STOCHASTIC CONTROL PROBLEM AND VISCOSITY SOLUTION

K. SURESH KUMAR

1. STocHASTIC CONTROL

In this section, we briefly describe the stochastic optimal control problem. The problem is about
minimizing a cost, i.e. an ‘accumulated’ cost associated with a controlled state dynamics which
is random over some ‘nice’ class of controls. We describe the situation when the state dynamics
is given by a controlled stochastic differential equation (sde in short) and the cost criterion a-
discounted.

1.1. State dynamics. In this subsection, we describe in some details the state dynamics. Let U
be a compact metric space and V' = P(U) denote the space of probability measures with Prohorov
topology. Let b: R x U — R?, ¢ : R* — R¥*? he suitable functions. Set

b(xz,v) = / b(x, u)v(du),  €R v e V.
U

The state dynamics X (-) is an R%valued process described by solution to the sde
(1.1) dX(t) = b(X(t),v(t))dt + o(X(t))dW(t).

Here W(+) is a standard d-dimentional Wiener process, v(+) is a jointly measurable process which
is non anticipative, i.e., for each 0 < s < t, W(t) — W(s) is independent of {F;}, F; = right
continuous and complete augmentation of o(Xo,v(s), W(s)|s < t). We frequently interchange
X(t) with X, to avoid exesive use of paranthesis . We call the collection of all such processes
to be admissible and is denoted by U. A detailed description of various classes such as feedback
controls, Markov controls, stationary Markov controls and prescribed controls can be found in [2].

1.2. Cost Criterion. We consider the discounted cost criterion with discount rate oz > 0. Pre-
cisesly, for each v(-) € U, if X(-) is a (weak) solution to the sde (1.1), then the discounted cost
associated with (X (-),v(+)) is given by

J(z,v(-) = Ex[/ooo e r(Xy, vy )dt|.

Here E, denote the expectation with respect to the stochastic process X (-) with the initial condi-
tion X (0) = z.

The stochatic control problem is about minimizing the cost J(x,v(-)) over all admissible con-
trols.

2. VISCOSITY SOLUTION OF SECOND ORDER ELLIPTIC PDES

In this section, we introduce the notion of viscosity solution to second order elliptic pdes.
Consider the general second order nonlinear equation

(2.1) F(z,u(z), Du(z), D*u(z)) = 0,2 € O

where F : O x R x R? x S(d) — R is a continuous function and O is any open set in R?. Here
S(d) denotes the space of all d x d real valued symmetric matrices.
We call F' degenerate elliptic if the following condition is satisfied:

F(I,T,p,Q) S F(I7T7pa Q,) whenever Q Z Q/'
1
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Here Q > Q' means that Q — Q' is nonnegative definite matrix. Further, it is called proper if it is
degenerate elliptic and satisfies the monotonicity condition in the r-variable i.e.,

F(x7r7p7 Q) S F(l‘, S, P, Q/)
From now on, we always assume our equations to be proper, unless otherwise specified. To

motivate the definition of viscosity solutions, we prove the following proposition.

Proposition 2.1. Let u be a classical solution of the equation (2.1) and ¢ : O — R be any C?
function. Then if u — ¢ has a locam mazimum (local minimum) at a point xog € O, then

F(Io, U(I0)7 D¢(x0)a D2¢(I0)) < (Z)O
Proof. If u — ¢ has a local maximum at xq, then Du(xg) = Dé(xg) and D?*u(xg) — D*¢(z0) < 0.
Now the degenerate ellipticity completes the proof. O

The above proposition motivates the following definition:

Definition 2.1. A continuous function u : O — R is called a viscosity subsolution (resp., viscosity
supersolution) if
F(z0, ¢(x0), Dp(w0), D*¢(x0)) < (resp., >)0
whenever xq is local mazimum (resp., local minimum) of u— ¢ for ¢ € C?(0) with ¢(xo) = u(xg).
A continuous function u which is both viscosity sub and super-solution is called a viscosity
solution.

Remark 2.1. In the defintion of viscosity solution, local maximum can be replaced by global
mazimum and also by strict local or global mazimum. Also C? functions can be replaced by
smooth functions. Also we can assume that the local mazimum is zero. Similar remark applies for
supersolutions also.

3. STABILITY OF VISCOSITY SOLUTIONS

In this section, we present the corner stone of the theory of viscosity solutions i.e., the stability
result.

Theorem 3.1. (Stability) Let F, F,,,n=1,2,--- be proper and assume that F,, — F uniformly
on compact sets. Let u,, be viscosity solution to the equation
Fo(x, up (), Duy,(x), D*u,(x)) =0 in O

and assume that u, — u uniformly on compact sets. Then u is viscosity soltion to (2.1).

Proof. We prove that u is a viscosity subsolution. The proof of supersolution is similar.
Let u — ¢ has a strict local maximum at xo € O where ¢ € C2(O) with u(zg) = ¢(z0). Let B
be an open ball around zg such that

0= u(wo) — ¢(z0) = sup(u — @) > sup(u — ¢).
B oB
Choose z,, € B such that
un(xn) - (b(xn) = Sgp(un — ).

Choose a subsequence, by an abuse of notation, itself, such that z,, — z for some z € B. Now for
any x € B, we have the following:

un(z) — ¢(x) < up(zn) — ¢(xn),n > 1.
Thus by letting n — oo, observing that u,, — v uniformly in B, we get

u(z) — ¢(x) < u(z) — ¢(z) for all x € B.
Hence & = xg, since zq is the strict local maximum.

Set ¢ (x) = d(x) + (un(xn) — d(xy)), then ¢p(x,) = un(z,) and u, — ¢, has a local maximum
at x,. Hence using the subsolution property for u,,, we have

F(@n,$(x0), Do(xn), D*p(2,)) < 0.
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Now letting n — 0o, we obtain
F(zg,u(xo), Do(x0), D*¢(x0)) < 0.

This completes the theorem. O
4. SUB AND SUPER DIFFERENTIALS

In this section, we give an alternate definition of viscosity solution which will be useful in certain
cases.

Definition 4.1. Let u: O — R be a continuous function. Fiz x € O. Introduce the sets
(y) —u(z) —p-(y — )

DTu(z) = {peR?:limsup “ <0},
y—a ly — |
D u(z) = {peRe:limint W=D =P =) o

y—a ly — 2|

u(y) —u(z) —p-(y—x) — 5(y —2)=Qy — x)

TG u(z) = {(p,Q) € R* x 8(d) : limsup ] <0},
y—z ly — x|
_ . (y — R e _
TEu(e) = {(pQ) € R x S(d) sl MW 7P @'yx)x';(y D QW= gy

The sets DY u(x), D™ u(x), jg’+u(m), jcz)’_u(x) are respectively called super differential, sub differ-
ential, superjet and subjet .

Remark 4.1. If (p,Q) € jé’+u(m), it is obvious from the definition that (p,Q’) € jg’+u(m) for
allQ > Q'. Thus jé’+u(x) is always either empty or infinite. Also the superjet need not be closed
if it is nonempty. Similar remark holds for the superjet. However, sub and superdifferentials can
be finite sets and are always closed.

We now prove a characterization of these sets which gives an equivalent definition of viscosity
solution in terms of these sets.

Lemma 4.1. Forz € O,
jé’Jru(m) = {(Dé(x), D*¢(x)) : u— ¢ has a local mazimum at x for some test function ¢}
J5 u(z) = {(D¢(x), D*¢(x)) : u— ¢ has a local minimum at x for some test function ¢}
Proof. We will prove the characterization for jé’+. The characterization of j?)’_ follows from the
fact that J5 1 u = —J5 ™ (—u).

Fix z € O. Let ¢ € C?(O) be such that u(z) = ¢(z) and u — ¢ has a local maximum at z.
Then for some rog > 0, when ever ||y — z|| < 79, we have

u(y) < oy) +ulz) — d(x) |
= u(@) + Vo) - (y—a)+ 5y - 2)*V2o(x)(y — x) + |y — =)
Therefore

s M) — @) = V() - (y — @) — 5(y — 2) " V(@) (y — )
im sup
y—x |y - {E|2
ie. (Vo(z), V() € T3 u(x).
Now we prove the converse. Suppose (p, Q) € J5 u(z). Choose ro > 0 such that B,,(z) C O.
Define f : B,,(z) — [0, c0) as follows.
[wly) —ule) —p- =) =5y —2) Ry -2I"
fly) = ly — x|? Y
0 if y==x

<0.
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Note that from (p, Q) € J5 u(x) it follows that

i [u(y) —u(@) —p-(y—z) — 5y — 2)*Qy — z)]*
et PEXE

Hence f is continuous at y = x. Thus f is continuous.
Define h : [0,79) — [0,00) by

Wr) = sup{f(y)lly — 2| <r}.
Then clearly h is nondecresing, h(0) = 0 and is continuous. (Here continuity follows from the
following observation: f attains maximum on compcat sets, h is nondcreasing)
From y € By, (x), y # x, we have

Wy —=)ly = =* > f)ly — 2|* > u(y) —u(z) —p-(y — =) - %(y — )" Q(y — x).
Hence
u(y) <u(@)+p-(y—z)+ %(y —2) Qy — z) + h(ly — z[)|y — =*.

Define

\fr 2t

/ / s)dsdt, 0 <r < % =

Then n € C2([0,71)), n(0) =7'( =0. Also

fr V3r

n(r) > / th(t)dt > h(r) / dt = r2h(r).

Now set

B) = p- =)+ L~ ) Qy— ) +nlly —al), v e By (@)

The ¢ € C%(B,,(x)) and (p, Q) = (Vé(x), V3¢(z)). Also for y €€ B,, (),
uly) ~ o) = uly)—p-(y—2) — 3~y Qy — )~y — )

u(y) —p- (v —2) = 5= 2)"Qy—2) = by — z|)ly — =
u(z) = u(r) — ¢(z)

i.e. z is a local maximum for u — ¢. Hence for any translation of ¢. This completes the proof. [

<
<

Thus we have the following equivalent definition to the viscosity solutions.
Definition 4.2. A continuous function u is said to be viscosity subsolution if

F(z,u(x),p,Q) <0 for all (p,Q) € J5 u(x)

and u 1s said to be viscosity supersolution if
F(z,u(x),p,Q) >0 for all (p,Q) € jg’fu(x).
5. SOME PROPERTIES OF SUB AND SUPER DIFFERENTIALS
In this section, we review some properties of sub and super differentials.

Theorem 5.1. (i) DT u(x) and D~ u(x) are closed and convex.
(ii) If both DY u(x) and D~ u(x) are non empty, then u is differentiable at x and DT u(zx) =
D~u(x), a singleton.
(iii) {x € O : Dtu(z) # 0} and {x € O : D~ u(z) # 0} are dense in O.
We now present the anologous properties for the sub and superjets.

Theorem 5.2. (1) jg’Jru(x) and Jf?)’*u(x) are convez.
(i) If jé’+u(a:) and Jfg’*u(x) are non empty, then u is differentiable at x and J%’Jru(x) =
jg’fu(x), Further if (p,Q), (p,Q’) € jg’Jru(m) then Q = Q" and hence they are singletons.
(iii) {x € O: jé’Jru(x) # 0} and {x € O : Jfé’fu(x) # (0} are dense in O.
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Proof. We will prove only (ii) as the proofs of (i) and (iii) are essentially same to their counterparts
in previous theorem.
Let ¢, and ¢» be C? functions such that

D1(y) < uly) < d2(y)
for all y € O such that

¢1(z) = u(zr) = ¢a(x).
Then z is a local maximum of ¢, — ¢5. Hence,

Véi(z) = Vo(z) and V3¢, (z) < Vieo(z).

Combining this with the Remark 4.1, we get that

I u(e) = IG5 u(x)
provided they are nonempty. Let (p, @), (p,Q’) € jé’+u(x). Then

(y-—2)rQ-Q)y—2)  uly) —u@)—p-(y—z)—3@uy—2)"Qy—x)

ly — /2 ly — a2

u(y) —uw(z) —p- (y—z) — 3(y —2)*Q'(y — 2)
ly — z|? '

Let A be any eigen value and z be the corresponding eigen vector of Q — Q’. Choose y = = + %z
in the above equality and let n — co to obtain

u(y) —u(z) —p- (y—z) — 5(y —2)*Qy — x)

A = lim

y—u ly — [
iy M) —u@) —p-(y—2) — 5y —2) QY — )
y— ly — =
- 0

Here we have used the fact that (p,Q) and (p,@’) are in both sub and superjets. Thus the
eigen values of Q — Q" are zero. Since @) — Q' is symmetric and real valued @ = Q’. Thus
Jé’Jru(m) = ij*u(x) is singlton if they are nonempty. This completes the proof of part (ii). O

6. VANISHING VISCcoSITY METHOD

In this section, we introduce the vanishing viscosity method which is the basis for the name
“viscosity solution”. This also gives an application to the stability result of viscosity solution.
Consder the Hamilton-Jacobi equation

(6.1) u+ H(Du) = f, x € RN
where H : RV — R is a Lipschitz continuous function. We assume that f : RV — R is bounded

and Lipschitz continuous function.
Consider the second order equation

(6.2) — eAuc + uc + H(Due) = f
Due to the uniform ellipticity, there is a unique classical solution of (6.2) with the property
(6.3) l[telloo < 11 flloo-

Further if v, denotes the classical solution of (6.2) where f is replaced by any other bounded
Lipschitz continuous function g, we have from the maximum principle, the following estimate

(6.4) lue = velloo < IIf = 9lloo-
Now for any fixed h € RV, let g be defined by g(x) = f(z + h). Then v.(z) = uc(z + h) for all
x € RN, Now using (6.3) and (6.4), we obtain the following estimates
telloo < [flloe and [lue(-) — ue(- + h)[loe < Ch|

where C' is the Lipschitz constant of f. Using the above inequalities, we conclude that {u.} is
equibounded and equiliipschitz continuous. Now applying Ascoli-Arzela’s theorem, u. — u locally
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uniformly along a subsequenece, which we denote again by u. by an abuse of notation. The
stability of viscosity solutions yields that u is a viscosity solution of (6.1).

7. VISCOSITY SOLUTIONS FOR HJB EQUATIONS

In this section, we address existence and uniqueness of solution to the Hamilton-Jacobi-Bellman
equation arising from the discounted cost stochastic optimal control problem.

Let V = P(U), U a compact metric space. Here V is endowed with the Prohorov topology,
i.e., the topology of weak convergence of probability measures. Let b : R x U — R% o : R —
R4 7 :R% x U — R be bounded continuous functions. Set

b(z,v) :/[]B(x,u)v(du), r(m,v)z/l]r(m,u)v(du).

We make the following assumptions throughout this section.
(A1) (i) The functions b, 7 are Lipschitz continuous in the first argument uniformly over the second,
i.e. there exists K > 0 such that

bz, u) = by, w)| < Kz —yll, |[F(z,u) = 7(y,u)| < K|z —yl|.
(ii) The function ¢ is Lipschitz continuous.
(A2) The function a := oo satisfies the ellipticity condition, i.e.
a(z) > 0.
The HJB equation is given by

(7.1) ad(x) irel‘f/[Lgb(x,v) +r(z,v)], € Rd,
where

d 96 d 82¢
(7.2) Lo(z,v) = ;bi(x, v) 3o, (z) + ; aij () S0, (z)

for f € C*(RY).
Consider the value function of the discounted cost stochastic control problem:
(73) V) = it B[ [ e, o)),
v 0
where X (-) is a solution to the stochastic differential equation (sde)

(7.4) dX(t) = b(X(t),0(t))dt + o(X(£))dW (¢)

and infimum is over all V-valued admissible control process v(-).
First we state the following Dynamic programming principle form Prof. Ghosh’s lectures.

Theorem 7.1. Assume (A1) and (A2). The value function satisfies
Vix) = infE, {/ et (X, vy)dt + 2TV (X,)
(- 0
for all bounded stopping times 7. Here infimum is over all feed back controls.

Theorem 7.2. Assume (A2) and (A2). If V € C(R?). Then V is a viscosity solution to (7.1).

Proof. We follow the arguments in [1].
Fix 79 € R Let ¢ € CZ(RY) such that V — 1 has a local minimum at xo and V(zg) = 1 (x0)-
Let € > 0 be such that V(x) > ¢(z) for |z — 2| < e. Then using DPP, we have for each § > 0

TAS
(7.5) Vi(zo) = i?f)Ewo [/ e ( Xy, vp)dt + e TV (X))
v(: 0

where 7 is the exit time of the process X (-) from the ball B (o) = {z € R¥||x — z¢| < €}.
Note that

(7.6) P{r <6} < K162,
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for some constant which depends only on the bounds of b and o. See appendix for the proof.

TNAO
W(xo) = V(zg) = infEro[/ e*atr(Xt,vt)dt+e*a(7A5>V(XTA5)}
(77) v() 0

TAS
> H(lf) E., [/ e (X, vp)dt + e_a(TA‘;)z/J(XT/\(;)} .
v 0

Now using It6-Dynkin’s formula to e~ (X)), we get

TN
(78) Bl ™™OG(X)] = lwo) + B, | /0 e (L (X, v,) — ap(X,))ds].

From (7.7) and (7.8), we get
TAS
(7.9) ix(lf)Em[/ e_as[Lw(Xs,vs)—&-r(Xs,vs)—aw(Xs)]ds} < 0.
v 0
For each v(-)

Eq, { /Ows e [Lab( X, vs) + 7(Xs, vs) — ath(X ) I{T < 5}d8]

T

< KoE,, [/ e~ I{r < (5}ds}
0

< B2, [0 - )7 <)

KK,
[0

(7.10)
< 62,

Now in view of (7.6), (7.10), by dividing (7.9) by § and passing § — 0, we get V(-) is a viscosity
super solution. A similar argument that V' is a viscosity sub solution. This completes the proof. [

We use the following result. For a proof, see

Theorem 7.3. (Ishii’s lemma) Let O be an open bounded subset of R and u,v be usc and Isc
functions in O and 1 be given by

A
Uay) = ulw) = o(y) - Sl -y, @y €O,

If 1 has a local mawiman at (Z,9) € O x O, then there exists Q1,Q2 € S(d) such that
(i) (\(@ = 9), Q1) € J5 " u(@),
(i) (M@ —9),Q2) € J5 v(9),

(iii)
(8 %a)=n(1 7)

Theorem 7.4. Let u; € Cy(R?), i = 1,2 be viscosity solutions to (7.1). Then uy = us.

Proof. It suffices to show that u; < us. If not, there exists zo € R? such that uy (x¢) —ua(xg) > 0.
Set

Y(@) = V1+[zl +e¢
where ¢ > 0 will be chosen later. Since uj(xg) — ua(zg) > 0, there exists § > 0 such that
(7.11) sup [u1(x) — ua(x) — 209 (z)] = p > 0.

r€R4
Using u; € Cy(R?), i = 1,2, it follows that
lim [uq(z) —ua(z) — 200(z)] = —o0.

llz]|—o0
Hence supremum is attained in (7.11). Let & € R? be such that
(7.12) p = u1(Z) — uz(x) — 209(Z).
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For each \ > 0, define

(113)  Wawy) = wl@) —wly) — Gle— ol — 56@) +6()), 5y R

Note that for each A > 0
lim  Uy(z,y) = —o0.

|| +[y|—o0
Hence there exists (7, yx) € R? x R? such that
(7.14) Ux(za,yn) = sup Ua(z,y) > ¥iA(z,Z) = p>0.
R x R4

Note that there exists R > O(independent of A) such that Uy (z,y) < 0 for all (z,y) satisfying
|z| 4+ |y| > R. Hence (xx,yx) is bounded sequence.
From (7.14), it follows that

(7.15) %lxx —yal? <wian) —uz(ya) — 6 (x2) +9(ya)) < lurlloo + [luzlloc-
From (7.15), it follows that along a sequence A — oo

(7.16) T, yx — & for some & € R%.

Also

Uiz, yn) = Wa(za, 7)
implies that
A
5\% —ual? < ua(ya) — uz(@n) + 6(¥(ya) — ().

Hence from (7.16), along the sequence A — oo,
A
(7.17) §|m>\—y>\|2—>0.

From now onwards we will restrict ourself to this sequence and without any loss of generality, we
write it as A — oo.
Now let A — oo in (7.14), it follows [in view of (7.17)] that

(7.18) ur(Z) — ue(Z) — 269(2) > p > 0.
Set
u=u; — 0, U= ug+ o.
Then
Wa(2,y) = u(e) —(y) - e~y
Applying Ishii’s lemma, there exists @1, Q2 € S(d) such that
(A(mx — ), Q1) € 2T u(zn), (Max —yr), Q2) € J>u(yr),

Q1 0 I -1
Note that

T u(e) = T (ur = 6y)(2) = {(¢,Q) = 8(Ve(2), VZo(2)) | (¢, Q) € J*Tus(x)}.

Hence

where

(A (@x =), Q1) + (Ve (22), VZ(22)) € J>Fus(2).
Similary, B
A (@x = yn), Q2) +3(Veh(ya), V2 (yr)) € J> uz(ya)-
Since uy is a viscosity (sub)solution to (7.1), we get
cun(ea) < i b(ea ) [\ (or = a) + V()] + (e, o)

(7.19) 1 L 2
+5tr(eo (22)(Q1 + 8V ()).
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Similary, since us is a viscosity (super)solution to (7.1), we get
auz(yy) = inf[b(yr,v) - [A(@x = ya) = OV (ya)] +7(ya, v)]

—|—%tr(oaL (y2)(Q2 = 6V(yn))-

(7.20)

From (7.19) and (7.20), we get
aui(ry) —auz(ys) < vig‘f/[b(xx,v) A (@A —ya) +VY(xN)] + (2, v)]
- 3161‘@[19(%7@) A (@x —yx) = VY (ya)] + r(ya, v)]

+%tr(mfl(m)\)Q1 — oot (y2)Q2)

+gtr(JJJ‘(x>\)V21/)($A) + o0 (yn) V2P(yr))
Hence we get

auy(zx) — aua(ya) < sup [(b(xx,v) = b(ya,v)) - X (zx — ya)]

veV

+0 sup b(zx,v) - Vip(22) + byr, v) - VY ()]
(7.21) +§1€15 r(@a,v) = r(ya, )|

—|—§tr(cml‘(a:)\)Q1 - ggL(yl\)QQ)

+gtr(aal(:v,\)vzw(w,\) + o0 (ya) V2 ().
Consider

lim su b.’I} , U —b , U A Ty — S lim Ll b)\l‘ _ 2
(7.22) A_)o%e‘lﬂ( (zx,0) = b(ya, ) - A(2x —a)| Jim Lip(b)Alza — 3|
= 0.

Some comments in order. Recall that limit A — oo is taken along the sequence mentioned earlier
and Lip(b) denote the Lipschitz constant of b. Similarly

(7.23) lim sup |r(zx,v) —r(ys,v)| = 0.
A—00 yeV
Consider

lim sup sup |b(zx,v) - Vip(zx) + b(yx, v) - Vip(ya)|
(7.24) A—oo veV

< Jlim [Bleo (Ve ()] + V() < 20Dl V().
Also
(7.25) lim tr(oot (@) V2 (@a) + 00t (1) VZ(ua)) = 2tr(00™ (&) V24(2)).
Consider
1 1
tr(oo™(22)Q1 — 00 (yA)Q2) = tr( Zay)\()gg/\l)(au) Z((fgil\();)\)(w) [Q(l) —QS }>

IN
~
<

a(y)ot(zy) ot (ya)
3Atr(oot(zy) — o(zy)ot(ya) — o
3Atr((o(za) — o(ya))(o(zx) — a(ya
BAllo(zx) — a(yn)||?

3ALip(o)|zx — yal*.

Hence by letting A — oo in (7.21), using (7.17), (7.22), (7.23), (7.24) and (7.25) we get
a(ur (%) — ua(2)) < 20]blloc| VY(E)| + Str (00 (2) V24 ().

| |
[UUJ‘(I)\) o(zx)o*(yx) ] [ I —1
T
Y
)

IA I
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Now choose ¢ > 0 such that

20[|bl|oc | V()| + Otr(00™(2) V2 (Z)) < 2004)(Z).
Such a choice is possible. Hence we get
(7.26) ur (%) —ue(Z) < 259(2).

This contradicts (7.18). This completes the proof.
To use the above comparison principle one need to know whether the value function is continuous
or not.
Set
(b(z,v) = b(y,v) - (x —
lz -yl

ap = sup [
z#y,veV

y) 1
* 2z — y? E;(rm(w) - Uu(y))z]

Then using (A1), clearly ag < 0.

Theorem 7.5. The value function is Lipschitz continuous if o > aqg and Holder continuous with
exponent O% if o < ag.

Proof. Observe that the value function V(-) is given by

v(-)
where infimum is over all admissible prescribed controls.

Reason why one can do this is the following. For an admissible feedback pair (X (-),v(., X[o,}) on
some complete probability space (€2, F, P) with a Wiener process W (+) in it, set o, = v(¢, X[0,t]),t >
0. Then corresponding to the presribed control 9(-) and the prescribed Wiener process W(-), X (-)
is a solution. i.e. corresponding to any feedback admissible pair, there is a corresponding pre-
scribed control with same payoff.

For a prescribed control v(-), let X, (-), X, (-) denote the solution to (1.1) for the initial conditions
x,y respectively.

Then using Itd’s fromula, we get for x # y,

Xa(t) = X, = |o—y? +/O 2[(5(Xm(8)7v(8)) —b(Xy(s),v(s))) - (Xa(s) — Xy(s))
+ Z(aii(Xx (s)) — o (Xy(s)))z] ds + a zero mean martingale.

Viz) = inf]Em{/ e (X, vp)dt
0

Hence
B0 - X, = Jo=3f+ [ 2B[0(X,(5).009) = B, (9. 0(6)) - (Xols) = X, (5)

D0 (0u(Xa(5)) — 00X, ()7 ds

= o—u+ [ 2E[0X(5)0(9) = 6, (5 ()
# Do 0els) — )
) I{X,(s) # Xy(s)}} ds

<z -y 4 2040/ 2E| X, (s) — X, (s)|%ds.

0

S—
~
>
8
—
V2]
S~—
|
b
<
—
NS
S~—

Now using Gronwall’s inequality, we get

7.27 E|X,(t) — X,(t)]? < |z—yl?e**! t>0.
( y Y

Using DPP, we get for eache T' > 0,

T
V() = intE| /0 et (X o (), v(8))dt + 2TV (X, (T))].
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Here again the infimum is over all prescribed admissible controls. Hence

V) =Vl < B[ [ e (Xl 06) - (X0, oelat] + zemer
v(") 0 @
Therefore

[V(z) = V(y)|

IN

T
Lip(r) | e *"E|X,(t) - X, (t)]dt + 1Tl a7
729 () [ e B0 - X, o)+

A

C|:|LL' — y|e(a0—a)T 4 6—aT:|, T>0,

where C' > 0 is a constant independent of T'.
Hence when ag < «, the by letting T — oo in (7.28), it follows that V' is Lipschitz continuous.
When «a < ag. From (7.28), we have

(7.29) V(@) - V() < Cint [|x — ylel@o—aT 4 e—aT]
. _ (vog—a)T —aT:| _ _ (g—a)T™ —aT™
%r;fo [|x yle +e |z — yle +e )
where

v = (e

Hence
7.30 inf [ — ylelao—a)T -aT] - %0 ( 0 )”7’ — |,
(7.30) Jnf |z —yle +e oo —a\an—a |z —y|=o
From (7.29) and (7.30), the Holder continuity of V follows.
For a = «y, a similar calculation implies the Lipschitz continuity of V. O

8. NOTE ON OPTIMAL CONTROL

In this section, we briefly talk about the existence of a-discounted optimal control. We provide
an approach using the small noise limit (or the vanishing viscosity ).
Consider the e-perturbed HJB equation of (7.1)

(8.1) ade(r) = irel‘f/[Leqﬁe(x, v) +7r(z,v)], = €RY,

where .
L.f=Lf+ iAf'

Note that (8.1) corresponds to the HJB equation of the a-discounted stochastic control problem
with satet dynamics

(8.2) AX (1) = b(X.(t), v(t))dt + oo (X.(£))dW (¢),
1

L =00t +el. i.e. The process in (8.2) is a small noise perturbation of

where o€ is such that o.o
(1.1).

We state the following theorem for the small noise perturbed stocahstic control problem.
Theorem 8.1. Assume (A1) and (A2). The HJB equation (8.1) has a unique solution in C%(R%)N
Cy(R?). Moreover any minimizing selector v<(-) is an optimal stationary Markov control to the
e-perturbed stochastic control problem.

Let v¢(-) be a stationary Markov control as in the above theorem. Let (X.(-) be the unique
solution to the sde (8.2) corresponding to v() and initial condition # € R%. Then it is easy to
see that X¢(-),0¢()), 0°(t) = v (X*(t)) is tight in P(C[0, 00); RP) x P(U) where U is the set of
all measurable maps from [0, c0) — V.

Then any limit (X(-),7(:)) can been show to be the solution of the Martingale problem corre-
sponding to (1.1), see [[2], page p.55] and hence X (-) weak solution to (1.1) corresponding to o(-)
and initial condition z.

Now one can show that

lim 6. (x) = 9()
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and
or) = B /O F(Xe, v0)dt].

i.e. U(-) is an optimal admissible control.

9. APPENDIX
We prove the following estimate.

Lemma 9.1. Assume (A1) and (A2). For v(-) an admissible control, let X(-) be a solution to
(1.1) corresponding to v(-) and initial condition xo. Let T be the exit time from the ball By, (€).
Then

P{r <6} < K;6°
for some K1 > 0 which is independent of 6.

Proof. The process X (+) is given by

¢ ¢
X(t)—z9 = / b(Xs,vs)ds —|—/ o(Xs)dWs, t>0
0 0

Hence
t 4 t 4
X (1) = ao|* < KH/ b(Xs,vs)ds) + ’/ o(X,)dW, }
0 0
Therefore
(9.1) E| sup \X(t)—x0|4] sup ‘/ b(Xs,vs) ds } sup ‘/ }
0<s<t 0<s<t O<s<t
Consider
(9.2) sup ’/ Xs,Us) ds } < |1bllsot®,
0<s<t

where [|b]|oo = sUpP,cy zera [b(z,v)]. Also

/ (x.)

The first ingeuality follows from Burkholder-Davis-Gundsy inequality, see [[2], p.33]. Combining
(9.1), (9.2) and (9.3), we get

(9.3) [E[ sup . 4} < CE[/OIt tr(ggl(xs)dsr < |tr(oot [ Ct2.

0<s<t

(9.4) E[ sup | X (t) — xoﬂ <K@ +1Y) <2k t<1.
0<s<t

Now for § < 1,
P{r<d} = P{ sup | X (1) — ao| > e}

0<s<t

1
< SB[ swp |X(t) - wol']
- Loss<t
2K
< 00 = K6t
€
The first inequality is by an application of Chebychev’s lemma. O

Remark 9.1. The above with 0 = 0 has a very simple proof. When o = 0, we have the ode
dz(t) = b(x(t), v)dt, 2(0) = xo.

Suppose x(-) is a solution to the above ode. A word about the solution to the ode. Using small
noise limit, one can show the existence of the solution in the weak solution frame work of sde
which in turn is a solution in Fillipov sense.

Now here T is a positive number, i.e. T is a degenerate random variable(dirac mass) with its
mass concentrated at inf{t > 0||x(t) — xo| > €}. Let us denote inf{t > 0||z(t) — xo| > €} by t*.
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Then 5
0 if < t*
Pir<o} = { 1if 6> ¢
Hence 1
P{r <6} < 52

(t)?
This proves the lemma.
This remark is written due to the question raised by Prof. Adimurthi.
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