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1. Introduction

Consider a dynamical system with state space E. If x ∈ E is the initial
state of the system, let usl denote the state of the system at time t by Ttx
where Tt : E → E is a measure preserving transformation. The important
equality Tt(Tsx) = Tt+sx holds in several systems. Let φ be an observable
real-valued function on E. In taking observations, the time to take observa-
tions is much longer than the natural time scale for molecular interactions.
Therefore, we end up with measurements of the average

1

t

∫ t

0
φ(Tsx)ds

instead of φ(x). Boltzmann hypothesized that if orbits wandered all over
the the state space, then the time averages would converge, as t → ∞, to
a phase space average. Our aim is to identify the conditions under which
the time-averages converge to a phase-space mean.

In 1931, Birkhoff proved an important result known as the ergodic theorem
while von Neumann established the mean ergodic theorem. Since then,
several improvements, extensions and refinements have been made of these
results. The ensuing theory is one of the major topics in ergodic theory.
The avid reader can consult books on ergodic theory by Halmos, Sinai,
Petersen, and Walters, to name a few.

In this lecture notes, our aim is to provide an elementary introduction to
ergodic behavior of solutions of stochastic partial differential equations with
particular attention paid to stochastic Navier-Stokes systems. There is an
enormous and ever-growing literature on this topic. We content ourselves
with presenting a few basic results that could enable one to read other
interesting and sophisticated works on ergodicity. The ensuing presentation
has benefitted considerably from the works of Da Prato [3], Zabczyk [4],
Flandoli [6], Mattingly [7], etc.
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First we discuss a few results such as the Krylov-Bogolyubov criterion that
ensure existence of invariant measures for time homogeneous Markov pro-
cesses taking values in a complete separable metric space E. Next, we
introduce the notion of ergodic measures, and prove that the theorem of
Doob which states that the strong Feller property and irreducibility imply
ergodicity of an invariant measure.

Ornstein-Uhlenbeck processes that take values in a real separable Hilbert
space are studied in Section 3. First, we show that the mild solution of the
linear SPDE is strong Feller and irreducible. Then, we identify an invariant
measure and prove that the invariant measure is the unique ergodic mea-
sure. The ergodic measure is Gaussian as one would expect. The Stokes
equation perturbed by an additive noise is a good example of this class of
equations.

In Section 4, we introduce SPDEs with Lipschitz nonlinearities and an ad-
ditive noise. Under suitable hypotheses, irreducibility and strong Feller
properties are established. An invariant measure is identified which implies
the ergodicity of the stochastic system. The differentiability properties of
solutions and the Bismut-Elworthy formula are proved in order to obtain
the strong Feller property. The proof of the existence of an invariant mea-
sure is long. Hence we present only the ideas of the proof.

The two-dimensional Navier Stokes equations with an additive noise for
incompressible fluids in a bounded domain is discussed in Section 6. The
solvability of such equations is well-known (see Menaldi and Sritharan [8]).
In the next section, exponential stability of solutions is proved as in [10]. It
is used in establishing the existence of a unique ergodic measure in Section
8.

2. Definitions and Basic Results

Let (E, d) be a complete, separable metric space with Borel σ-field denoted
by E . Given {Xx

t : x ∈ E, t ≥ 0}, a family of time-homogeneous E-valued
Markov processes indexed by x, with continuous paths and Xx

0 = x, define

Px(t, B) = P{Xx
t ∈ B},

the transition probability measure for all t ≥ 0, x ∈ E and B ∈ E . Then,
P·(t, B) is an E-measurable function for all fixed t and B. The Markov
property yields the Chapman-Kolmogorov equation:

Px(t+ s,B) =

∫
E
Px(t, dy)Py(s,B). (2.1)
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For any given probability measure ν on (E, E), one can define a probability
measure

Pν(t, B) :=

∫
E
Px(t, B)ν(dx).

If ξ is a random variable with distribution ν and is independent of {Xx :
x ∈ E}, then one can construct a continuous time-homogeneous Markov

process, denoted Xξ, such that Xξ
0 = ξ, and for any t > 0, Pν(t, ·) is the

distribution of Xξ
t .

One can define a semigroup of linear operators St on Bb(E) as follows:

Stφ(x) = Eφ(Xx
t ) =

∫
E
φ(y)Px(t, dy). (2.2)

The semigroup, St is strongly continuous and is called a Markov semigroup
since St is a positivity preserving contraction and St1 = 1.

Definition 2.1. A probability measure µ on (E, E) is called an invariant
measure for the transition probability St if it satisfies

µ (B) =

∫
E
Px(t, B) dµ(x).

for all B ∈ E , or equivalently, if for all φ ∈ Cb(E), and all t ≥ 0,∫
E
φ(x) dµ(x) =

∫
E

(St φ)(x) dµ(x). (2.3)

In other words, Eµφ(ξ) = Eµφ(Xξ
t ).

Definition 2.2. The Markov semigroup St is said to have the Feller prop-
erty if St maps Cb(E) to Cb(E). The semigroup possesses the strong Feller
property if St maps Bb(E) to Cb(E).

Proposition 2.3. Suppose that St has the Feller property. Let µt denote

Pν(t, ·), the distribution of Xξ
t . If µt converges weakly to µ as t→∞, then

µ is an invariant measure for St.

Proof. With ν being the distribution of the initial variable ξ, we can write,
for any φ ∈ Cb(E),∫

E
φ(x)dµt(x) =

∫
E

(Stφ)(x)dν(x)→
∫
E
φ(x)dµ(x)

as t→∞. Therefore, for any fixed s > 0,∫
E

(St+sφ)(x)dν(x)→
∫
E
φ(x)dµ(x) (2.4)
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as t→∞. On the other hand,∫
E

(St+sφ)(x)dν(x) =

∫
E

(St(Ssφ))(x)dν(x)→
∫
E

(Ssφ)(x)dµ(x) (2.5)

as t→∞ since Ssφ ∈ Cb(E) by the Feller property. From (2.4) and (2.5),
it follows that ∫

E
(Ssφ)(x)dµ(x) =

∫
E
φ(x)dµ(x)

for all s > 0. In other words, µ is an invariant measure. �

Next, a constructive proof for the existence of an invariant measure due to
Krylov and Bogolyubov, is given.

Theorem 2.4. Suppose that St has the Feller property. Suppose that for
some x ∈ E, there exists a sequence of times tn ↑ ∞ such that the sequence
of Borel probability measures {ηn} defined by

ηn(B) =
1

tn

∫ tn

0
Px(s,B)ds (2.6)

is tight. Then there exists an invariant measure for St.

Proof. By hypothesis (2.6), there exists a subsequence {ηnj} which con-
verges weakly to a probability measure η. We will show that η is an in-
variant measure. In what follows, we will call this subsequence as {ηn} for
notational simplicity.

Recall that Xx
t is a Feller process so that its semigroup St maps Cb to Cb.

Hence, for any bounded continuous function f on E,∫
(Stf)(y)η(dy) = lim

n→∞

∫
(Stf)(y)ηn(dy). (2.7)

We will consider
∫

(Stf)(y)ηn(dy) for any fixed n. By the Chapman-
Kolmogorov equation, and the Fubini theorem,∫

(Stf)(y)ηn(dy) =
1

tn

∫ tn

0

∫
(Stf)(y)Px(s, dy)ds

=
1

tn

∫ tn

0

∫ ∫
f(z)Py(t, dz)Px(s, dy)ds

=
1

tn

∫ tn

0

∫
f(z)Px(t+ s, dz)ds

=
1

tn

∫ tn

0
(St+sf)(x)ds.
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The last expression can be written as 1
tn

∫ tn+t
t (Suf)(x)du which can be split

as
1

tn

[ ∫ tn

0
(Suf)(x)du+

∫ tn+t

tn

(Suf)(x)du−
∫ t

0
(Suf)(x)du

]
.

Using this expression on the right side of Equation (2.7), we obtain∫
(Stf)(y)η(dy) = lim

n→∞

1

tn

[ ∫ tn

0
(Suf)(x)du

]
= lim

n→∞

∫
f(y)ηn(dy)

=

∫
f(y)η(dy)

by the weak convergence of ηn. Thus η is therefore an invariant measure.
�

Proposition 2.5. Let µ be an invariant measure for Equation (5.1). If we
set the distribution of the initial distribution to be µ, then the corresponding
Markov process is a stationary process.

The next result is on uniqueness of invariant measures.

Proposition 2.6. Suppose that St has the Feller property. Let µxt denote
Px(t, ·), the distribution of Xx

t . If µxt converges weakly to µ as t → ∞ for
all x ∈ E, then µ is the unique invariant measure for St.

Proof. For any φ ∈ Cb(E),

Stφ(x) =

∫
E
φ(y)dµxt (y)→

∫
E
φ(y)dµ(y).

Therefore, for any invariant measure ν, we have∫
E
φ(x)dν(x) =

∫
E
Stφ(x)dν(x) for all t

= lim
t→∞

∫
E
Stφ(x)dν(x)

=

∫
E

∫
E
φ(y)dµ(y)dν(x)

by the bounded convergence theorem. Thus for all φ ∈ Cb(E), we have∫
E
φ(x)dν(x) =

∫
E
φ(y)dµ(y).

Hence µ is the unique invariant measure. �
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Definition 2.7. Let µ be an invariant measure for St. A set A ∈ E is
called an invariant set with respect to the semigroup St if for all t ≥ 0,

St1A = 1A µa.s.

The measure µ is called ergodic if µ(A) is either 0 or 1 for any invariant
set A.

The following result is standard and stated without proof. One can find a
proof in the book by Da Prato and Zabczyk.

Proposition 2.8. If µ is an ergodic measure for the Markov family {Xx
t :

x ∈ E}, then for any φ ∈ L2(E,µ),

lim
t→∞

1

t

∫ t

0
Ssφds =

∫
φdµ (2.8)

where the limit is taken in L2(E,µ).

Proposition 2.9. If µ and ν are two ergodic measures with respect to St,
and if µ 6= ν, then µ and ν are singular.

Proof. Let A ∈ E such that µ(A) 6= ν(A). By the above proposition, there
exists tn ↑ ∞ such that

lim
n→∞

1

tn

∫ tn

0
(St1A)(x)dt = µ(A) µ almost all x

and

lim
n→∞

1

tn

∫ tn

0
(St1A)(x)dt = ν(A) ν almost all x

Let the two almost sure sets be denoted B and C respectively. Then,
B ∩ C = ∅ and µ(B) = ν(C) = 1 which completes the proof. �

Theorem 2.10. If µ is the unique invariant measure for the family {Xx :
x ∈ E}, then µ is ergodic.

Proof. Suppose that µ is not ergodic. Then, there exists a set A ∈ E such
that 0 < µ(A) < 1 and

St1A = 1A µ a.s. (2.9)

Define another measure ν on E by

ν(B) =
µ(A ∩B)

µ(A)
.
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We will show that ν is an invariant measure. Consider∫
E
Px(t, B)dν(x) =

1

µ(A)

∫
A
Px(t, B)dµ(x)

=
1

µ(A)
{
∫
A
Px(t, A ∩B)dµ(x) +

∫
A
Px(t, Ac ∩B)dµ(x)}.

(2.10)

From St1 = 1 and (2.9). it follows that

Px(t, A ∩B) ≤ Px(t, A) = 0 µ a.s. on Ac

and

Px(t, Ac ∩B) ≤ Px(t, Ac) = 0 µ a.s. on A

Hence, equation (2.10) can be written as∫
E
Px(t, B)dν(x) =

1

µ(A)

∫
E
Px(t, A ∩B)dµ(x).

Using invariance of µ on the right side,∫
E
Px(t, B)dν(x) =

µ(A ∩B)

µ(A)
= ν(B).

Thus ν is also an invariant measure, a contradiction to the uniqueness of
invariant measures. �

Definition 2.11. A Markov family Xx is called irreducible if for all t > 0,
any non-empty open set G in E, and any x ∈ E, we have

P{Xx
t ∈ G} > 0.

That is, Px(t, G) > 0.

Proposition 2.12. If the semigroup St is irreducible and strongly Feller,
then the family of probability measures {Px(t, ·) : x ∈ E} are mutually
equivalent for each t > 0.

Proof. Pick any t, s > 0 Assume that Px0(t + s,B) > 0 for some x0 ∈ E,
and B ∈ E . By Chapman-Kolmogorov equation,

Px0(t+ s,B) =

∫
E
Px0(t, dy)Py(s,B)

Therefore, there exists a y0 such that Py0(s,B) > 0. By the strong Feller
property, Py(s,B) is a continuous function of y. Hence, there exists a
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neighborhood of y0, say, Br(y0) such that Py(s,B) > 0 for all y ∈ Br(y0).
So, for any arbitrary x ∈ E,

Px(t+ s,B) =

∫
E
Px(t, dy)Py(s,B)

≥
∫
Br(y0)

Px(t, dy)Py(s,B) > 0

since Px{t, Br(y0)} > 0 by irreducibility. �

The main result that we need is the following theorem due to Doob.

Theorem 2.13. Let µ be an invariant measure for the Markov family {Xx :
x ∈ E}. If the corresponding semigroup St is irreducible and strongly Feller,
then µ is the unique invariant measure, and hence ergodic.

Proof. Let A be an invariant set so that

St1A = 1A for all t > 0. (2.11)

Suppose that µ(A) > 0. We have to show that µ(A) = 1. Since µ(A) > 0,
there exists an x0 ∈ A such that Px0(t, A) = 1. By the previous proposition
the family of probability measures Px(t, ·) indexed by x are equivalent, so
that Px(t, A) = 1 for all x ∈ E. Using, in addition, invariance of µ, it
follows that

µ(A) =

∫
E
Px(t, A)dµ(x) = 1.

Thus µ is ergodic. If ν is another invariant measure, then repeating the
above arguments, ν is also ergodic. Being invariant measures, both µ and ν
are equivalent to Px(t, ·) for any x and t. Therefore, µ and ν are equivalent,
and by Proposition 2.9, we can conclude that µ = ν. �

3. Linear Equations with Additive Noise

Let H be a real separable Hilbert space with norm denoted by |·|, and inner
product, by (·, ·). Consider the infinite-dimensional stochastic equation

dut = Autdt+ σdWt (3.1)

with u0 = x ∈ H. We will work under the following hypotheses:

Hypotheses A:

A.1 The operator A : D(A) ⊂ H → H, and A generates a strongly
continuous semigroup etA on H.

A.2 The noise coefficient σ : H → H be a continuous linear operator.
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A.3 The linear operator Qt : H → H defined by

Qth =

∫ t

0
esAσσ∗esA

∗
hds

is a nuclear operator for all t ≥ 0.
A.4 The operator Qt admits an inverse, and the operator Lt defined by

Lt = Q
−1/2
t etA (3.2)

is a continuous linear operator on H.

The integrator W is taken to be a cylindrical Wiener process in H defined
on a complete probability space (Ω,F , P ). We can write, for any CONS
{ej} in H,

Wt =
∞∑
j=1

Bj(t)ej

where Bj are independent standard one-dimensional Brownian motions.
The mild solution of (3.1) is given by

ut = etAx+

∫ t

0
e(t−s)AσdWs. (3.3)

We will use the notation

Zt :=

∫ t

0
e(t−s)AσdWs

and call Zt as the stochastic convolution integral. Note that Zt is H-
valued since

Zt =

∞∑
j=1

∫ t

0
e(t−s)AσejdBj(s)

and the series converges in L2(P ) as H-valued random variables. Indeed,
for any t,

E[|Zt|2] =
∞∑
j=1

∫ t

0
‖e(t−s)Aσej‖2 ds

=

∫ t

0
‖e(t−s)Aσej‖2HS ds

=

∫ t

0
tr(σ∗e(t−s)A

∗
e(t−s)Aσ)ds

=

∫ t

0
tr(e(t−s)Aσσ∗e(t−s)A

∗
)ds

= tr Qt <∞
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by hypothesis (A.3). The H-valued random variable Zt has a Gaussian
distribution with mean 0 and variance given by tr Qt.

Likewise, one can check that

E[(Zt1 , Zt2)] =

∫ t1∧t2

0
tr(e(t1−s)Aσσ∗e(t−2−s)A

∗
)ds.

and for any h1, h2 ∈ H,

E
[
(Zt, h1)(Zt, h2)

]
= (Qth1, h2).

So far, we have considered the solution Z for a fixed t. The next result
views Z as a stochastic process.

Proposition 3.1. Fix any T > 0. Let L2(Ω;H) denote the space of H-
valued random variables which are square integrable. Then, Z : [0, T ] →
L2(Ω;H) is a continuous map. That is, Z is in C([0, T ];H) in the mean-
square sense.

Proof. Let 0 ≤ r < t ≤ T . Then Zt − Zr

=
∞∑
j=1

∫ r

0

(
e(t−s)A − e(r−s)A

)
σejdBj(s) +

∞∑
j=1

∫ t

r

(
e(t−s)A

)
σejdBj(s)

= I1 + I2 say.

Since I1 and I2 are independent,

E|Zt −Zr|2 =

∫ r

0
tr
{

(e(t−s)A − e(r−s)A)σσ∗(e(t−s)A
∗ − e(r−s)A∗)

}
ds+Qt−r

which tends to zero as r → t. �

The mild solution ut given by (3.3) is known as the Ornstein-Uhlenbeck
process. We will denote it by u(t, x) as well. Define the semigroup St acting
on Bb(H) by

Stφ(x) = E[φ(u(t, x))]

=

∫
H
φ(y)µx,t(dy)

where µx,t is the N(etAx,Qt) distribution. When x = 0, we will write µt
for µ0,t. By change of variables, we can also write

Stφ(x) =

∫
H
φ(etAx+ y)µt(dy).

Theorem 3.2. The semigroup St has the strong Feller property. In fact,
St maps Bb(H) to C1

b (H).
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Proof. Step 1: The semigroup St is strong Feller.

Recall the operator Lt = Q
−1/2
t etA defined in (3.2) which we have assumed

to be continuous. It is clear that

dµx,t
dµt

(y) = exp{−1

2
(Ltx, Ltx) + (Ltx,Q

−1/2
t y)}.

Hence,

(Stφ)(x) =

∫
H
φ(y) exp{−1

2
(Ltx, Ltx) + (Ltx,Q

−1/2
t y)}dµt(y). (3.4)

Note that for any positive ε,

|(Ltx,Q−1/2t y)| ≤ 2

ε
|Ltx|2 + ε|Q−1/2t y|2.

Take ε < 1/2, and fix any R > 0. Consider any x in the open R-ball in H.
There exists a corresponding constant C such that |Ltx| ≤ C. Hence, the
integrand in (3.4) in absolute value can be bounded by

‖φ‖∞ exp{2

ε
C2} eε|Q

−1/2
t y|2

which is integrable with respect to µt. This enables us to use LDCT in
(3.4) to conclude that if xn → x in H, then

lim
n→∞

(Stφ)(xn) = (Stφ)(x).

Step 2: The semigroup St : Bb(H)→ C1
b (H).

Differentiating with respect to x in equation (3.4), the derivative can be
taken inside the integral if the derivative of the integrand remains bounded
uniformly in x in bounded balls. The derivative of the integrand on the
right side of (3.4) with respect to x equals

φ(y) exp{−1

2
|Ltx|2 + (Ltx,Q

−1/2
t y)} (Lt, Q

−1/2
t y − Ltx). (3.5)

Clearly, for any x, y ∈ H, we have Dx|Ltx|2 = 2(Ltx, Lt), and

Dx(Ltx,Q
−1/2
t y) = (Lt, Q

−1/2
t y).

Let |x| < R so that |Ltx| ≤ C as in Step 1. Then

|(Lt, Q−1/2t y − Ltx)| ≤ ‖Lt‖(|Q−1/2t y|+ |Ltx|)

≤ ‖Lt‖(|Q−1/2t y|+ C). (3.6)

Using (3.6), we can bound (3.5) by a function which is integrable with
respect to µt. Such a bound holds for all x with |x| < R. We can therefore
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differentiate Stφ(x) with respect to x and obtain

(Dxφ(u(t, x), z) =

∫
φ(y)(Ltz,Q

−1/2
t y−Ltx) exp{−1

2
|Ltx|2+(Ltx,Q

−1/2
t y)}dµt(y)

(3.7)
for all z ∈ H. Changing variables from y to etAx+ y, we can write

(Dxφ(u(t, x), z) =

∫
φ(etAx+ y)(Ltz,Q

−1/2
t y)µx,t(dy). (3.8)

�

Next, we wil prove irreducibility of the Markov family {u(t, x)}.

Theorem 3.3. Consider the mild solutions u(t, x) given by equation (3.3)
for all x ∈ H. Under the hypotheses A, the family is irreducible.

Proof. Fix any z ∈ H and r > 0. Let Br(z) be the r-ball with center at
z. We need to show that µx,t(Br(z)) > 0 for all x ∈ H and t > 0. Since
u(t, x) is a N(etAx,Qt) random variable, it follows that u(t, x) − z has a
N(etAx− z,Qt) distribution. We will call the latter distribution as ν, and
etAx− z as α for simplicity.

Since Qt is a nuclear operator, and kernel of Qt is {0}, there exists a CONS
{ej} in H, and a sequence {λj} of positive numbers such that

Qtej = λjej .

We can expand any y ∈ H in terms of ej , and write y =
∑∞

j=1 yjej . Then,

µx,t(Br(z)) = ν(Br(0))

≥ ν(y :

n∑
j=1

y2j <
r2

2
)ν(y :

∞∑
j=n+1

y2j <
r2

2
). (3.9)

Under ν, the random variables yj are independent with N(αj , λj) distribu-
tion. Therefore,

ν(y :

n∑
j=1

y2j <
r2

2
) > 0.

Let A denote the set {y :
∑∞

j=n+1 y
2
j < r2

2 }. Then by the Chebyshev
inequality,

ν(Ac) ≤ ν(
∞∑

j=n+1

(yj − αj)2 ≥
r2

4
−

∞∑
j=n+1

α2
j )

≤ 1

β

∞∑
j=n+1

λj
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where β = r2

4 −
∑∞

j=n+1 α
2
j and n is large enough so that β > 0. Since

∞∑
j=n+1

λj → 0 (3.10)

as n→∞, we obtain that for n large enough,

ν(y :
∞∑

j=n+1

y2j <
r2

2
) > 0. (3.11)

Thus from (3.9), it follows that µx,t(Br(z)) > 0. �

We turn our attention to explore the asymptotic behavior of the family
of Markov processes, Xx. Under hypotheses A, it is clear that there exist
constants K > 0 and β ∈ IR such that

‖etA‖ ≤ Keβt. (3.12)

We will assume that β < 0. Define an operator Q∞ on H by

Q∞(x) =

∫ ∞
0

etAσσ∗etAxdt

Since β < 0, Q∞ has finite trace. Define the process Mt by

Mt =

∫ t

0
esAdWs. (3.13)

It is clear that Mt and Zt have the same distribution.

Lemma 3.4. Under hypotheses A and the condition that β < 0, the fol-
lowing limit in L2(Ω;H) holds:

lim
t→∞

Mt =

∫ ∞
0

esAσdWs.

The limit is denoted by M∞.

Proof. For any s, t > 0, consider

E‖Ms+t −Ms‖2 =

∫ s+t

s
tr (erAσσ∗erA

∗
)dr

=

∫ t

0
tr (e(s+r)Aσσ∗e(s+r)A

∗
)dr

= tr {esAQtesA
∗}

≤ Ke2βstr Q∞
Thus, Mt is Cauchy in L2(Ω;H) so that limt→∞Mt exists. The proof is
over by using the Itô isometry. �
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In the next lemma, we will use the notation µ for the distribution of M∞.
Note that M∞ is a N(0, Q∞) random variable.

Lemma 3.5. Under hypotheses A and the condition that β < 0, we have

lim
t→∞

Stφ(x) =

∫
H
φ(y)dµ(y) (3.14)

for all φ ∈ Cb(H) and x ∈ H.

Proof. It is clear that

Stφ(x) = E[φ(u(t, x)] = E[φ(etAx+ Zt)] = E[φ(etAx+Mt)]

since Zt and Mt are identically distributed. Allowing t → ∞, the result is
obtained since etAx→ 0, and Mt →M∞ in distribution. �

Theorem 3.6. Under hypotheses A and the condition that β < 0, the
measure µ is the unique invariant measure, and is ergodic.

Proof. Let ξ be any initial random variable. Since the distribution of Xξ
t

converges weakly to µ, Proposition implies that µ is invariant. The unique-
ness of invariant measures follows from Proposition.

Besides, µ is ergodic since the Markov family is irreducible and strong
Feller. In fact, µ is the only ergodic measure for the family {Xx} since the
support of µ is full in H. �

4. Nonlinear Equations with Additive Noise

In this section, we will study the following stochastic differential equation:

dut = {Aut + F (ut)}dt+ σdWt (4.1)

with u0 = x ∈ H. We assume hypotheses A and a Lipschitz continuity
condition on F :

A.5 There exists a constant C > 0 such that |F (x)− F (y)| ≤ C|x− y| for
all x, y ∈ H.

With condition (A.5) appended to hypotheses A, we will call the full list

of conditions as Hypotheses A
′
. The mild solution u of (4.1) on any given

interval [0, T ] is defined to be a continuous map u : [0, T ]→ L2(Ω;H) such
that

ut = etAx+

∫ t

0
e(t−s)AF (us)ds+ Zt (4.2)
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where, as before, Zt is the stochastic convolution integral. The existence
and uniqueness of a mild solution to equation (4.1) is well-known and is a
simple consequence of the fixed point principle.

Consider the following two auxiliary problems on [0, T ]. First, truncate the
cylindrical Wiener process W and form the finite-dimensional process

Wn(t) =

n∑
j=1

Bj(t)ej .

The first problem is to solve

dun(t) = [Aun(t) + F (un(t))]dt+ σdWn(t) (4.3)

with un(0) = x. We would expect un to converge to u in some sense.

The second problem consists in replacing A in (4.3) by the Yosida approx-
imation Am and solving the resulting equation

dun,m(t) = [Amun,m(t) + F (un,m(t)]dt+ σdWn(t) (4.4)

with un,m(0) = x.

By a fixed point argument, a unique mild solution exists for each of the
above problems.

Theorem 4.1. Let the hypotheses A′ hold, and x ∈ H. Then, for any
n,m ∈ N, the following limits hold in C([0, T ];L2(Ω;H)):

lim
n→∞

un(t) = ut and lim
m→∞

un,m(t) = un(t). (4.5)

Proof. The first approximation in (4.5) is straightforward. For, consider

un(t)− ut =

∫ t

o
e(t−s)A[F (un(s))− F (us)]ds+

∞∑
j=n+1

∫ t

0
e(t−s)AσejdBj(s).

Then, by using the Lipschitz condition on F ,

E|un(t)− ut|2 ≤ kT
∫ t

0
E|un(s)− us|2ds+ 2

∞∑
j=n+1

∫ t

0
|esAσej |2ds

for a suitable constant kT that depends on T . By the Gronwall Lemma, it
follows that

lim
n→∞

E|un(t)− ut|2 = 0.



16 P. SUNDAR

We will now prove the second limit in (4.5). Consider

un,m(t)− un(t) = [etAm − etA]x+

∫ t

0
e(t−s)Am [F (un,m(s))− F (un(s))]ds

+

∫ t

0
[e(t−s)Am − e(t−s)A]F (un(s))ds

+

n∑
j=1

∫ t

0
[e(t−s)Am − e(t−s)A]σejdBj(s).

= I1 + I2 + I3 + I4 (say).

The bound

E|I2|2] ≤ C(T )

∫ t

0
E|un,m(s)− un(s)|2 ds (4.6)

is easy to obtain, where C(T ) is a constant that depends on T . Clearly, the
term I1 → 0 uniformly in t ∈ [0, T ] as m → ∞. Using a similar reasoning
and LDCT, it follows that

E(|I3|2) ≤ T
∫ T

0
E|(e(t−s)Am − e(t−s)A)F (un(s))|2 ds (4.7)

which tends to 0 as m→∞.

E|I4|2] ≤
n∑
j=1

∫ T

0
|(e(t−s)Am − e(t−s)A)σej |2 ds (4.8)

which tends to zero as m → ∞. Using (4.6), (4.7), (4.8) in a Gronwall
argument, the proof is completed. �

Differentiability of Solutions: It is a simple exercise to show that, for
any x, y ∈ H, there exists a constant CT > 0 such that

|u(t, x)− u(t, y)| ≤ CT |x− y|. (4.9)

We will prove differentiability of the mild solution with respect to initial
data x. If the derivative Du(t, x) exists, define vz(t, x) = Du(t, x)z for all
z ∈ H. One would expect the process vz to satisfy the equation:

dvz(t, x) = Avz(t, x)dt+DF (u(t, x)) · vz(t, x) (4.10)

with vz(0, x) = z. Hence, we need differentiability of F . For this purpose,
we will assume the stronger condition that F is actually in C2

b (H;H) and
denote the bounds on the derivatives of F by C.

As before, the mild solution of (4.10) can be shown to exist and is given by

vz(t, x) = etAz +

∫ t

0
e(t−s)ADF (u(s, x)) · vz(s, x)ds.
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The solution is unique.

Theorem 4.2. Let Hypotheses A hold, and F be in C2
b (H;H). Then u(t, x)

is differentiable with respect to x almost surely, and

Du(t, x)z = vz(t, x) a.s. (4.11)

where vz(t, x) is the mild solution of (4.10). Moreover, there exists a con-
stant Ct that depends on t such that

|vz(t, x)| ≤ CT |z| for all z ∈ H. (4.12)

Proof. First, using (3.12), it is easy to obtain

|vz(t, x)| ≤ Keβt|z|+KC

∫ t

0
eβ(t−s)|vz(s, x)|ds

where C is the bound for the derivative of F . By a Gronwall argument,
the bound (4.12) follows.

Define ∆z(t, x) := u(t, x+ z)− u(t, x)− vz(t, x). We will show that

|∆z(t, x)| ≤ CT |z|2

for all 0 ≤ t ≤ T . The process ∆z satisfies

∆z(t, x) =

∫ t

0
e(t−s)A[F (u(s, x+ z))− F (u(s, x))]ds

−
∫ t

0
e(t−s)ADF (u(s, x)) · vz(s, x)ds. (4.13)

For any 0 ≤ a ≤ 1 and any t ∈ [0, T ], define

η(a, t) = a u(t, x+ z) + (1− a)u(t, x).
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Then on the right side of (4.13) we can use chain rule to write

∆z(t, x) =

∫ t

0
e(t−s)A

∫ 1

0
DF (η(a, s))da[u(s, x+ z)− u(s, x)] ds

−
∫ t

0
e(t−s)ADF (u(s, x)) · vz(s, x) ds

=

∫ t

0
e(t−s)A

∫ 1

0
DF (η(a, s))da[∆z(s, x) + vz(t, x)] ds

−
∫ t

0
e(t−s)ADF (u(s, x)) · vz(s, x)ds

=

∫ t

0
e(t−s)A

∫ 1

0
DF (η(a, s))da∆z(s, x) ds

+

∫ t

0
e(t−s)A{

∫ 1

0
[DF (η(a, s))−DF (u(s, x))]da} · vz(s, x) ds.

Using the bound on the second derivative of F and (4.12), there exists a
constant K such that∫ 1

0
[DF (η(a, s))−DF (u(s, x))]da ≤ K|u(s, x+ z)− u(s, x)| |z|

= K[|∆z(s, x)|+ |vz(s, x)|] |z|
≤ K[|∆z(s, x)|+K|z|] |z|.

Therefore, for all |z| < 1,

|∆z(t, x)| ≤ 2K

∫ t

0
|∆z(s, x)|ds+K2|z|2.

A use of the Gronwall Lemma completes the proof. �

Along similar lines, the conclusions of the above theorem hold for the deriva-
tives of the approximations un(t, x) and un,m(t, x) of u(t, x).

Strong Feller Property: Consider the semigroup Stφ(x) = E[φ(ut(x)]
for all φ ∈ Bb(H), t > 0 and x ∈ H. Then St is a contraction semigroup
on Bb(H) equipped with the supremum norm. It has the Feller property.
Indeed, if φ ∈ C1

b (H), then by (4.9)

|Stφ(x)− Stφ(y)| ≤ ‖φ‖1E|ut(x)− ut(y)|
≤ ‖φ‖1CT |x− y|

for all x, y ∈ H. Thus Stφ is in Cb(H). Since C1
b (H) is dense in Cb(H), St

is Feller.
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The above conclusions hold for the semigroups Snt and Sn.mt which corre-
spond to the family of processes un(t, x) and un,m(t, x) respectively. By
LDCT, we have, for all φ ∈ Cb(H), t > 0 and x ∈ H,

lim
n→∞

Snt φ(x) = Stφ(x)

and for each n ∈ N,

lim
m→∞

Sn,mt φ(x) = Snt φ(x).

By the above theorem, if we assume that F ∈ C2
b (H : H), then Stφ is

differentiable for any φ ∈ Cb(H), and

(DStφ(x), z) = E[(Dφ(ut(x)), vz(t, x))] (4.14)

for all x ∈ H.

We will now prove a result known as the Bismut-Elworthy formula. Though
it is a more general result, we present it below for the present context.

Proposition 4.3. Let hypotheses A hold. Assume that F is a Lipschitz
continuous C3(H;H) function with bounded derivatives. and that the in-
verse of σ exists and is a continuous operator. Then, for all φ ∈ C2

b (H),
we have

(DStφ(x), z) =
1

t
E
[
φ(u(t, x))

∫ t

0
σ−1vz(s, x)dWs)

]
(4.15)

for all t > 0 and z ∈ H.

.

Proof. First, we will consider the approximation un,m(t, x). Then Sn,mt φ ∈
C2
b (H) since u(t, x) is twice differentiable with respect to x. when F has

bounded derivatives of first, second and third order.

If we denote Sn,mt φ(x) by an,m(t, x), then an,m(t, x) satisfies the Kolmogorov
equation:

∂an,m(t, x)

∂t
= (Amx+ F (x), Dan,m(t, x)) +

1

2
tr [σ∗nσnD

2an,m(t, x)]

an,m(0, x) = φ(x).

Fixing t, consider an,m(t − s, un,m(s, x)) as a function of s and un,m(s, x).
Then by the Itô formula, one obtains

an,m(0, un,m(t, x)) = an,m(t, x) +

∫ t

0
(Dan,m(t− s, un,m(s, x)), σndWs).
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Since φ ∈ C2
b (H), we can take, by LDCT, the limit n,m → ∞ inside the

integral and obtain

φ(u(t, x)) = Stφ(x) +

∫ t

0
(DSt−sφ(u(s, x)), σdWs). (4.16)

Multiply (4.16) by
∫ t
0 σ
−1vz(s, x)dWs and take expectation to obtain

E[φ(u(t, x))

∫ t

0
σ−1vz(s, x)dWs] = E[

∫ t

0
(σ∗DSt−sφ(u(s, x)), σ−1vz(s, x))ds]

= E[

∫ t

0
(DSt−sφ(u(s, x)), vz(s, x))ds]

= E[

∫ t

0
DxSt−sφ(u(s, x)) · zds]

=

∫ t

0
DxSsSt−sφ(x) · zds

= tDxStφ(x) · z.

which finishes the proof. �

Any Lipschitz continuous F : H → H can be approximated pointwise
by a Lipschitz continuous C3(H;H) function with bounded derivatives by
convolution.

Indeed, consider a self-adjoint, negative definite operator B : D(B) ⊂ H →
H such that B−1 is nuclear. The unique mild solution of

dX(t, x) = BX(t, x)dt+ IdW (t)

with X(0, x) = x ∈ H exists.

The distribution of X(t, x) is N(etBx, 12B
−1(e2tB − I)). The corresponding

semigroup is strong Feller. Define for any δ > 0,

Fδ(x) = E[eδBF (X(δ, x))].

Then, Fδ is Lipschitz continuous and is C∞ with bounded derivatives. Since
X(t, x) is continuous in time,

lim
δ→0

Fδ(x) = F (x)

for all x ∈ H. We thus have a smooth approximation of F .

Let uδ(t, x) be the unique mild solution of

duδ(t, x) = [Auδ(t, x) + Fδ(u
δ(t, x))]dt+ σdWt (4.17)
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with uδ(0, x) = x. Then, for all t > 0 and x ∈ H, we have

lim
δ→0

uδ(t, x) = u(t, x). (4.18)

Let Sδt be the semigroup corresponding to the family uδ(t, x). Equation
(4.18) implies that

lim
δ→0

Sδt φ(x) = Stφ(x) (4.19)

for all φ ∈ Bb(H), x ∈ H, and t > 0.

Theorem 4.4. Assume hypotheses A′. Let σ admit a continuous inverse.
Then the Markov family {u(t, x)} indexed by x ∈ H (or equivalently St) is
strong Feller.

Proof. Step 1: We will assume that φ ∈ C2
b (H). Fix any δ > 0. Using

(4.15) first, and then (4.12), we obtain, for any z ∈ H,

|(DSδt φ(x), z)|2 ≤ 1

t2
‖|‖φ|2 ‖σ−1‖2E[

∫ t

0
|vδz(s, x)|2ds]

≤ 1

t2
|φ|2 ‖σ−1‖2C2

t |z|2

where vδz(s, x) = Duδ(t, x) · z. Thus, we can conclude that

|DSδt φ(x)| ≤ 1

t
|φ| ‖σ−1‖Ct.

Hence, for any x, y ∈ H,

|Sδt φ(x)− Sδt φ(y)| ≤ 1

t
|φ| ‖σ−1‖Ct|x− y|

Allow δ → 0 so that

|Stφ(x)− Stφ(y)| ≤ 1

t
|φ|2 ‖σ−1‖Ct|x− y|. (4.20)

Step 2: Suppose that φ ∈ Bb(H). For any t > 0, and x, y ∈ H, let µtx
and µty denote the distributions of u(t, x) and u(t, y) respectively. Let ηx,y
denote the signed measure µtx − µty. Choose a sequence φn in C2

b (H) such
that

|φn| ≤ |φ| ∀n
and

φn(h)→ φ(h) ηx,y a.a. h ∈ H.
By LBCT,

Stφ(x)− Stφ(y) =

∫
φ(h) dηx,y(h) = lim

n→0

∫
φn(h) dηx,y(h).
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The proof is completed by a use of the bound (4.20). �

Irreducibility: We will prove irreducibility of the Markov family u(t, x)
via the notion of approximate controllability of differential systems. Con-
sider the equation

dx(t)

dt
= Ax(t) + F (x(t)) + σθ(t) (4.21)

with x(0) = ξ ∈ H and θ ∈ L2(0, T ;H). The mild solution x(t) exists
and is unique. The system (4.21) is approximately controllable in time T
if for any ε > 0, and any ξ1, ξ2 ∈ H, there exists a parameter or control
θ ∈ L2(0, T ;H) such that

|x(T, ξ1; θ)− ξ2| < ε. (4.22)

A well-known result on approximate controllability is given below, and its
proof is omitted.

Proposition 4.5. Under hypotheses A′, the system (4.21) is approximately
controllable in any time T > 0 provided that the range of σ is dense in H.

Theorem 4.6. Assume the hypotheses of the previous proposition. Then,
the family u(t, x) is irreducible.

Proof. Let T > 0 and ε > 0. Take any ξ1, ξ2 in H. We need to show that

P{|u(T, ξ1)− ξ2| < ε} > 0

which is equivalent to showing that P{|u(T, ξ1) − ξ2| ≥ ε} < 1. We know
that there exists a θ ∈ L2(0, T ;H) such that

|x(T, ξ1; θ)− ξ2| <
ε

2
.

Since

|u(T, ξ1)− ξ2| ≤ |u(T, ξ1)− x(T, ξ1; θ)|+ |x(T, ξ1; θ)− ξ2|
it suffices to show that

P{|u(T, ξ1)− x(T, ξ1; θ)| ≥
ε

2
} < 1. (4.23)

It is easy to obtain, for all t ∈ [0, T ], the bound

|u(t, ξ1)− x(t, ξ1; θ)| ≤ CT
∫ t

0
|u(s, ξ1)− x(s, ξ1; θ)|ds+ |Zt −

∫ t

0
σθ(s)ds|

where Zt is the stochastic convolution integral that appears in the mild

solution u(t, ξ1). Let us call
∫ t
0 σθ(s)ds as Ht. Hence, Gronwall Lemma

yields

|u(T, ξ1)− x(T, ξ1; θ)| ≤ eCT

∫ T

0
|Zs −Hs|ds.
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Using Jensen’s inequality, it follows that

u(T, ξ1)− x(T, ξ1; θ)|2 ≤ TeCT ‖Z −H‖2L2(0,T ;H).

By (4.23), it suffices to show that

P{‖Z −H‖L2(0,T ;H) ≥
ε

2
√
TeCT

} < 1.

This is obvious since Z is a normal random variable in L2(0, T ;H). �

Ergodicity: With strong Feller property and irreducibility established,
one would expect ergodicity once we show the existence of an invariant
measure. For this we need additional hypotheses. We will pool together all
the assumptions and call them as Hypotheses B.

Hypotheses B:

B.1 Hypotheses A′ holds.
B.2 For all positive t, ‖etA‖ ≤ eβt.
B.3 There exists a constant κ such that

(F (x)− F (y), x− y) ≤ κ|x− y|2 (4.24)

for all x, y ∈ H.
B.4 β + κ < 0.

The usefulness of condition [B.2] lies in obtaining the bound

(Ah, h) ≤ β|h|2 ∀ h ∈ D(A).

We introduce the notation ρ = |β+κ|. To prove the existence of an invariant
measure, consider the following problem with initial time being negative:

dy(t) = [Ay(t) + F (y(t))]dt+ σdNt ∀ t > −s (4.25)

y(−s) = x ∈ H
where s > 0 and Nt is defined for all t as follows. Take a cylindrical Wiener
process Ŵ independent of W and define

Nt =

{
Wt if t ≥ 0

Ŵ if t ≤ 0

For all t, let Ft denote the σ-field generated by {Nr : r ≤ t} augmented by
P -null sets. Equation (4.25) has a unique mild solution. The distribution
of y0 coincides with that of u(s, x). Let us call the random variable y0
started at time −s and initial state x as y(0;−s, x).

Then, one can show that under Hypotheses B, lims→∞ y(0;−s, x) exists in
L2(Ω;H). Let us call the limit as Y . The law of Y can easily be shown to
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be an invariant measure for St. In fact, it is a unique invariant measure.
We can gather all of the observations that have been made and state the
following theorem:

Theorem 4.7. Assume Hypotheses B. Additionally, let σ admit a contin-
uous inverse, and let the range of σ be dense in H. Then the law of Y is
an ergodic measure for the Markov family {u(t, x) : t ∈ IR+ and x ∈ H}.

5. Strong Solutions and Invariant Measures

Let H be a real separable Hilbert space which contains a reflexive Banach
space V . Let V ∗ denote the dual space of V . With the identification of H∗

with H, we have the following inclusions:

V ⊂→ H = H∗ ⊂→ V ∗.

We will assume that the inclusions are dense and compact. The norms on
H, V and V ∗, the norms will be denoted by | · |, ‖·‖ and ‖·‖∗ respectively.
The inner product on H and the dual pairing between V and V ∗ will be
denoted by (·, ·) and 〈·, ·〉 respectively.

Consider the stochastic the infinite-dimensional stochastic differential equa-
tion on the time interval [0, T ]:

dut = Autdt+ F (ut)dt+G(ut)dWt (5.1)

with u0 = ξ.

In the above equation, let A be is a closed linear operator with domain
D(A) dense in H, and A : V → V ∗. Let F : V → H. The process W is a
H-valued Wiener process with a trace class operator Q as the covariance
form. The noise coefficient G : V → L2

Q which means that

‖G‖Q := {T tr(G(v)QG(v)∗)}1/2 <∞ ∀ v ∈ V.

The initial random variable ξ is in L2(Ω;H) and is F0-measurable

Definition 5.1. An adapted V -valued process u is a strong solution of
the equation (5.1) if u ∈ L2([0, T ]×Ω;V ), and for any f ∈ V , the following
equality holds a.s. for each t ∈ [0, T ]:

(ut, f) = (h, f)+

∫ t

0
〈Aus, f〉ds+

∫ t

0
(F (us), f)ds+

∫ t

0
(f,G(us)dWs). (5.2)

A strong solution u is called unique if u(t, ω) = ũ(t, ω) for a.e. (t, ω) ∈ ΩT

(here ΩT denotes [0, T ]× Ω) where ũ is any other strong solution of (5.1).
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The meaning of Equation (5.1) is made clear by Equation (5.2). The dif-
ferential equation is actually an integral equation, and the equality sign in
(5.1) is meant as an equality in V ∗. To obtain the existence of a unique
strong solution u, we work with the following hypotheses:

Hypotheses H:

H.1 (linear growth) For all v ∈ V , there exists a constant C > 0 such
that

|F (v)|2 + ‖G(v)‖2Q ≤ C(1 + ‖v‖2).

H.2 (coercivity) There exists constants a > 0, b and c such that for any
v ∈ V ,

〈Av, v〉+ (F (v), v) + ‖G(v)‖2Q ≤ −a‖v‖2 + b|v|2 + c

H.3 (monotonicity) For any u, v ∈ V , there exists a constant K > 0
such that

2〈[Au+F (u)]− [Av+F (v)], u− v〉+ ‖G(u)−G(v)‖2Q ≤ K|u− v|2

for all u, v ∈ V and 0 ≤ t ≤ T .

Under Hypotheses H, one can show that there exists a unique strong solu-
tion of Equation (5.1) such that u ∈ L2(Ω : C([0, T ];H) ∩ L2(ΩT ;V ). The
solution u can be shown to be a time-homogeneous strong Markov process
so that the transition probability function, for all 0 ≤ s ≤ t, Borel sets B
in H and ξ ∈ H, satisfies

Ps,t(ξ,B) = P (u(t) ∈ B |u(s) = ξ) = P (u(t− s) ∈ B |u0 = ξ) = Pt−s (ξ,B)
(5.3)

Theorem 5.2. Let the coefficients of Equation (5.1) satisfy the hypotheses
H.1, H.3 and the following coercivity condition which is stronger than H.2:
There exist positive constants a and c such that for all v ∈ V ,

2〈Av, v〉+ 2(F (v), v) + ‖G(v)‖Q ≤ c− a‖v‖2. (5.4)

Then there exists a unique invariant measure for the solution u of equation
(5.1).

Proof. Step 1: We will first establish the Feller property. Suppose that uht
and ugt are the solutions started at h and g respectively where h and g are



26 P. SUNDAR

in H. By the energy equality, we obtain

E|uht − u
g
t |2 = |h− g|2 + E

∫ t

0
[2〈A(uhs − ugs), uhs − ugs〉

+ 2(F (uhs )− F (ugs), u
h
s − ugs) + ‖G(uhs )−G(ugs)‖2Q]ds

≤ |h− g|2 +K

∫ t

0
E{|uhs − uhs |2}ds

where we have used the monotonicity condition H.3. By the Gronwall
inequality,

E|uht − u
g
t |2 ≤ eKt|h− g|2. (5.5)

It suffices to consider bounded, Lipschitz continuous functions φ in verifying
the Feller property. Let the Lipschitz constant be L. Consider

|Ptφ(h)− Ptφ(g)|2 ≤ E|φ(uht )− φ(Ugt )|2

≤ LE‖uht − u
g
t ‖2

≤ LeKt|h− g|2.

Step 2: By the energy equality and (5.4), one obtains

E|uht |2 = |h|2 + E
∫ t

0
{2〈Auhs , uhs 〉+ 2(F (uhs ), uhs ) + ‖uhs‖2Q}ds

≤ |h|2 + ct− a
∫ t

0
E‖uhs‖2ds.

Hence,

E{
∫ t

0
‖uhs‖2ds} ≤

1

a
(ct+ |h|2). (5.6)

Since uht is a V -valued process, P (h, t, CR) = P{‖uht ‖ > R}. Hence, we
obtain

1

T

∫ T

0
P (h, t, CR)dt =

1

T

∫ T

0
P{‖uht ‖ > R}dt

≤ 1

N2T

∫ T

0
E‖uht ‖2dt

≤ 1

aN2T
(ct+ |h|2).

Therefore, limR→∞
1
T

∫ T
0 P (h, t, CR)dt = 0 uniformly in T ≥ 1. We can

conclude that there exists a measure µ such that µht → µ as t→∞ for any
h ∈ H. Hence, µ is the unique invariant measure. �
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6. Two-Dimensional Stochastic Navier-Stokes Equation

Let G be a bounded open domain in R2 with a smooth boundary ∂G.
For t ∈ [0, T ], consider the stochastic Navier-Stokes equation for a viscous
incompressible flow with no-slip condition at the boundary. That is,

∂u

∂t
+ (u · ∇)u− ν∆u +∇p = f + σ(t)

dW(t)

dt
(6.1)

and
∇ · u = 0 (6.2)

with
u(t, x) = 0 ∀ x ∈ ∂G,

u(0, x) = u0(x) ∀ x ∈ G.

To study the stochastic Navier-Stokes equations, we first write the stochas-
tic partial differential equation in the abstract (variational) form on suit-
able function spaces. Let V be the space of 2-dimensional vector functions
u on G which are infinitely differentiable with compact support strictly
contained in G, satisfying ∇ · u = 0. Let Vα denote the closure of V in
Wα,2 for all real α. In particular, let H = V0 and V = V1. The notation
L2(G), W 1,2

0 (G) etc. would mean vector functions with each coordinate in

L2(G), W 1,2
0 (G) etc. The following characterizations of the spaces H and

V are well-known:

H = {u ∈ L2(G);∇ · u = 0, u · n|∂G = 0},
V = {u ∈W 1,2

0 (G) : ∇ · u = 0}.

where W 1,2
0 (G) = {u ∈ L2(G) : ∇u ∈ L2(G), u|∂G = 0}, and n is the

outward normal. Let V ′ be the dual of V . We will denote the norm in H
by | · |, and the inner product in H by (·, ·). We have the dense, continuous
embedding

V ⊂→ H = H
′ ⊂→ V

′
.

Let D(A) = W 2,2(G) ∩ V . Define the linear operator A : D(A) → H by

Au = −∆u. Since V = D(A1/2), we can endow V with the norm ||u|| =

|A1/2u|. The V -norm is equivalent to the W 1,2-norm by the Poincare in-
equality. The operator A is known as the Stokes operator and is positive,
self-adjoint with compact resolvent. The eigenvalues of A will be denoted
by 0 < λ1 < λ2 ≤ · · · , and the corresponding eigenfunctions by e1, e2, · · · .
The eigenfunctions form a complete orthonormal system for H. From now
on, ||.|| will denote the V -norm. Note that ||u||2 ≥ λ1 |u|2.
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Define b(·, ·, ·) : V × V × V → R by

b(u,v,w) =
d∑

i,j=1

∫
G
ui∂vjω∂xiwj dx

using which we can define B : V × V → V
′

as the continuous bilinear
operator such that

< B(u,v), w >= b(u,v,w) for all u,v,w ∈ V . Note that b(u,v,w) =
−b(u,w,v).

B(u) will be used to denote B(u,u). B(u) satisfies the following estimate:

||B(u)||V ′ ≤ 2 |u| ||u|| (6.3)

Let σ(t) := {σ1(t), σ2(t), · · · } be l2(H)-valued for all t, and W = {W1,W2, · · · }
where Wj be independent copies of a standard one-dimensional Wiener pro-
cess. Thus σ(t)dW(t) =

∑
j σj(t) dWj(t) is an H-valued noise term.

We assume that f(t) and u0 to be H-valued. Let Π denote the Leray
projection of L2(G) into H. By applying this projection to each term of
the Navier-Stokes system, and invoking the Helmholtz decomposition of
L2(G) into divergence free and irrotational components, we can write the
system (6.1) and (6.2) as

du + [νA u + B(u)] dt = f dt+ σ(t) dW(t). (6.4)

The following is a statement on the monotonicity of the coefficients on
bounded L4-balls in V and is easy to prove.

Proposition 6.1. For a given r > 0, let Br = {v ∈ V : ||v||L4(G,R2) ≤ r}.
The nonlinear operator u → Au + B(u) is monotone in Br; that is, for
any u ∈ V, v ∈ Br and with w = u− v, we have

< Aw,w > + < B(u)−B(v),w > +
27

2ν3
|w|2||v||4L4(G,R2) ≥

ν

2
||w||2 (6.5)

Using the Galerkin approximations and the above monotonicity of coeffi-
cients, one can invoke the Minty-Browder argument to establish the follow-
ing result on the existence and uniqueness of strong solutions to (6.4).
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Theorem 6.2. Let f ∈ Lp(0, T ;H), σ ∈ Lp(0, T ; l2(H)) and u0 ∈ Lp(Ω, H)
for some p ≥ 6. Then there exists a process u(t, x, ω) adapted to the filtra-
tion Ft with u ∈ Lp(Ω;C(0, T ;H))∩L2(Ω;L2(0, T ;V )∩L4(G× (0, T )×Ω)
such that u solves (6.4) in the following sense:

d(u(t),v)+ < Au(t) + B(u(t)),v > dt

= (f(t),v)dt dt+
∑
j

(σj(t),v) dWj(t) (6.6)

in (0, T ), with the initial condition

(u(0),v) = (u0,v) (6.7)

for any v in the space V . The solution is pathwise unique.

7. Exponential Stability

In what follows, the conditions of the previous theorem are assumed so
that a pathwise unique strong (in the sense of both stochastic analysis and
partial differential equations) solution is guaranteed. By an application of
the Itô Lemma, we get

|u(t)|2 = |u(0)|2 − 2ν

∫ t

0
||u(s)||2 ds+ 2

∫ t

0
(f(s),u(s)) ds

+
∑
j

∫ t

0
|σj(s)|2 ds+ 2

∑
j

∫ t

0
(σj(s),u(s)) dWj(s) (7.1)

by using b(u,u,u) = 0. Using the Poincaré inequality in (7.1), we get upon
taking expectation,

E|u(t)|2 ≤ E|u(0)|2 − νλ1
∫ t

0
E|u(s)|2 ds+

∫ t

0

∑
j

|σj(s)|2 ds

where λ1 is the first eigenvalue of the Stokes operator A. By the Gronwall
inequality, it follows that

E|u(t)|2 ≤ E|u(0)|2 e−2νλ1t +

∫ t

0
e−νλ1(t−s)

∑
j

|σj(s)|2 ds ≤ C (7.2)

where C is a constant independent of t. A few more estimates are needed
and are stated below:

Proposition 7.1. Under the conditions of Theorem 6.2 the following esti-
mates hold:
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1. For any 0 ≤ t ≤ T ,

E|u(t)|p ≤ E|u(0)|p + Cp

∫ T

0
{|f(s)|p + (

∑
j

|σj(s)|2)p/2}ds (7.3)

2.

E sup
0≤t≤T

|u(t)|2p ≤ E|u(0)|p+Cp,T

∫ T

0
{|f(s)|p+ (

∑
j

|σj(s)|2)p/2} ds (7.4)

Proof. Using the Ito Lemma in (7.1) for the function f(x) = xp/2, one gets
that

|u(t)|p = |u(0)|p − νp
∫ t

0
||u(s)||2 |u|p−2 ds

+p/2

∫ t

0
{2(f(s),u(s)) +

∑
j

|σj(s)|2} |u(s)|p−2 ds

+p/2
∑
j

∫ t

0
(σj(s),u(s))|u(s)|p−2 dWk(s)

+
p(p− 2)

2

∑
j

∫ t

0
|u(s)|p−4 (σj(s),u(s))2 ds (7.5)

Therefore (7.3) follows by using (7.5).

Let J = E{sup0≤t≤T |
∑

j

∫ t
0 (σj(s),u(s)) |u(s)|p−2dWj(s)|}.

By the the Burkholder-Davis-Gundy inequality, one obtains

J ≤
√

2E{
∫ T

0

∑
j

(σj(s),u(s))2 |u(s)|2p−4 ds}1/2

≤
√

2E{
∫ T

0

∑
j

|σj(s)|2 |u(s)|2p−2 ds}1/2

≤
√

2E{ sup
0≤s≤T

|u(s)|p−1} (

∫ T

0

∑
j

|σj(s)|2 ds)1/2

≤ εE{ sup
0≤s≤T

|u(s)|p}+ Cε,p,T

∫ T

0
(
∑
j

|σj(s)|2)p/2 ds (7.6)

Using (7.5) and (7.6),it is easy to show (7.4). �
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It should be noted that
∑

j

∫ t
0 (σj(s),u(s)) dWj(s) is indeed a martingale

for t ∈ [0, T ] as can be seen by a stopping time argument. The next Lemma
is stated without a proof. One can see a proof in [9].

Lemma 7.2. Let B(t) be an increasing, progressively measurable process
with B(0) > 0 a.s. Let M(t) be a continuous martingale with M(0) =

0. If Z(t) :=

∫ t

0

1

B(s)
dM(s) converges a.s. to a finite limit as t →

∞, then lim
t→∞

M∗(t)

B(t)
= 0 a.s. on the set {B(∞) = ∞} where M∗(t) =

sup0≤s≤t |M(s)|.

Lemma 7.3. Let limt→∞
∑

j |σj(t)|2 = L1 <∞. Then limt→∞
M∗(t)
t = 0

a.s. where M(t) =
∑

j

∫ t
0 (σj(s),u(s)) dWj(s).

Proof. For any ε > 0, set B(t) = ε+ t in Lemma 7.2 so that in the notation

of that Lemma Z(t) =

∫ t

0

1

(ε+ s)
dM(s). Therefore,

〈Z〉t =
∑
j

∫ t

0

(σj(s),u(s))2

(ε+ s)2
ds ≤

∑
j

∫ t

0

|σj(s)|2 |u(s)|2

(ε+ s)2
ds.

so that upon letting t to ∞ and then taking expectation,

E 〈Z〉∞ ≤
∑
j

∫ ∞
0

|σj(s)|2E|u(s)|2

(ε+ s)2
ds

≤ C

∫ ∞
0

1

(ε+ s)2
ds

< ∞

by using the estimate (7.2). Hence 〈Z〉∞ <∞ a.s. which allows us to con-
clude that limt→∞ Z(t) exists and is finite almost surely. Invoking Lemma
(7.2), the proof is completed. �

Theorem 7.4. Let u and v be the solutions of (6.4) started at u0 and v0 re-
spectively. Assume that limt→∞

∑
j |σj(t)|2 = L1 <∞ and limt→∞ |f(t)|2 =

L2. Let L denote L1 +
L2

4ν
. If ν3 >

4L

λ1
, then limt→∞ |u(t)− v(t)| = 0 a.s.
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Proof. From (6.4),

u(t)−v(t) + ν

∫ t

0
A(u(s)−v(s)) ds+

∫ t

0
(B(u(s))−B(v(s))) ds = u0−v0.

By the Itô formula,

|u(t)−v(t)|2 +

∫ t

0
2(ν ||(u(s)−v(s))||2+ 〈B(u(s))−B(v(s)),u(s)−v(s)〉) ds

= |u0 − v0|2 (7.7)

Let w = u− v. By the bilinearity of the operator B,

〈B(u),w〉 = b(u,u,w) = b(u,w,w) + b(u,v,w).

Therefore by using the fact that b(u,w,w) = 0, we get

〈B(u)−B(v),w〉 = b(u,v,w)− b(v,v,w) = b(w,v,w). (7.8)

Using (7.8) and a basic estimate of the nonlinear term in the Navier-Stokes
equation yields

|〈B(u)−B(v),w〉| ≤ 2||w|| |w| ||v||. (7.9)

The bound (7.9) when used in (7.7) gives the following estimate:

|w(t)|2 + 2ν

∫ t

0
||w(s)||2 ds

≤ |w(0)|2 + 4

∫ t

0
||w(s)|| |w(s)| ||v(s)|| ds (7.10)

Using Young’s inequality on the right side of (7.10), and continuing:

≤ |w(0)|2 + ν

∫ t

0
||w(s)||2 ds+

4

ν

∫ t

0
|w(s)|2 ||v(s)||2 ds (7.11)

(7.12)

Using the Poincaré inequality λ1|w|2 ≤ ||w||2 in (7.11) and rearranging the
terms ,we arrive at

|w(t)|2 + ν λ1

∫ t

0
|w(s)|2 ds ≤ |w(0)|2 +

4

ν

∫ t

0
|w(s)|2 ||v(s)||2 ds (7.13)

By the Gronwall Lemma, we thus get

|w(t)|2 ≤ |w(0)|2 exp{4

ν

∫ t

0
||v(s)||2 ds− νλ1t} (7.14)

The equation (7.1) can be rewritten as
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|v(t)|2 + 2ν
∫ t
0 ||v(s)||2 ds

= |v(0)|2 + 2

∫ t

0
(f(s),v(s)) ds+

∑
j

∫ t

0
|σj(s)|2 ds

+2
∑
j

∫ t

0
(σj(s),v(s)) dWj(s) (7.15)

Upon noting that

|
∫ t

0
(f(s),v(s)) ds| ≤

∫ t

0

|f(s)|2

4ν
ds+ ν

∫ t

0
|v(s)|2 ds,

one obtains from (7.15) the following:

ν
∫ t
0 ||v(s)||2 ds

≤ 1

t
(|v(0)|2 − |v(t)|2) +

1

4ν

∫ t

0
|f(s)|2 ds+

∑
j

∫ t

0
|σj(s)|2 ds

+2
∑
j

∫ t

0
(σj(s),v(s)) dWj(s) (7.16)

By Lemma 7.3,

lim
t→∞

1

t

∑
j

∫ t

0
(σj(s),v(s)) dWj(s) = 0. (7.17)

By the hypotheses of the theorem,

lim
t→∞

1

t

∑
j

∫ t

0
|σj(s)|2 ds = L1. (7.18)

and

lim
t→∞

1

t

∫ t

0
|f(s)|2 ds = L2. (7.19)

Let L := L1 + L2
4ν . Using (7.17), (7.18) and (7.19) in (7.16), one obtains

lim
t→∞

ν

t

∫ t

0
||v(s)||2 ds ≤ L (7.20)

Thus the inequality (7.14) in conjunction with the bound (7.20) completes
the proof. �

Remark: Exponential stability doesn’t imply that the process admits sta-
tionary measures. In fact, the above theorem pertains to time-inhomogeneous
processes since f and σ are time dependent.



34 P. SUNDAR

8. Uniqueness of Invariant Measures

Throughout this section, assume that f(t, x) = f(x) and σ(t, x) = σ(x)
with f ∈ L6(H) and σ ∈ L6(l2(H)). A pathwise unique strong solution
u is guaranteed by theorem 2.2 with u(0) = u0 ∈ H. The existence of
a unique attractor follows from the previous section. The solution is a
time-homogeneous strong Markov process so that the transition probability
function, for all 0 ≤ s ≤ t, Borel sets B in H and ξ ∈ H, satisfies

Pξ(s; tB) = P (u(t) ∈ B |u(s) = ξ) = P (u(t−s) ∈ B |u0 = ξ) = Pξ (t−s,B)
(8.1)

The Navier-Stokes transition probability function has the Feller property.
For, if ξn converges to ξ in H as n → ∞, and if un and u refer to
the solutions of (6.4) started at ξn and ξ respectively, then by theorem
7.4, un(t) → u(t) a.s. for any t. Therefore, φ(un(t)) → φ(u(t)) a.s.
by the continuity of φ. Thus, by the dominated convergence theorem,
Eφ(un(t))→ Eφ(u(t)).

Theorem 8.1. Let
∑

j |σj |2 = L1 < ∞ and |f |2 = L2. Let L = L1 +
L2

4ν
.

Under the hypotheses of the previous theorem, there exists a unique station-
ary measure, with support in V , for the solution u of the equation (6.4).

Proof. The method for showing the existence of a stationary measure is by
averaging:

It follows from (7.1) that

ν

t

∫ t

0
E||u(s)||2 ds ≤ E|u0|2

t
+
|f |2

ν
+
∑
j

|σj |2 ≤ C (8.2)

where C is an appropriate constant. Therefore

lim
N→∞

sup
t

1

t

∫ t

0
P{||u(s)|| > N} ds = 0 (8.3)

Let {tn} be any increasing sequence of positive numbers with limn→∞ tn =
∞. Define probability measures µn as follows:

µn(Γ) :=
1

tn

∫ tn

0
Ps(ξ,Γ) ds

for all Γ ∈ B(H). By (8.3), the sequence {µn} is tight in the space of
probability measures on (H,B(H)) equipped with the topology of weak
convergence. By Prokhorov’s theorem there exists a subsequence {µnk

}
such that µnk

→ µ.
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Using this and the Feller property, if φ ∈ Cb(H),∫
H
Stφ(η)dµ(η) = lim

k→∞

∫
H
Stφ(η) dµnk

(η)

= lim
k→∞

1

tnk

∫ tnk

0

∫
H
Stφ(η)Ss(ξ, dη) ds

= lim
k→∞

∫
H
φ(η)dµnk

(η)

=

∫
H
φ(η)dµ(η) (8.4)

Thus µ has been shown to be a stationary measure.

2. By lower semi-continuity of the H-norm, or simply using the Skorohod
representation theorem∫

H
|ξ|2dµ(ξ) ≤ lim inf

k→∞

∫
H
|ξ|2dµnk

(ξ)

so that the second moment for the measure µ exists.

Let u denote the solution of (6.4) started at u0 where the distribution of
u0 is given by µ. By the estimate (8.2), it follows that u(s) is almost surely
V -valued for almost all s. In particular, µ has support in V .

3. uniqueness: Suppose µ1 and µ2 are two probability measures on H that
are stationary for the equation (6.4). To show that µ1 = µ2, it suffices to
establish that ∫

H
φ(ξ) dµ1(ξ) =

∫
H
φ(ξ) dµ2(ξ) (8.5)

for all φ ∈ Cb(H). Let uξ denote the solution of (6.4) started at ξ ∈ H at
time 0. Define

µξT (B) =
1

T

∫ T

0
Pξ(t, B) dt

for all B ∈ B(H). By stationarity,

|
∫
H
φ(ξ) dµ1(ξ)−

∫
H
φ(ξ) dµ2(ξ)|

= |
∫
H

∫
H
φ(ξ)dµλT (ξ) dµ1(λ)−

∫
H

∫
H
φ(η) dµζT (η) dµ2(ζ)]|

= | 1
T

∫
H

∫ T

0
E(φ(uλ(t)) dt dµ1(λ))− 1

T

∫
H

∫ T

0
E(φ(uζ(t)) dt dµ2(ζ))|

≤
∫
H

∫
H

1

T

∫ T

0
E|φ(uλ(t))− φ(uζ(t))| dt dµ1(λ)dµ2(ζ) (8.6)
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By Theorem 7.4 and continuity of φ, |φ(uλ(t)) − φ(uζ(t))| → 0 a.s. as
t→∞. Therefore,

1

T

∫ T

0
|φ(uλ(t))− φ(uζ(t))| dt→ 0

as T tends to ∞. By the dominated convergence theorem, the bound (8.6)
tends to 0 as T →∞. The proof is thus complete. �

Corollary 8.2. Let µ denote the unique stationary measure for (6.4). If

uη denotes the solution of (6.4) started at η, then E 1
t

∫ t
0 φ(uη(s)) ds →∫

H φ(ξ) dµ(ξ) for all φ ∈ Cb(H).

Proof: For any fixed η ∈ H, let µηt (B) = 1
t

∫ t
0 Pηt(s,B)ds for all B ∈ B(H).

From step 1 of the proof of theorem 8.1, the weak limit as of any weakly
convergent subsequence of the measures {µηt } indexed by t is a stationary
measure for the stochastic differential equation (6.4). By the uniqueness of
stationary measures, it follows that all weakly convergent subsequences of
{µηt } converge to the same limit µ. The proof is thus completed. �

Remark: Recall that the existence of a unique stationary measure guar-
antees that the measure is ergodic. We thus have a unique ergodic measure
for the solution of the two dimensional Navier Stokes equation under the
stated hypotheses.
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