INVARIANT MEASURES AND ERGODICITY FOR
INFINITE DIMENSIONAL STOCHASTIC SYSTEMS

P. SUNDAR

1. Introduction

Consider a dynamical system with state space E. If x € E is the initial
state of the system, let usl denote the state of the system at time ¢ by Tiz
where T; : E — FE is a measure preserving transformation. The important
equality T;(Tsx) = Tiysx holds in several systems. Let ¢ be an observable
real-valued function on F. In taking observations, the time to take observa-
tions is much longer than the natural time scale for molecular interactions.
Therefore, we end up with measurements of the average

1 [t
75/0 o(Tsx)ds

instead of ¢(x). Boltzmann hypothesized that if orbits wandered all over
the the state space, then the time averages would converge, as t — oo, to
a phase space average. Our aim is to identify the conditions under which
the time-averages converge to a phase-space mean.

In 1931, Birkhoff proved an important result known as the ergodic theorem
while von Neumann established the mean ergodic theorem. Since then,
several improvements, extensions and refinements have been made of these
results. The ensuing theory is one of the major topics in ergodic theory.
The avid reader can consult books on ergodic theory by Halmos, Sinai,
Petersen, and Walters, to name a few.

In this lecture notes, our aim is to provide an elementary introduction to
ergodic behavior of solutions of stochastic partial differential equations with
particular attention paid to stochastic Navier-Stokes systems. There is an
enormous and ever-growing literature on this topic. We content ourselves
with presenting a few basic results that could enable one to read other
interesting and sophisticated works on ergodicity. The ensuing presentation
has benefitted considerably from the works of Da Prato [3], Zabczyk [4],
Flandoli [6], Mattingly [7], etc.
1
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First we discuss a few results such as the Krylov-Bogolyubov criterion that
ensure existence of invariant measures for time homogeneous Markov pro-
cesses taking values in a complete separable metric space E. Next, we
introduce the notion of ergodic measures, and prove that the theorem of
Doob which states that the strong Feller property and irreducibility imply
ergodicity of an invariant measure.

Ornstein-Uhlenbeck processes that take values in a real separable Hilbert
space are studied in Section 3. First, we show that the mild solution of the
linear SPDE is strong Feller and irreducible. Then, we identify an invariant
measure and prove that the invariant measure is the unique ergodic mea-
sure. The ergodic measure is Gaussian as one would expect. The Stokes
equation perturbed by an additive noise is a good example of this class of
equations.

In Section 4, we introduce SPDEs with Lipschitz nonlinearities and an ad-
ditive noise. Under suitable hypotheses, irreducibility and strong Feller
properties are established. An invariant measure is identified which implies
the ergodicity of the stochastic system. The differentiability properties of
solutions and the Bismut-Elworthy formula are proved in order to obtain
the strong Feller property. The proof of the existence of an invariant mea-
sure is long. Hence we present only the ideas of the proof.

The two-dimensional Navier Stokes equations with an additive noise for
incompressible fluids in a bounded domain is discussed in Section 6. The
solvability of such equations is well-known (see Menaldi and Sritharan [8]).
In the next section, exponential stability of solutions is proved as in [10]. It
is used in establishing the existence of a unique ergodic measure in Section
8.

2. Definitions and Basic Results

Let (E,d) be a complete, separable metric space with Borel o-field denoted
by €. Given {X} : x € E, t > 0}, a family of time-homogeneous E-valued
Markov processes indexed by x, with continuous paths and X§ = x, define

Px(t7B) = P{Xf € B}a

the transition probability measure for all ¢ > 0, x € E and B € £. Then,
P.(t,B) is an &-measurable function for all fixed ¢ and B. The Markov
property yields the Chapman-Kolmogorov equation:

Py(t+s,B) = /pr(t, dy)P,(s, B). (2.1)
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For any given probability measure v on (E, £), one can define a probability
measure

P,(t,B) iZ/EPx(t7B)V(d$)-

If ¢ is a random variable with distribution v and is independent of {X* :
x € E}, then one can construct a continuous time-homogeneous Markov

process, denoted X¢, such that Xg = ¢, and for any t > 0, P,(t,-) is the
distribution of X?.

One can define a semigroup of linear operators S; on By(E) as follows:

Si6(x) = E o(X7) / o(y)Put, dy). (22)

The semigroup, S is strongly continuous and is called a Markov semigroup
since Sy is a positivity preserving contraction and S;1 = 1.

Definition 2.1. A probability measure p on (E,€) is called an invariant
measure for the transition probability S; if it satisfies

n(B)= [ Put.B)duta),

for all B € &, or equivalently, if for all ¢ € Cy(E), and all ¢t > 0,
| ela)dnta) = [ (sio)a)duta). (23)

In other words, E,¢(¢) = E,¢(X5).

Definition 2.2. The Markov semigroup S; is said to have the Feller prop-
erty if Sy maps Cy(E) to C,(E). The semigroup possesses the strong Feller
property if S; maps By(E) to Cy(E).

Proposition 2.3. Suppose that S; has the Feller property. Let u; denote
P,(t,-), the distribution of Xf. If uy converges weakly to y as t — oo, then
1 is an invariant measure for Sy.

Proof. With v being the distribution of the initial variable £, we can write,
for any ¢ € Cy(FE),

[ @) = [ (So)@iva) - [ o

as t — oo. Therefore, for any fixed s > 0,

/wmmwww%/¢mww (2.4)
E FE
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as t — oo. On the other hand,

| Sud@idvta) = [ (580 @avia) > [ (Sow)duta) (25
E E E

as t — oo since Ss¢ € Cp(E) by the Feller property. From (2.4) and (2.5),

it follows that
/ (S:0)(x / o(2)dpu(x

for all s > 0. In other words, p is an invariant measure. U

Next, a constructive proof for the existence of an invariant measure due to
Krylov and Bogolyubov, is given.

Theorem 2.4. Suppose that Sy has the Feller property. Suppose that for
some x € E, there exists a sequence of times t,, T 0o such that the sequence
of Borel probability measures {n,} defined by

1

Mn(B) = e /0 ’ P.(s, B)ds (2.6)

is tight. Then there exists an invariant measure for Sy.

Proof. By hypothesis (2.6), there exists a subsequence {7,;} which con-
verges weakly to a probability measure n. We will show that 7 is an in-
variant measure. In what follows, we will call this subsequence as {n,} for
notational simplicity.

Recall that X is a Feller process so that its semigroup S; maps Cj to Cy.
Hence, for any bounded continuous function f on F,

Jsnwtdn = lim [ (S) @) 27)

We will consider [(S¢f)(y)nn(dy) for any fixed n. By the Chapman-
Kolmogorov equation, and the Fubini theorem,

/(Stf)(y)nn(dy) /tn/ (St f)(y) Pu(s, dy)ds
_/t”//f (£, d2) Pa(s, dy)ds
—/tn/f L (t 4 s, d2)ds

= = [ S @)ds
n JO
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The last expression can be written as tl thrlt( Suf)(z)du which can be split

as
1

tn bttt ¢
H [ san@de [T san@in- [ S
n tn

Using this expression on the right side of Equation (2.7), we obtain

[ty = Jim [ [ S.p @

n—oo ty,

= lim [ f(y)na(dy)

n—o0

= /f(y)n(dy)

by the weak convergence of 7,. Thus 7 is therefore an invariant measure.
0

Proposition 2.5. Let i be an invariant measure for Equation (5.1). If we
set the distribution of the initial distribution to be u, then the corresponding
Markov process is a stationary process.

The next result is on uniqueness of invariant measures.

Proposition 2.6. Suppose that S; has the Feller property. Let pi denote
P,(t,-), the distribution of X7. If uf converges weakly to u ast — oo for
all x € E, then p is the unique invariant measure for Si.

Proof. For any ¢ € Cy(E)

Si( /¢ Vi (y —>/¢ iy

Therefore, for any invariant measure v, we have

/gb )dv(x /S@ )dv(z) for all ¢
= lim / Syp(x)dv(z)

t—o00 E

:AéaWMWMm

by the bounded convergence theorem. Thus for all ¢ € Cy(E), we have

/¢ )z /¢ Yl

Hence p is the unique invariant measure. U
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Definition 2.7. Let p be an invariant measure for S;. A set A € £ is
called an invariant set with respect to the semigroup S; if for all ¢ > 0,

Silag=14 pas.

The measure p is called ergodic if p(A) is either 0 or 1 for any invariant
set A.

The following result is standard and stated without proof. One can find a
proof in the book by Da Prato and Zabczyk.

Proposition 2.8. If u is an ergodic measure for the Markov family { X} :
x € E}, then for any ¢ € L*(E, ),

1 t
lim t/o Sspds = /gbdu (2.8)

t—00
where the limit is taken in L*(E, ).

Proposition 2.9. If u and v are two ergodic measures with respect to Sy,
and if p # v, then u and v are singular.

Proof. Let A € & such that pu(A) # v(A). By the above proposition, there
exists t, T oo such that

1 [t
lim / (Sela)(z)dt = p(A) p almost all =
0

n—oo t,,
and

1 [t
lim / (Sila)(z)dt = v(A) v almost all x
0

n—oo t,
Let the two almost sure sets be denoted B and C' respectively. Then,
BNC =0 and p(B) =v(C) = 1 which completes the proof. O

Theorem 2.10. If u is the unique invariant measure for the family {X* :
x € E}, then p is ergodic.

Proof. Suppose that p is not ergodic. Then, there exists a set A € E such
that 0 < p(A) < 1 and

Sila=14 p as. (2.9)
Define another measure v on £ by

_ uANB)
VB =Ty
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We will show that v is an invariant measure. Consider

1
[ et Byavte) - 5 | Pett.Byinto)

1 c
- M(A){/API(t,AﬂB)d,u(x)+/APx(t,A N B)du(z)}.

(2.10)
From S;1 =1 and (2.9). it follows that
P.(t,ANB) < Py(t,A) =0 p as. on A€
and
P,(t,A°NB) < P,(t,A°) =0 p as. on A
Hence, equation (2.10) can be written as
1
P,(t,B)dv(x) = / P,(t, AN B)du(z).
J Pt Brivta) = o | Pt A0 B
Using invariance of u on the right side,
ANB
/ Pt Bydv(z) = “A0B) gy
E 1(A)
Thus v is also an invariant measure, a contradiction to the uniqueness of
invariant measures. (]

Definition 2.11. A Markov family X7 is called irreducible if for all ¢ > 0,
any non-empty open set GG in F, and any = € F, we have

P{X}/ e G} >0.
That is, Py(t,G) > 0.

Proposition 2.12. If the semigroup S; is irreducible and strongly Feller,
then the family of probability measures {P,(t,-) : © € E} are mutually
equivalent for each t > 0.

Proof. Pick any t,s > 0 Assume that P, (t + s, B) > 0 for some z¢ € E,
and B € £. By Chapman-Kolmogorov equation,

P, (t+s,B) = / Py, (t,dy)Py(s, B)
E

Therefore, there exists a yo such that Py (s, B) > 0. By the strong Feller
property, Py(s,B) is a continuous function of y. Hence, there exists a
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neighborhood of ¥, say, B,(yo) such that Py(s, B) > 0 for all y € B,(yo).
So, for any arbitrary x € E,

Px(t—l-S,B):/ P,(t,dy)P,(s, B)
E

2/ Pa(t,dy)P,(s, B) > 0
BT(yO)

since P,{t, B;(yo)} > 0 by irreducibility. O

The main result that we need is the following theorem due to Doob.

Theorem 2.13. Let p be an invariant measure for the Markov family { X* :
x € E}. If the corresponding semigroup Sy is irreducible and strongly Feller,
then p is the unique invariant measure, and hence ergodic.

Proof. Let A be an invariant set so that
Sily =14 for all t > 0. (2.11)

Suppose that p(A) > 0. We have to show that u(A) = 1. Since p(A) > 0,
there exists an xo € A such that P, (¢, A) = 1. By the previous proposition
the family of probability measures P,(t,-) indexed by x are equivalent, so
that P,(t,A) = 1 for all z € E. Using, in addition, invariance of u, it
follows that

M@Zé%@@@MZL

Thus p is ergodic. If v is another invariant measure, then repeating the
above arguments, v is also ergodic. Being invariant measures, both p and v
are equivalent to P,(t,-) for any x and ¢t. Therefore, ;1 and v are equivalent,
and by Proposition 2.9, we can conclude that p = v. U

3. Linear Equations with Additive Noise

Let H be a real separable Hilbert space with norm denoted by |-|, and inner
product, by (+,-). Consider the infinite-dimensional stochastic equation

dut = AUtdt + O'th (31)
with ug = x € H. We will work under the following hypotheses:

Hypotheses A:

A.1 The operator A : D(A) C H — H, and A generates a strongly
continuous semigroup et on H.
A.2 The noise coefficient ¢ : H — H be a continuous linear operator.
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A.3 The linear operator Q; : H — H defined by
t
Qih = / oo e’ hds
0

is a nuclear operator for all ¢ > 0.
A.4 The operator (); admits an inverse, and the operator L; defined by

Ly = Q; ?et4 (3.2)

is a continuous linear operator on H.

The integrator W is taken to be a cylindrical Wiener process in H defined
on a complete probability space (2, F, P). We can write, for any CONS
{e;}in H,

Wy =Y Bj(t)e;
j=1

where B; are independent standard one-dimensional Brownian motions.
The mild solution of (3.1) is given by

t
uy = o + / et Aadw,. (3.3)
0

We will use the notation
t
Zy = / =9 A5qW,
0
and call Z; as the stochastic convolution integral. Note that Z; is H-

valued since o
%= / A e dB) (s)
=170

and the series converges in L?(P) as H-valued random variables. Indeed,
for any t,

oo t
BZP) = Y [ e Hoe,| ds
j=1"0
t
= [l g ds
0
t
:/ tr(o* e (=545 ds
0

t
= / tr(e ) goret=94") ds
0

=tr Q¢ < oo
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by hypothesis (A.3). The H-valued random variable Z; has a Gaussian
distribution with mean 0 and variance given by tr Q.

Likewise, one can check that
t1Ato .
E[(Zy,,Z,)] = / tr(et1=9455% (=274 g5,
0

and for any hi,he € H,
E((Zy, m)(Zi, ha)] = (Qtha, ha).

So far, we have considered the solution Z for a fixed ¢t. The next result
views Z as a stochastic process.

Proposition 3.1. Fiz any T > 0. Let L?>(Q; H) denote the space of H-
valued random variables which are square integrable. Then, Z : [0,T] —
L?*(Q; H) is a continuous map. That is, Z is in C([0,T]; H) in the mean-
square sense.

Proof. Let 0 <r <t <T. Then Z; — Z,

_Z/ (=94 _ =N 5e dB; (s +Z/ (e~ oe;dB;(s)

= Il + I say.

Since I} and I, are independent,
ElZ, - 2,2 / tr{ (4 — e4) 502 (=94 _ oA gs 4 .,
0

which tends to zero as r — t. O

The mild solution u; given by (3.3) is known as the Ornstein-Uhlenbeck
process. We will denote it by u(t, x) as well. Define the semigroup S; acting
on By(H) by

Si¢(x) (u(t, x))]

/¢ )t ¢ (dy)

where p, ; is the N(et42, Qy) distribution. When x = 0, we will write p
for po¢. By change of variables, we can also write

Sy r——

Theorem 3.2. The semigroup Sy has the strong Feller property. In fact,
Sy maps By(H) to CL(H).
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Proof. STEP 1: The semigroup S; is strong Feller.

Recall the operator L; = @, /264 defined in (3.2) which we have assumed
to be continuous. It is clear that

diy 1 _
ot () = exp{—= (Lz, Lz) + (Liz, Q) ).
d,U,t 2

Hence,

(516)(x / bly) exp{ 5 (L, L) + (L, Q7 ) Ypy). (34)

Note that for any positive e,
(L, Q72| < 2 Laal? + Q7P

Take € < 1/2, and fix any R > 0. Con51der any x in the open R-ball in H.
There exists a corresponding constant C' such that |L;xz| < C. Hence, the
integrand in (3.4) in absolute value can be bounded by

2 —1/2
[¢]|o exp{=C?} €@ WP
€

which is integrable with respect to p;. This enables us to use LDCT in
(3.4) to conclude that if z,, — x in H, then

Tim (10)(ax) = (Si6)(z).
STEP 2: The semigroup S; : By(H) — CL(H).

Differentiating with respect to x in equation (3.4), the derivative can be
taken inside the integral if the derivative of the integrand remains bounded
uniformly in z in bounded balls. The derivative of the integrand on the
right side of (3.4) with respect to x equals

o) exp{—lLeal + (Lo, Q7)) (Lo, @72y — L) (39)
Clearly, for any z,y € H, we have D,|L;z|> = 2(Lsx, Ly), and
Do(Liz, Q; ?y) = (L1, Q; ).
Let |z| < R so that |Lix| < C as in Step 1. Then
(Lo, Q2 — Lox)| < | Lell(1Q7 P y] + [ L))
< |Lell(jQ; Pyl + ©). (3.6)

Using (3.6), we can bound (3.5) by a function which is integrable with
respect to p;. Such a bound holds for all x with |z| < R. We can therefore
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differentiate Spp(x) with respect to z and obtain
_ 1 _
(D2g(ult,x), 2) = /qb(y)(Ltz,Qt 2y L) exp{—; |Liz[*+(Liz, Q; Y2y) Yy (y)

(3.7)

for all z € H. Changing variables from y to e!4z + y, we can write
(Dad(u(t, ). ) = [ 6(ee+9)( L2, Q Puneldy). (35)
O

Next, we wil prove irreducibility of the Markov family {u(t,z)}.

Theorem 3.3. Consider the mild solutions u(t,z) given by equation (3.3)
for all x € H. Under the hypotheses A, the family is irreducible.

Proof. Fix any z € H and r > 0. Let B,(z) be the r-ball with center at
z. We need to show that j,(B,(z)) > 0 for all z € H and t > 0. Since
u(t,z) is a N(et4z,Q;) random variable, it follows that u(t,z) — z has a
N(ex — z,Q,) distribution. We will call the latter distribution as v, and
etAx — 2 as a for simplicity.

Since @y is a nuclear operator, and kernel of Q; is {0}, there exists a CONS
{e;} in H, and a sequence {\;} of positive numbers such that

Qie; = Aje;j.
We can expand any y € H in terms of e;, and write y = Z;’;l y;e;. Then,

pat(Br(2)) = v(Br(0))

Zy] <= Z y] <= (3.9)

j=n+1

Under v, the random varlables y; are independent with N (o, A;) distribu-

tion. Therefore,
n 2
r
y(y:ZyJ2-<?)>0
j=1

Let A denote the set {y : >°72 ., yJZ- < %} Then by the Chebyshev
inequality,

00 2 [e's]
¢ r
V(A9 <w( ) (yj—aj)zzz— > ad)
Jj=n+1 Jj=n+1
1 oo
< = A
*5'2 J
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where g = % — E;’inﬂ %2 and n is large enough so that 8 > 0. Since

i Aj =0 (3.10)

j=n+1

as n — 0o, we obtain that for n large enough,

o0 2
. 2 T
vy : Z y; < 5) >0 (3.11)
j=n+1
Thus from (3.9), it follows that y, (Br(2)) > 0. O

We turn our attention to explore the asymptotic behavior of the family
of Markov processes, X*. Under hypotheses A, it is clear that there exist
constants K > 0 and 8 € IR such that

e < KePt. (3.12)
We will assume that 8 < 0. Define an operator Q) on H by
[e.e]
Qoo(x) = / eoo*etAudt
0
Since f < 0, Q@ has finite trace. Define the process M; by
¢
M, = / e Adw. (3.13)
0
It is clear that M; and Z; have the same distribution.

Lemma 3.4. Under hypotheses A and the condition that B < 0, the fol-
lowing limit in L?(Q; H) holds:

e.9]
lim M, :/ AadW.
t—o0 0
The limit is denoted by M.

Proof. For any s,t > 0, consider

s+t
E|| Mgy — M||? = / tr (e"oo*e™)dr
S

t
:/ tr (6(8+T)Aoa*e(8+T)A*)dr
0

= tr {4Qe’}
< Ke?5tr Qo

Thus, M; is Cauchy in L?(Q; H) so that lim; .., M; exists. The proof is
over by using the It6 isometry. O
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In the next lemma, we will use the notation p for the distribution of M.
Note that M, is a N(0, Q) random variable.

Lemma 3.5. Under hypotheses A and the condition that 5 < 0, we have

Jim 5:6(2) = [ ow)auty) (3.14)

for all g € Cp(H) and xz € H.

Proof. 1t is clear that
Si(x) = Elp(u(t, z)] = Elp(ez + 2,)] = Elp(e"a + My)]

since Z; and M; are identically distributed. Allowing t — oo, the result is
obtained since e!4z — 0, and M; — M. in distribution. [l

Theorem 3.6. Under hypotheses A and the condition that B < 0, the
measure [ is the unique invariant measure, and is ergodic.

Proof. Let £ be any initial random variable. Since the distribution of Xf
converges weakly to u, Proposition implies that p is invariant. The unique-
ness of invariant measures follows from Proposition.

Besides, p is ergodic since the Markov family is irreducible and strong
Feller. In fact, p is the only ergodic measure for the family {X*} since the
support of y is full in H. O

4. Nonlinear Equations with Additive Noise

In this section, we will study the following stochastic differential equation:
du; = {Aut + F(ut)}dt + odW; (41)

with ug = * € H. We assume hypotheses A and a Lipschitz continuity
condition on F":

A.5 There exists a constant C' > 0 such that |F(x) — F(y)| < Clx — y| for
all xz,y € H.

With condition (A.5) appended to hypotheses A, we will call the full list
of conditions as Hypotheses A". The mild solution u of (4.1) on any given
interval [0, T is defined to be a continuous map u : [0,T] — L?(Q; H) such
that

t
up = et + / eU=DAR (uy)ds + Z, (4.2)
0



ERGODICITY FOR SPDES 15

where, as before, Z; is the stochastic convolution integral. The existence
and uniqueness of a mild solution to equation (4.1) is well-known and is a
simple consequence of the fixed point principle.

Consider the following two auxiliary problems on [0, T]. First, truncate the
cylindrical Wiener process W and form the finite-dimensional process

Wa(t) =Y Bj(t)e;.
j=1

The first problem is to solve
dun(t) = [Aup(t) + F(un(t))]dt + odW,(t) (4.3)
with u,(0) = z. We would expect u,, to converge to v in some sense.

The second problem consists in replacing A in (4.3) by the Yosida approx-
imation A,, and solving the resulting equation

At m () = [Amn,m (t) + F(tnm(t)]dt + odW, (1) (4.4)
with up ., (0) = .

By a fixed point argument, a unique mild solution exists for each of the
above problems.

Theorem 4.1. Let the hypotheses A’ hold, and x € H. Then, for any
n,m € N, the following limits hold in C([0,T); L*(Q; H)):
Im u,(t) =wu and Hm wy ;p(t) = u,(t). (4.5)

n—o0 m— 00

Proof. The first approximation in (4.5) is straightforward. For, consider

Un (t) — uy = / eI (un(s)) — Flug)lds + > /0 =) ge,;dB;(s).

Jj=n+1

Then, by using the Lipschitz condition on F,

t o0 t
Elun(t) — w? < k:T/ B, (s) — us|?ds + 2 Z / ]eSAaej\st

for a suitable constant k7 that depends on T'. By the Gronwall Lemma, it
follows that
lim F|uy,(t) — ug* = 0.

n—oQ
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We will now prove the second limit in (4.5). Consider
t
U (1) — un (t) = [e!m — ez + / elt=9)Am [F(un,m(s)) — F(un(s))]ds
0

¢
+/ [et=s)Am _ =) A Py, (s))ds
0

nooat
+ E /[e(t_S)A"‘ —e(t_S)A]Uedej(s).
j=170

= Il =+ IQ =+ 13 + I4 (say).
The bound

EIL2 < C(T) /0 Bl () — un(s)[2 ds (4.6)

is easy to obtain, where C'(T) is a constant that depends on T'. Clearly, the
term Iy — 0 uniformly in ¢ € [0,7] as m — oco. Using a similar reasoning
and LDCT, it follows that

T
E(I5) < T/O E|(e!'74m — ) F(uy (5)) [ ds (4.7)

which tends to 0 as m — oo.
n_ LT
E|LJ" < Z/ |(elt=9)Am _ (=9 5e12 45 (4.8)
j=1"0

which tends to zero as m — oo. Using (4.6), (4.7), (4.8) in a Gronwall
argument, the proof is completed. O

Differentiability of Solutions: It is a simple exercise to show that, for
any x,y € H, there exists a constant Cr > 0 such that

u(t, z) —u(t,y)| < Crlz —yl. (4.9)

We will prove differentiability of the mild solution with respect to initial
data z. If the derivative Du(t, z) exists, define v,(t,2) = Du(t,x)z for all
z € H. One would expect the process v, to satisfy the equation:

dv,(t,x) = Av,(t,x)dt + DF (u(t,z)) - v.(t, x) (4.10)

with v,(0,z) = z. Hence, we need differentiability of F'. For this purpose,
we will assume the stronger condition that F' is actually in CZ(H; H) and
denote the bounds on the derivatives of F' by C.

As before, the mild solution of (4.10) can be shown to exist and is given by

t
v (t,z) = ez + / eADF (u(s, ) - vs(s, z)ds.
0
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The solution is unique.

Theorem 4.2. Let Hypotheses A hold, and F be in CZ(H; H). Then u(t, z)
is differentiable with respect to x almost surely, and

Du(t,x)z =v,(t,z) a.s. (4.11)

where v, (t, ) is the mild solution of (4.10). Moreover, there exists a con-
stant C; that depends on t such that

|v(t, )| < Crlz| for all z € H. (4.12)

Proof. First, using (3.12), it is easy to obtain
t
0 (1, )| < KePt2] +KC/ A=)y, (5, 2)|ds
0

where C' is the bound for the derivative of F. By a Gronwall argument,
the bound (4.12) follows.
Define A, (t,z) := u(t,x + z) — u(t, z) — v,(t,x). We will show that
|Ax(t,2)| < Orl2f?
for all 0 <t <T. The process A, satisfies
t
Bultiz) = [ M F (s, +2)) ~ Fluls,a))ds
0
t
—/ ADE (u(s, ) - v, (s, x)ds. (4.13)
0

For any 0 < a <1 and any t € [0,T], define

n(a,t) =au(t,z+ 2) + (1 — a) u(t, z).
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Then on the right side of (4.13) we can use chain rule to write
t 1
Acttia) = [ 9 [ DFGo(a,9)dafu(s, +2) ~ uls,a)) ds
0 0

t
— / IADE (u(s, ) - vs(s, x) ds
0

t 1
:/ e(ts)A/ DF(n(a,s))da[A,(s,z) + v.(t,x)] ds
0 0

t
—/ DADE (u(s, ) - vs(s, x)ds
0
t 1
:/ e(ts)A/ DF(n(a,s))dal,(s,z)ds
0 0

te(t_S)A 1 a,s)) — u(s,z))|da} -v,(s,x)ds
+ [ e [ DFG(a9) - DF(u(s,2)da) v, 2) ds.

Using the bound on the second derivative of F' and (4.12), there exists a
constant K such that

1
/0 [DF(n(a,s)) — DF(u(s,z))lda < Klu(s,z + z) — u(s, z)| ||
— KHAZ(S,I'M + |'UZ(5am)|] |Z|
< K[|Az(s,2)| + Klz[] [2].

Therefore, for all |z| < 1,
¢
|A,(t,x)] < 2K/ AL (s, x)|ds + K?|2|%.
0

A use of the Gronwall Lemma completes the proof. O

Along similar lines, the conclusions of the above theorem hold for the deriva-
tives of the approximations u,(¢,x) and w,m (¢, z) of u(t, z).

Strong Feller Property: Consider the semigroup Si¢(z) = E[p(u(x)]
for all ¢ € By(H),t > 0 and € H. Then S; is a contraction semigroup

on By(H) equipped with the supremum norm. It has the Feller property.
Indeed, if ¢ € C}(H), then by (4.9)

1Sip(2) = Sip(y)] < [|olhElus(x) — ue(y)|
< ¢lhCrlz -yl

for all z,y € H. Thus S;¢ is in Cy(H). Since C{(H) is dense in Cy(H), Sy
is Feller.
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The above conclusions hold for the semigroups S;* and S{*™ which corre-
spond to the family of processes uy,(t,z) and wuy (¢, ) respectively. By
LDCT, we have, for all ¢ € Cy(H), t >0 and = € H,

lim 576(z) = Sid(x)
and for each n € N,

lim S;""¢(z) = S o(x).

m—0o0

By the above theorem, if we assume that F' € CZ(H : H), then S;¢ is
differentiable for any ¢ € Cy(H), and

(DSip(x), 2) = E[(D(ue()), va(t, 2))] (4.14)
for all z € H.

We will now prove a result known as the Bismut-Elworthy formula. Though
it is a more general result, we present it below for the present context.

Proposition 4.3. Let hypotheses A hold. Assume that F is a Lipschitz
continuous C3(H; H) function with bounded derivatives. and that the in-
verse of o exists and is a continuous operator. Then, for all ¢ € Cg(H),
we have

(DSip(x), 2) = %Ew(u(t, x))/o o, (s, z)dWy)] (4.15)

forallt >0 and z € H.

Proof. First, we will consider the approximation wy, m (t, z). Then S;""¢ €
C2(H) since u(t,z) is twice differentiable with respect to z. when F has
bounded derivatives of first, second and third order.

If we denote S;""' ¢(x) by anm(t, x), then a, m(t, r) satisfies the Kolmogorov
equation:

W = (Apz + F(x), Daym(t,z)) + %tr [U:LanD2an,m(t, x)]

anm(0,2) = ¢(x).

Fixing ¢, consider ap m(t — S, Unm(s, x)) as a function of s and uy, (s, z).
Then by the It6 formula, one obtains

t
(0, o (£,2)) = @t 2) + / (Dt — 5, ttn (5, 7)), ond V).
0
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Since ¢ € CZ(H), we can take, by LDCT, the limit n,m — oo inside the
integral and obtain

¢(ult, x)) =St<f>(l’)+/0 (DSi—sop(uls, x)),0dW). (4.16)

Multiply (4.16) by fg o1, (s,7)dW; and take expectation to obtain
E[o(u(t, z)) /t o, (s, 2)dW,] = E[/t(U*DSt d(u(s, x)), 0 v, (s,))ds]
bl 0 z 9 S B —S8 ) 9 z 9

t

= B[ | (DSi-s(u(s,2). v-(s.2))ds]
t

= ]E[/O Dy Si—sp(u(s,x)) - zds]

t
:/ D, SsSi—sp(x) - zds
0
=tD;Sip(x) - 2.
which finishes the proof. ([

Any Lipschitz continuous F' : H — H can be approximated pointwise
by a Lipschitz continuous C3(H; H) function with bounded derivatives by
convolution.

Indeed, consider a self-adjoint, negative definite operator B : D(B) C H —
H such that B~! is nuclear. The unique mild solution of

dX (t,x) = BX(t,z)dt + IdW (t)
with X (0,z) =z € H exists.

The distribution of X (t,z) is N(e'Pz, §B~1(e*# —I)). The corresponding
semigroup is strong Feller. Define for any ¢ > 0,

F3(x) = E[e"PF(X(6,2))].

Then, Fj is Lipschitz continuous and is C*° with bounded derivatives. Since
X (t,z) is continuous in time,

lim Fs(z) = F(x)
6—0
for all x € H. We thus have a smooth approximation of F'.

Let u%(t, ) be the unique mild solution of

du’ (t,x) = [Au’ (t, ) + Fs(u’(t,x))]dt + odW, (4.17)
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with u%(0,2) = z. Then, for all t > 0 and = € H, we have
lim u® (¢, z) = u(t, x). (4.18)

6—0

Let S be the semigroup corresponding to the family u®(t,z). Equation
(4.18) implies that

lim S2¢(xz) = Syp(x) (4.19)
6—0
for all € By(H), z € H, and ¢t > 0.

Theorem 4.4. Assume hypotheses A'. Let o admit a continuous inverse.
Then the Markov family {u(t,z)} indexed by x € H (or equivalently S;) is
strong Feller.

Proof. STEP 1: We will assume that ¢ € CZ(H). Fix any § > 0. Using
(4.15) first, and then (4.12), we obtain, for any z € H,

1 t
(DS} p(x), 2)[* < tj\HHW Hff_lle[/ |02 (s, z)|*ds]
0

1 _
< Il ot PC2 5l

1)

where v%(s,z) = Dud(t,x) - z. Thus, we can conclude that

1 _
DS} (x)| < Zlel e ICs.

Hence, for any x,y € H,

1 _
570 (x) = S7é(w)] < L16] o~ |Crlz ~ ]
Allow 6 — 0 so that
1 _
15t¢(x) — Sep(y)| < ;!cb\z lo™ | Celz = y. (4.20)

STEP 2: Suppose that ¢ € By(H). For any t > 0, and x,y € H, let ul
and pi, denote the distributions of u(t,z) and u(t,y) respectively. Let 7,

denote the signed measure u!, — “Z' Choose a sequence ¢, in Cg (H) such
that

[én] < [0] Vn

and
¢n(h) — ¢<h) Ney a.Q. he H.

By LBCT,

S10(a) = Su6() = [ 9(0) iy (0) = 1y [ 60 (1) (1)
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The proof is completed by a use of the bound (4.20). O

Irreducibility: We will prove irreducibility of the Markov family u(¢, x)
via the notion of approximate controllability of differential systems. Con-
sider the equation
dx(t)
dt
with #(0) = ¢ € H and 6 € L?(0,T; H). The mild solution x(t) exists
and is unique. The system (4.21) is approximately controllable in time T

if for any € > 0, and any &1,& € H, there exists a parameter or control
6 € L?(0,T; H) such that

= Az(t) + F(z(t)) + o0(t) (4.21)

[2(T,&1;0) — &f <e. (4.22)

A well-known result on approximate controllability is given below, and its
proof is omitted.

Proposition 4.5. Under hypotheses A’, the system (4.21) is approximately
controllable in any time T > O provided that the range of o is dense in H.

Theorem 4.6. Assume the hypotheses of the previous proposition. Then,

the family u(t, x) is irreducible.

Proof. Let T' > 0 and € > 0. Take any &1,& in H. We need to show that
P{lu(T, &) — & <et >0

which is equivalent to showing that P{|u(T,&;) — &| > €} < 1. We know
that there exists a § € L?(0,T; H) such that

2(7,61:6) — &of < 5.

Since
[u(T, &1) — Eaof < (T, &) — (T, &1;0)| + [2(T, &150) — &2
it suffices to show that

P{lu(T,&) = 2(T.&;6) = 5} < L. (4.23)

It is easy to obtain, for all ¢ € [0, 7], the bound

t t
u(t, &) — a(t,6:0)] < Cr /O (s, €1) — (s, £1:0)|ds + | Z, /O o6(s)ds|

where Z; is the stochastic convolution integral that appears in the mild
solution u(t,&;1). Let us call fg o0(s)ds as H;. Hence, Gronwall Lemma
yields

T
(T, &) — 2(T, £130)] < O / \Z, — H.|ds.
0



ERGODICITY FOR SPDES 23

Using Jensen’s inequality, it follows that
w(T, &) — (T, &1:0)> < Te || Z — HH%Q(O,T;H)'
By (4.23), it suffices to show that

€
Pl{||\Z - H gy > ——1 < 1
{H HLZ(O,T,H) el 2\/T’€TT}

This is obvious since Z is a normal random variable in L?(0,7T; H). g

Ergodicity: With strong Feller property and irreducibility established,
one would expect ergodicity once we show the existence of an invariant
measure. For this we need additional hypotheses. We will pool together all
the assumptions and call them as Hypotheses B.

Hypotheses B:

B.1 Hypotheses A’ holds.
B.2 For all positive ¢, [|e!4] < et
B.3 There exists a constant s such that
(F(z) — F(y),z —y) < klz — y[? (4.24)

for all x,y € H.
B4 g+ Kk <0.

The usefulness of condition [B.2] lies in obtaining the bound
(Ah,h) < B> ¥V h € D(A).

We introduce the notation p = |3+k|. To prove the existence of an invariant
measure, consider the following problem with initial time being negative:

dy(t) = [Ay(t) + F(y(t))]dt + cdN¢ ¥V t > —s (4.25)
y(—s)=x € H

where s > 0 and N is defined for all ¢ as follows. Take a cylindrical Wiener
process W independent of W and define

i >
Nt: Wt lft_O
W ift<0

For all ¢, let F; denote the o-field generated by {N, : r < t} augmented by
P-null sets. Equation (4.25) has a unique mild solution. The distribution
of yo coincides with that of wu(s,x). Let us call the random variable yg
started at time —s and initial state x as y(0; —s, ).

Then, one can show that under Hypotheses B, lims_,o y(0; —s, z) exists in
L?(2; H). Let us call the limit as Y. The law of Y can easily be shown to
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be an invariant measure for S;. In fact, it is a unique invariant measure.
We can gather all of the observations that have been made and state the
following theorem:

Theorem 4.7. Assume Hypotheses B. Additionally, let o admit a contin-
uous inverse, and let the range of o be dense in H. Then the law of Y is
an ergodic measure for the Markov family {u(t,z) : t € R" and x € H}.

5. Strong Solutions and Invariant Measures

Let H be a real separable Hilbert space which contains a reflexive Banach
space V. Let V* denote the dual space of V. With the identification of H*
with H, we have the following inclusions:

Vc,H=H"Cc, V"

We will assume that the inclusions are dense and compact. The norms on
H, V and V*, the norms will be denoted by |- |, ||-|| and |||« respectively.
The inner product on H and the dual pairing between V and V* will be
denoted by (-,-) and (-, -) respectively.

Consider the stochastic the infinite-dimensional stochastic differential equa-
tion on the time interval [0, T'):

du; = Augdt + F(Ut)dt + G(Ut)th (51)
with Uy = g

In the above equation, let A be is a closed linear operator with domain
D(A) dense in H, and A:V — V*. Let F: V — H. The process W is a
H-valued Wiener process with a trace class operator () as the covariance
form. The noise coefficient G : V' — L2Q which means that

IGllq == {Ttr(G(v)QG(v))}'/? <00 ¥V veV.
The initial random variable ¢ is in L?(Q; H) and is Fyp-measurable

Definition 5.1. An adapted V-valued process u is a strong solution of
the equation (5.1) if u € L?([0,T] x Q; V), and for any f € V, the following
equality holds a.s. for each ¢ € [0,T]:

t

(ur, £) = (hy )+ /0 (Aug, f)ds + /0 (F(us), f)ds+ /0 (f, Glus)dW,). (5.2)

A strong solution u is called unique if u(t,w) = u(t,w) for a.e. (t,w) € Qp
(here Q7 denotes [0,7] x Q) where @ is any other strong solution of (5.1).
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The meaning of Equation (5.1) is made clear by Equation (5.2). The dif-
ferential equation is actually an integral equation, and the equality sign in
(5.1) is meant as an equality in V*. To obtain the existence of a unique
strong solution u, we work with the following hypotheses:

Hypotheses H:

H.1 (linear growth) For all v € V, there exists a constant C' > 0 such
that

[F)I” +IG@)[IG < 1+ [lv]?).

H.2 (coercivity) There exists constants a > 0, b and ¢ such that for any
veV,

(Av,v) + (F(v),0) + |G()[§ < —allv]* + blof* +

H.3 (monotonicity) For any w,v € V, there exists a constant K > 0
such that

2([Au+ F(w)] — [Av+ F(v)],u—v) + | Gu) = GO)|I% < Klu—of?
forallu,v e Vand 0 <t <T.

Under Hypotheses H, one can show that there exists a unique strong solu-
tion of Equation (5.1) such that u € L%(Q : C([0,T); H) N L?*(Q7; V). The
solution u can be shown to be a time-homogeneous strong Markov process
so that the transition probability function, for all 0 < s < ¢, Borel sets B
in H and £ € H, satisfies

P,4(&,B) = P(u(t) € Blu(s) =&) = P(u(t—s) € Bluy=¢&) = P (%5@;

Theorem 5.2. Let the coefficients of Equation (5.1) satisfy the hypotheses
H.1, H.3 and the following coercivity condition which is stronger than H.2:
There exist positive constants a and ¢ such that for all v € V,

2(Av,v) +2(F(v),0) + [G(v)llq < ¢ — alv]*. (5.4)
Then there exists a unique invariant measure for the solution u of equation

(5.1).

Proof. STEP 1: We will first establish the Feller property. Suppose that
and uf are the solutions started at h and g respectively where h and g are
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in H. By the energy equality, we obtain

t
M#—#P=M—W+Eﬁmmwhuawlua

s s
+2(F(ul) = F(uf), uf —ud) + |G (ul) — Gud)|?)ds
t
<Ih- gl + K [ E(ll - ul)as
0
where we have used the monotonicity condition H.3. By the Gronwall
inequality,
Eluf — uf|* < e™'[h —g|*. (5.5)

It suffices to consider bounded, Lipschitz continuous functions ¢ in verifying
the Feller property. Let the Lipschitz constant be L. Consider

|Pig(h) = Pio(9)I* < Elo(wy) — o(Uf)[?
< LE[uf — uf|®
< Left|h — g2

STEP 2: By the energy equality and (5.4), one obtains

s s

t
Blul P = b + B [ {2(Aulal) + 2(F ), ul) + [l }ds

0

t

< |h!2+ct—a/ B[t |2ds.
0
Hence,
t
1
B[ ublPds) < Sct-+P) (56)

0

Since u}! is a V-valued process, P(h,t,Cr) = P{||u}| > R}. Hence, we
obtain

1T 1T h

L[ Pt cpyt = [ POl > Ryar
T Jo T Jo

1 g hi2

1
< ———(ct + |n)?).
Therefore, limp o % fOT P(h,t,Cgr)dt = 0 uniformly in 77 > 1. We can
conclude that there exists a measure u such that u* — p as t — oo for any
h € H. Hence, p is the unique invariant measure. O
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6. Two-Dimensional Stochastic Navier-Stokes Equation

Let G be a bounded open domain in R? with a smooth boundary 9G.
For t € [0,T1], consider the stochastic Navier-Stokes equation for a viscous
incompressible flow with no-slip condition at the boundary. That is,

Ju B dW (t)
a—f—(u-V)u—yAu—i—Vp—f—i-a(t) —

and
V-u=0 (6.2)
with
u(t,z) =0V z € 0G,
u(0,z) =up(z) Vzed.

To study the stochastic Navier-Stokes equations, we first write the stochas-
tic partial differential equation in the abstract (variational) form on suit-
able function spaces. Let V be the space of 2-dimensional vector functions
u on G which are infinitely differentiable with compact support strictly
contained in G, satisfying V -u = 0. Let V, denote the closure of V in
W2 for all real . In particular, let H = V; and V = V;. The notation
L*(@G), I/VO1 (@) ete. would mean vector functions with each coordinate in
L3 (@), VVO1 (@) etc. The following characterizations of the spaces H and
V are well-known:

H = {uel?G);V-u=0, u-nlpg =0},
V = {ueW,*G):V-u=0}.

where WOLZ(G) = {u € L*G) : Vu € L*G), u|pg = 0}, and n is the
outward normal. Let V’/ be the dual of V. We will denote the norm in H
by |- |, and the inner product in H by (-,-). We have the dense, continuous
embedding

Vc,H=H c,V.

Let D(A) = W22(G) N V. Define the linear operator A : D(A) — H by
Au = —Au. Since V = D(A'Y?), we can endow V with the norm |[|u|| =
|A'/2u|. The V-norm is equivalent to the W'2norm by the Poincare in-
equality. The operator A is known as the Stokes operator and is positive,
self-adjoint with compact resolvent. The eigenvalues of A will be denoted
by 0 < A1 < A2 < ---, and the corresponding eigenfunctions by e, eo,---.
The eigenfunctions form a complete orthonormal system for H. From now
on, ||.|| will denote the V-norm. Note that ||u||? > Ay |u|?.
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Define b(-,-,-): V xV xV — R by

d
b(u,v,w) = Z / w;0vjwoz;wj dr
G

ij=1

using which we can define B: V x V. — V' as the continuous bilinear
operator such that

< B(u,v), w >= b(u,v,w) for all u,v,w € V. Note that b(u,v,w) =
—b(u, w,v).

B(u) will be used to denote B(u, u). B(u) satisfies the following estimate:
IB(a)ly < 2 ul|lull (6.3)

Let o(t) := {o1(t),02(t), - - } be lo(H)-valued for all ¢, and W = {W;, Wy, - - -
where W; be independent copies of a standard one-dimensional Wiener pro-
cess. Thus o(t)dW(t) = >, 0;(t) dW;(t) is an H-valued noise term.

We assume that f(¢) and ug to be H-valued. Let II denote the Leray
projection of L?(G) into H. By applying this projection to each term of
the Navier-Stokes system, and invoking the Helmholtz decomposition of

L*(G) into divergence free and irrotational components, we can write the
system (6.1) and (6.2) as

du+ [vAu+ B(u)]dt = fdt + o(t) dW(t). (6.4)

The following is a statement on the monotonicity of the coefficients on
bounded L*-balls in V' and is easy to prove.

Proposition 6.1. For a given r > 0, let B, = {v € V : [|v||p1(q,r2) < T}
The nonlinear operator u — Au + B(u) is monotone in B,; that is, for
anyu €V, v € B, and with w =u — v, we have

27

1%
<Aw,w >+ < B(u)-B(v),w > +ﬁ|w\2|\v||§4(m2) > 5y|w\|2 (6.5)

Using the Galerkin approximations and the above monotonicity of coeffi-
cients, one can invoke the Minty-Browder argument to establish the follow-
ing result on the existence and uniqueness of strong solutions to (6.4).
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Theorem 6.2. Let f € LP(0,T;H), o € LP(0,T;12(H)) anduy € LP(Q2, H)
for some p > 6. Then there exists a process u(t,z,w) adapted to the filtra-
tion Fy withu € LP(Q;C(0,T; H))NL2(Q; L?(0,T; V)N LA(G x (0,T) x Q)
such that u solves (6.4) in the following sense:

d(u(t),v)+ < Au(t) + B(u(t)),v > dt

= (£(t),v)dtdt + Z(aj(t), v) dW;(t) (6.6)

in (0,T), with the initial condition
(u(0),v) = (uo,v) (6.7)

for any v in the space V. The solution is pathwise unique.

7. Exponential Stability

In what follows, the conditions of the previous theorem are assumed so
that a pathwise unique strong (in the sense of both stochastic analysis and
partial differential equations) solution is guaranteed. By an application of
the It6 Lemma, we get

0
—i—;/o |Uj($)|2ds+2;/0 (oj(s),u(s)) dW;(s) (7.1)

by using b(u, u,u) = 0. Using the Poincaré inequality in (7.1), we get upon
taking expectation,

u(®)? = |u(0)2—2l//0 HU(S)II2dS+2/ (f(s),u(s))ds

Elu(t)]* < E[u(0)]> — v\ /0 Elu(s)[? d8—|—/0 Z o (s)|? ds
J

where A; is the first eigenvalue of the Stokes operator A. By the Gronwall
inequality, it follows that

t
Elu(t)> < E|u(0)]? e~ 221t 4 / e MmN oi(s)|Pds < € (7.2)
0 j
where C' is a constant independent of ¢t. A few more estimates are needed
and are stated below:

Proposition 7.1. Under the conditions of Theorem 6.2 the following esti-
mates hold:
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1. Forany 0 <t <T,

Elu(t)? < El(0)F + C, / {Es)P + Z|a 2p2yas  (73)

2.

E sup [u(t)* < Elu(0) rp+0pT/ (£ + Zm 29/2) s (7.4)

0<t<T

Proof. Using the Ito Lemma in (7.1) for the function f(x) = xP/2, one gets
that

u@®P = [©)P - vp /O [u(s)| 2 [uf*2 ds
+p/2/ {2(f(s), —i—Z\a] )2} [a(s)[P~2 ds
+p/2Z/ () u(s))u(s) P2 dWi(s)

p2_ : z]:/o [u(s) P~ (;(s), u(s))” ds (75)

Therefore (7.3) follows by using (7.5).

Let J = Efsupgeyer |5, fi(05(s), uls)) [u(s)[P~2d1W;(s)]}.
By the the Burkholder-Davis-Gundy inequality, one obtains

T
7= VABL[ S (o) u(s)F ful) P dsp

IN

IN

T
VRE( [ 3 oy (o) ) sy 2

IN

T
VRE( sup [u(s) ) ([ X oo s

0<s<T

IN

eE{ sup |u(s)[’} + Cepr / Z|a] P2 ds  (7.6)

0<s<T

Using (7.5) and (7.6),it is easy to show (7.4). O
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It should be noted that }, fg (0j(s),u(s)) dWj(s) is indeed a martingale
for t € [0,T] as can be seen by a stopping time argument. The next Lemma
is stated without a proof. One can see a proof in [9].

Lemma 7.2. Let B(t) be an increasing, progressively measurable process
with B(0) > 0 a.s. Let M(t) be a continuous martingale with M(0) =
t
1
0. If Z(t) = / (s) converges a.s. to a finite limit as t —
0

B(s)
then Tim 2L _ the set {B(oo) = oo} where M*(t) =
o0, en e B( ) = a.s. on e se xX0) = O whnere =

SUPp<s<t |M( )|

M= (t)

Lemma 7.3. Let lim;_,o Z |O'] (t)| =Ly <oco. Then limy oo —5—~ =0

a.s. where M(t) =3, fO oj(s),u(s)) dWj(s).

Proof. For any € > 0, set B(t) = e+t in Lemma 7.2 so that in the notation
t

1
of that Lemma Z(t) = / dM (s). Therefore,
o (e+s)

0j(s),u(s " oj(s)1? Ju(s)?
t—Z/ 6—|—82 d5<2/ (c+ 5)2 ds.
so that upon letting ¢ to co and then taking expectation,

> Joj(s)]” Elu ()!
Z/ 6+S ds

1
<
< C'/O (6+s)2d8

< o0

E(Z)oo

IN

by using the estimate (7.2). Hence (Z)s < 00 a.s. which allows us to con-
clude that lim;_,~, Z(t) exists and is finite almost surely. Invoking Lemma
(7.2), the proof is completed. O

Theorem 7.4. Let u and v be the solutions of (6.4) started at ug and vq re-
spectively. Assume thatlimy—, >, [o;(t )2 = L1 < 00 andlimy o [f(2)|? =

L 4L
Lo. Let L denote Ly + 4—2 Ifv3 > v then limy_,o |u(t) —v(t)| =0 a.s.
v 1
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Proof. From (6.4),

+y/ Au ))ds+/0 (B(u(s))~B(v(s))) ds = uy—vo.

By the It6 formula,
\U(t)—V(t)ler/o 2(v|(u(s)=v(s))[[*+ (B(u(s))~B(v(s)), u(s)~v(s))) ds

= [up — vo/? (7.7)
Let w = u — v. By the bilinearity of the operator B,
(B(u),w) =b(u,u,w) =b(u,w,w) + b(u, v,w).
Therefore by using the fact that b(u, w,w) = 0, we get
(B(u) —B(v),w) =b(u,v,w) — b(v,v,w) = b(w,v,w). (7.8)

Using (7.8) and a basic estimate of the nonlinear term in the Navier-Stokes
equation yields

[(B(u) = B(v),w)| < 2|[wl[ |w][|v]]. (7.9)
The bound (7.9) when used in (7.7) gives the following estimate:

w(t)? +2v /0 lw(s)][ ds
< W(O)P +4 / w(s) Il [w(s)]|[v(s)]] ds (7.10)

Using Young’s inequality on the right side of (7.10), and continuing:
2 ! 2 4 [t 2 2
< (W) +v ; [w(s)|I" ds + ; (w(s)I"[[v(s)||"ds (7.11)

(7.12)

Using the Poincaré inequality A;|w|? < ||w||? in (7.11) and rearranging the
terms ,we arrive at

w <>P+m1/ w(s)? ds < [w(0)[? + /\w 2 |v(s)|Pds (7.13)

By the Gronwall Lemma, we thus get

WO < WO expl, [ IvIPds vt} (T
0

The equation (7.1) can be rewritten as
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V() +2v 5 [[v(s)I[* ds

— |v(0)\2+2/0 (f(s),v(s))ds—l—Z/o |O‘j($)|2d8
+2Z / o5 (), v(s)) AW, (s) (7.15)

Upon noting that
tg(s) |2 t
[ aevenas< [ gy [ as
o 0

one obtains from (7.15) the following:

Vfo [v(s)||* ds

1 1 t t
< VO - MOPR + - [ fe)ftds+ 3 | 1asts)as

+2Z / a;(s),v(s)) dWj(s) (7.16)
By Lemma 7.3,
.1 !
Jim 237 [ oy (s W) = . (7.17)
J
By the hypotheses of the theorem
1 ! 2
tli>r1010 tZ/O loj(s)|“ds = L. (7.18)
J
and
.1t 2
tlggo A If(s)|*ds = Lo. (7.19)

Let L:=L; + L 12 Using (7.17), (7.18) and (7.19) in (7.16), one obtains

hm / [v(s)||*ds < L (7.20)

Thus the inequality (7.14) in conjunction with the bound (7.20) completes
the proof. O

Remark: Exponential stability doesn’t imply that the process admits sta-
tionary measures. In fact, the above theorem pertains to time-inhomogeneous
processes since f and o are time dependent.
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8. Uniqueness of Invariant Measures

Throughout this section, assume that f(t,z) = f(z) and o(t,z) = o(z)
with f € L°(H) and o € L5(I3(H)). A pathwise unique strong solution
u is guaranteed by theorem 2.2 with u(0) = up € H. The existence of
a unique attractor follows from the previous section. The solution is a
time-homogeneous strong Markov process so that the transition probability
function, for all 0 < s < ¢, Borel sets B in H and £ € H, satisfies

Pe(s;tB) = P(u(t) € Blu(s) =&) = P(u(t—s) € Blug=¢§) = F (t—(sé]_;?))

The Navier-Stokes transition probability function has the Feller property.
For, if &, converges to & in H as n — oo, and if u, and u refer to
the solutions of (6.4) started at &, and & respectively, then by theorem
7.4, up(t) — u(t) a.s. for any t. Therefore, ¢(u,(t)) — ¢(u(t)) a.s.
by the continuity of ¢. Thus, by the dominated convergence theorem,

E¢(un(t)) = E¢(u(t)).

L
Theorem 8.1. Let Y. |oj|* = L1 < 0o and |f|* = Ly. Let L = Ly + 4—2
v
Under the hypotheses of the previous theorem, there exists a unique station-

ary measure, with support in V', for the solution u of the equation (6.4).

Proof. The method for showing the existence of a stationary measure is by
averaging:

It follows from (7.1) that

t 2 2
v 2 Elu| £ 2
C [ Bl < 250 B +XlPsc m2
where C' is an appropriate constant. Therefore
1 t
hmmm(/ P{|[u(s)|| > N}ds =0 (8.3)
N—oo ¢+ t 0

Let {t,} be any increasing sequence of positive numbers with lim,,_,o t, =
oo. Define probability measures u,, as follows:

M@%:Anﬂ@IMs

for all I' € B(H). By (8.3), the sequence {u,} is tight in the space of
probability measures on (H,B(H)) equipped with the topology of weak
convergence. By Prokhorov’s theorem there exists a subsequence {y,, }
such that u,, — u.
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Using this and the Feller property, if ¢ € Cy(H),

/ Sep(m)du(n) = lim / Sed(n) dpin,, (1)
H

k—00

tn
th/k/Stfb (&, dn) ds
k—oo t ng

= Jim [ ¢(n)dpn, (n)

— [ otmdutn (8.4)
H

Thus p has been shown to be a stationary measure.

2. By lower semi-continuity of the H-norm, or simply using the Skorohod
representation theorem

[ ePante) <tim int [ [€Paun, (€)
H k—oo J
so that the second moment for the measure p exists.

Let u denote the solution of (6.4) started at ug where the distribution of
uy is given by p. By the estimate (8.2), it follows that u(s) is almost surely
V-valued for almost all s. In particular, u has support in V.

3. uniqueness: Suppose i1 and po are two probability measures on H that
are stationary for the equation (6.4). To show that p; = pg, it suffices to

establish that
/ o(€) dyun () = / O(6) dpial€) (8.5)
H H

for all ¢ € Cy(H). Let u® denote the solution of (6.4) started at & € H at
time 0. Define

1 T
WE(B) = / Py(t, B) dt
0

for all B € B(H). By stationarity,

[ o€ dm© [ o0 dua(©
- |/ / G(E)dp (&) dpr (N //cb ) dp(n) dpa(Q))]
— |// E(¢(u*(t)) dt dpy (A —// E(p(u(t)) dt duz(¢))]

: /H /H T /O E|p(u*(t)) — ¢(u(1))] dt dpur (N)du2(C) (8.6)
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By Theorem 7.4 and continuity of ¢, |¢p(ur(t)) — ¢(us(t))| — 0 as. as
t — oo. Therefore,

T
7| 1ot ®) - st o)lde 0

as T tends to co. By the dominated convergence theorem, the bound (8.6)
tends to 0 as T'— oo. The proof is thus complete. O

Corollary 8.2. Let p denote the unique stationary measure for (6.4). If
u” denotes the solution of (6.4) started at 7, then E+ fg p(u(s))ds —
S 8(&) du(&) for all ¢ € Cy(H).

Proof: For any fixedn € H, let u(B) = %fg Pyt(s, B)ds for all B € B(H).
From step 1 of the proof of theorem 8.1, the weak limit as of any weakly
convergent subsequence of the measures {y;} indexed by ¢ is a stationary
measure for the stochastic differential equation (6.4). By the uniqueness of
stationary measures, it follows that all weakly convergent subsequences of

{u]} converge to the same limit p. The proof is thus completed. O

Remark: Recall that the existence of a unique stationary measure guar-
antees that the measure is ergodic. We thus have a unique ergodic measure
for the solution of the two dimensional Navier Stokes equation under the
stated hypotheses.
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