  effects	  produce	  a	  memory	  that	  con0nues	  to	  build	  up	  
during	  the	  merger/ringdown.	  

[MF	  PRD’09]	  



1.  The	  linear	  memory	  arises	  from	  systems	  w/	  unbound	  masses	  (hyperbolic	  orbits,	  
explosions).	  

2.  The	  nonlinear	  memory	  arises	  from	  the	  GWs	  produced	  by	  GWs,	  and	  is	  a	  generic	  feature	  of	  
all	  GW	  sources.	  

3.  For	  quasi-‐circular	  and	  ellip0cal	  inspiraling	  binaries,	  the	  nonlinear	  memory	  causes	  a	  
slowly-‐growing,	  non-‐oscillatory	  amplitude	  correc0on	  to	  the	  waveform	  at	  leading-‐
(Newtonian)-‐order.	  	  

4.  Modeling	  the	  memory	  in	  BH	  mergers	  is	  difficult	  for	  most	  NR	  codes,	  but	  can	  be	  
accomplished	  using	  quasi-‐analy0c	  techniques.	  

5.  The	  memory	  is	  detectable	  by	  LISA	  for	  large	  SNR	  mergers.	  Detec0on	  prospects	  are	  poor	  
for	  the	  upcoming	  genera0on	  of	  ground-‐based	  detectors,	  but	  not	  substan0ally	  worse	  than	  
other	  classes	  of	  sources	  that	  we	  rou0nely	  try	  to	  detect.	  	  

	  
6.  Observa0on	  of	  the	  nonlinear	  memory	  provides	  a	  means	  to	  confirm	  an	  interes0ng	  strong-‐

field	  predic0on	  of	  GR.	  

Summary: 


