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ABSTRACT. One of the most important open problem for the Navier-Stokes
equations concerns regularity of solutions. There is an extensive literature de-
voted to the problem, both in the non-random and randomly forced case. Ex-
istence of densities for the distribution of the solution is a probabilistic form of
regularity and the course addresses some attempts at understanding, charac-
terizing and proving existence of such mathematical objects.

While the topic is somewhat specific, it offers the opportunity to introduce
the mathematical theory of the Navier-Stokes equations, together with some of
the most recent results, as well as a good selection of tools in stochastic analysis
and in the theory of (stochastic) partial differential equations.

In the first part of the course we give a quick introduction to the equations
and discuss a few results in the literature related to densities and absolute con-
tinuity. We then present four different methods to prove existence of a density
with respect to the Lebesgue measure for the law of finite dimensional function-
als of the solutions of the Navier-Stokes equations forced by Gaussian noise.

Each of the four methods has some advantages, as well as disadvantages.
The first two methods provide a qualitative result, while the other two provide
quantitative estimates and ensure a bit of regularity.
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Preface

These pages are the lecture notes for the Winter school on stochastic analysis
and control of fluid flow which will take place at the School of Mathematics of
the Indian Institute of Science Education and Research in Thiruvananthapuram
from December 3 to 20, 2012. I would like to thank the organisers, the professors
S. Dharmatti, R. K. George, U. Manna, A. K. Nandakumaran and M. P. Rajan for
their kind invitation.

The subject of this work has recently come to my attention and I have chosen
to present it during the Winter school in Thiruvananthapuram because if on
the one hand it deals with fairly specific topics in the theory of Navier-Stokes
equations with Gaussian noise, on the other hand it gives the chance to present
and apply several classical tools of stochastic analysis. I hope this selection of
tools and results will be of interest for all the participants to the school.


http://www.icts.res.in/program/control2012
http://www.icts.res.in/program/control2012




Introduction

Understanding the laws of solutions of the Navier—Stokes equations is a ma-
jor goal, due to the paramount importance of the questions of uniqueness and
regularity for this problem [Fef06]. The stochastic PDE allows for different for-
mulations of uniqueness and the weakest concerns the distribution of the solu-
tions.

In this lectures we deal with the Navier-Stokes equations with additive
Gaussian noise, which is white in time and coloured in space. It is well known
that as such, the status of our knowledge on the problem is quite similar to the
case of the equations without noise (i. e. deterministic). On the other hand the
recent literature has shown that some information can be obtained if the noise is
sufficiently non—degenerate and this already indicates that the noise is indeed
effective in improving our understanding of the problem.

The main subject of these notes, the existence of densities of the laws of the
solutions, is part of this program. Existence of densities can be considered as
a sort of smoothness property of the solution, albeit a purely probabilistic one,
hence of interest for the theory of Navier-Stokes equations.

The first difficulty is that the solution belongs to an infinite dimensional
space, where no standard “flat” reference measure is available. It is tempting to
use a Gaussian measure which is related to the problem, such as the one given
by the covariance of the driving force, but this idea apparently fails already at
the level of the two—dimensional problem.

The idea we broadly use in these notes is to reduce the problem back to fi-
nite dimension, where the Lebesgue measure is available, by means of finite
dimensional approximations. A standard mathematical tool to study densities
of random variables is the Malliavin calculus, but unfortunately it seems hope-
less to use Malliavin calculus for our problem. Indeed, it is not even possible
to prove that the solutions are Malliavin differentiable. The reason for this is
immediately apparent once one notices that the equation satisfied by the Malli-
avin derivative is essentially the linearisation of Navier-Stokes, and any piece
of information on that equation could be used with much more proficiency for
proving well-posedness. Other methods are necessary and the presentation of
a few of them is the main aim of these notes.
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The notes are organised as follows. The first chapter is a warm-up, we state
the notations that will be used throughout the work, together with a few basic
standard results. The second chapter is divided into two parts. In the first part
we provide some motivations for the analysis of densities that hopefully should
convince the reader that these notes are worth keep reading. In the second
part we consider the problem of the reference measure in infinite dimensions.
There are also some results of existence of (infinite dimensional) densities for
some stochastic PDE, and a result of existence and smoothness of densities for
approximations of 3D Navier-Stokes.

In the third chapter we finally enter into the main subject of these notes. We
briefly introduce Malliavin calculus and we show how it can be used to prove
existence of densities. These ideas are then used to study the problem in the
two—dimensional case. The three-dimensional case is analysed as well for a
special class of solutions, those having the Markov property. This is motivated
by the fact that such solutions can be reduced, by localisation, to smooth pro-
cesses.

The fourth chapter is devoted to the problem of equivalence and singulari-
ties of Gaussian measures and the Girsanov theorem. This stuff is classical, but
it is useful to introduce the second method for proving existence of densities for
3D Navier-Stokes with noise.

The fifth chapter introduces a new method for dealing with problems which
are not amenable to Malliavin calculus. A suggestive description is that we do
a fractional integration by parts and measure fractional derivatives in Besov
spaces.

Finally, in the sixth chapter we provide an alternative proof to the regular-
ity result of the fifth chapter by means of the Fokker-Planck equation. This is
a fairly classical approach, and Malliavin calculus was conceived to provide
a probabilistic counterpart to the analytical techniques used for the Fokker—
Planck equation.

We recall a list of recommended papers. Some of the content of these notes
is taken from the following papers and books.

» Franco Flandoli, An introduction to 3D stochastic fluid dynamics, SPDE in
hydrodynamic: recent progress and prospects, Lecture Notes in Math.,
vol. 1942, Springer, Berlin, 2008, Lectures given at the C.IM.E. Sum-
mer School held in Cetraro, August 29-September 3, 2005, Edited by
Giuseppe Da Prato and Michael Rockner, pp. 51-150.

m Robert S. Liptser and Albert N. Shiryaev, Statistics of random processes. 1,
expanded ed., Applications of Mathematics (New York), vol. 5, Springer-
Verlag, Berlin, 2001, General theory, Translated from the 1974 Russian
original by A. B. Aries, Stochastic Modelling and Applied Probability.
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» Jonathan C. Mattingly and Etienne Pardoux, Malliavin calculus for the sto-
chastic 2D Navier-Stokes equation, Comm. Pure Appl. Math. 59 (2006),
no. 12, 1742-1790.

» Arnaud Debussche and Marco Romito, Existence of densities for the 3D
Navier-Stokes equations driven by Gaussian noise, 2012, arXiv:1203.0417.


http://arxiv.org/abs/1203.0417

CHAPTER 1

Setting of the problem

1.1.  The Navier-Stokes system
1.1.1. Function spaces and the Leray projection
Dirichlet boundary conditions
Periodic boundary conditions
The Leray projection
1.1.2. The Stokes operator
1.1.3. The non-linear operator
1.1.4. The abstract form
1.2.  The stochastic PDE
1.3.  Galerkin approximations 11
1.3.1. The periodic setting 12
The equations in Fourier modes, two dimension 13
The equations in Fourier modes, three dimension 14

O 0 NI N O U1 U1 U1 =

This is a technical chapter, where we introduce the equations, the most stan-
dard results and the notation we shall use throughout the paper. in the last
part of the chapter we wil give a formulation of the equations in components
with respect to a basis of eigenvalues of the Stokes operator A, and the Galerkin
approximation based on this expansion.

There are several good references for the mathematical theory of the Navier—
Stokes equations, for instance the books of Temam [Tem77, Tem95, Tem97], of
Constantin and Foias [CF88], the series of books of P. L. Lions [Li096, Lio98], or
the recent developments in the book of Lemarié-Rieusset [LR02]. The connec-
tion between the equations and the phenomenological theory of turbulence is
the main theme of the book by Frisch [Fri95] (see also [FMRTO01]).

Standard references for stochastic PDE are [DPZ92, Wal86], see also [R0z90,
PRO7]. For the Navier-Stokes equations driven by noise the interested reader
can look at the lecture notes of Flandoli [Fla08], Debussche [Debar] or the books
by Kuksin [Kuk06, KS12].

1.1. The Navier-Stokes system

We shall work with the Navier-Stokes equation either with periodic bound-
ary conditions on the d-dimensional torus Ty = [, ] or with Dirichlet

4
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boundary conditions on a bounded domain D C R¢ with smooth enough (Lip-
schitz most of the time, but for our purposes more smoothness does not change
the qualitative value of the results) boundary,

U 4 (u-V)u+ Vp = vAu,
(1.1) N
divu =0,

where u = u(t, x) € R4, with x € D or x € T4, is the velocity field, p = p(t,x) €
R is the pressure field and v is the viscosity. The equations and the quantities
involved have precise physical meanings, but we will not give detail in this
direction and keep the above system as a mathematical model, which anyway
retains all the difficulties of the model [Fef06].

1.1.1. Function spaces and the Leray projection. As it is costumary after
the work of J. L. Lions, we introduce the function spaces where we shall study
the equations. Although some properties and result may be true also in higher
dimensions, it is understood that in the following we work either in dimension
d=2ord=3.

Dirichlet boundary conditions. Consider the space of test functions .7 as the
sub-space of C®(D,R4) of smooth vector fields with zero divergence. Denote
by H the closure of .7 with respect to the L? norm and by V the closure of
with respect to the H! norm. It turns out that

H={uel*D,RY :divu=0, u-f =0}

where 7 is the normal vector to the boundary, divu is understood as distribu-
tional derivative and u - i as a trace. Likewise,

V ={uc H}(D,R%) : divu = 0}.
Under our assumptions on the domain, the Poincaré inequality holds,
[ulln < [Vul

In a similar way, one can define Sobolev spaces with more derivatives. We shall
do this in a different way in the nest section.

Periodic boundary conditions. This time we define the space of test functions
7 as the sub-space of C*(R%,R?) of smooth 2m—periodic (in all d coordinate
directions) with mean zero,

JTd u(y)dy =0,

and again H and V as the closure of .7 with respect to the L? and H'! norm
respectively (computed on T4). A characterization of these spaces is

H={ue€[*Tq,RY) :divu=0, u-filp +u-fly, =0,i=1,...,d}
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and
V={ueH(Tq,RY) :divu=0, ul, =ulp,,i=1,...,d}

where T3, T/ are opposite faces of T4. Likewise, the Poincaré inequality holds.

Before turning to the next section, we wish to give an explanation on the
“mean zero” condition. Let m,, be the mean of uwon T4 and assume that u is so-
lution of (1.1). By integrating the equations we see that by integration by parts,
and due to the periodic boundary conditions, all terms with spatial derivatives
disappear. The only term which is not apparent is the non-linearity, but a little
bit of algebra shows that, due to the divergence zero, (u - V)u = div(u ® u).
Hence the equation for m,, singles out to

d

1 u:0>
at

that is m,, remains constant. In fact, physically speaking, it corresponds to the
velocity of the center of mass, hence the velocity of the fluid as a rigid body. If
in a reference system moving with the center of mass, this velocity is zero and
we can (almost) safely assume that m,, = 0.

The Leray projection. Denote by TT; the projection of L?(T4,R4) (or L?(D,R9)
if with Dirichlet boundary conditions) onto H. Then L?(T 4, R%) decomposes in
the direct sum of H and its orthogonal H*+ which turns out to be the space of
gradients,

Ht ={Vp :p € H'(T4) and periodic}.

This is a key point for the reconstruction of the pressure in the existence theo-
rems.

The Leray projection has a simple expression in the periodic case. Indeed
consider the (complex) Fourier exponentials

1 .
fk(y) = (27_[)% elk.y7 y € Td?

with k € Z¢ = Z9\ {0}. Every u € H can be expanded as

with fy € C% and fy - k = 0 (this is the divergence—free constraint). A few
computations show that for every k € Z¢,

uk-k

——Kk.
K[>

(Mu) =w —



1.1. THE NAVIER-STOKES SYSTEM 7

1.1.2. The Stokes operator. Define the Stokes operator A =TT (—A), so that
A is the realisation of —A with the corresponding boundary conditions and the
divergence—free constraint. The operator A is positive self-adjoint with com-
pact inverse, hence there exists an orthonormal basis (e, )nen of H of eigenvec-
tors of A.

Let (Ay)nen be the corresponding eigenvalues listed in non—decreasing or-
der and repeated according to their multiplicity. Define for each a € R the
space

Va:{ue 9’:Z7xffui<oo},
neN
where (1, )nen are the coefficients of u with respect to the basis (e )nen. It turns
out that Vj = H, V; =V, V_; = V’, where V' is the topological dual of V (in
general, for a > 0, V_, = V() and for m integer, V,, is the closure of .7 with
respect to the W™2—norm.

1.1.3. The non-linear operator. Define the operator
B(wr, Us) = M (w1 - V)up)

and B(u) = B(u, u). The most fundamental property of the non-linear operator
Bis

(1.2) (w1, Bug, uz))n = —(usz, Blug, wi))n,

which in particular for w; = wuj yields (uy, B(ug,wy))u = —(uy, B(ug, ui))n,
hence (uy, B(uz,uy))n = 0. The theory of weak solutions for Navier-Stokes
since the work of Leray [Ler34] is based on this property.

Several inequalities are satisfied by the operator B, the most basic being

(w1, Blug, ug)) < cffulvuellvifus|v

where in the formula above the left-hand side is understood as a duality be-
tween V and V’. In other words, B : V x V — V’. It is useful to check
the spaces where B is bi-linear continuous. For instance the following result
[Tem95, Lemma 2.1] analyses Hilbert-Sobolev spaces.

LEMMA 1.1. If a1, as, ag are non—negative real numbers such that a;+as+as >
(and a1 +as+as > % if at least one is equal to d/2), then there exists ¢ = c(ay, az, as)
such that

da
2

[(ur, B(ug, us)l < cflwflvg, vzllve, usllve, .

An extension to a slightly larger set of parameters is proved via Fourier se-
ries expansion in the periodic case [FR08, Rom11a]. Here we state it for dimen-
siond =2,3,

(1.3) B v, < callully,,
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forx > —1land « # %— 1 (which corresponds to the critical value for the Sobolev
embeddings), where 6(«) = (% + “TH) V (a+1). To get an extension to the whole
space or bounded domain, one can use the mapping properties of Besov spaces
for the product of functions, see for instance [RS96]'. A useful special case of
the above inequality 1.3, which we will use in a future chapter, is

(1.4) IAZB(wy, W) || < cl|Aw|lil|Aws|li, W, us € D(A).

1.1.4. The abstract form. With all the positions at hands, (1.1) can be recast
in an abstract form as an ordinary differential equation on an infinite dimen-
sional space as

(3—1: + vAu+ B(u,u) =0,

and existence theorems are stated for the initial value problem
du

(1.5) T + vAu+ B(u,u) =0,

u(0) =ug € H.

The fourth unknown, the pressure, is then reconstructed from u. This may be a
delicate matter which we will not delve into.

Let us show how (1.2) provides the energy inequality, and hence, up to tech-
nical details, existence of weak solutions. Compute the derivative in time of the
energy of the solution, then by (1.2),

SO = 26ult), W (0 =

= —2v(u(t), Au(t)) — 2(u(t), B(u(t), u(t)) =
= —2v(u(t), Au(t)) = —2v[[u(t)||3,

since A is self-adjoint. Hence we obtain the main a—priori estimate
t

16) Rt -+ 2v [ uts) I ds = (o)

0
(which is only an inequality in dimension three). With the above-mentioned
technical details this yields the following result.

THEOREM 1.2. For every initial condition w, € H there exists at least a global
weak solution w of (1.5), namely a functional w such that
mu € L*(0,00;H) NL3(0, 00; V),
m for everyPp € D(A)and t >0,

t t

(uls), A} ds—j (u(s), B(u(s), b)) ds = 0,

0

(u(t) —up,P)n + J

0

IKudos to D. Blomker for this reference.
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mu: [0,00) = H is continuous when H is endowed of the weak topology and
u(0) = uy.

The technical details that connect the energy inequality to existence of weak
solutions are, typically, a good approximation procedure (see Section 1.3 below
for instance) and good compactness theorems.

In dimension d = 2 weak solutions are also unique. Indeed let u,, u, be two
solutions with a common initial condition and w = u; — u,. Then

%w-l—vAw—i— B(u;, w) + B(w,uy) =0

and the energy estimate (one of the two non-linear terms does not disappear!)
yields

d
qolwlie+ 2viwliy + 2w, Blw, w)) = 0

and, by the Ladyzhenskaya inequality || - [|f. < ¢| - [[u] - ||v and Young’s in-
equality,

C
(W, Bw, W) < [[uaflv[wllis < VIWIR + Il vl

Gronwall’s lemma and the a—priori estimate (1.6) imply that w = 0.

One can also prove that, again in dimension d = 2, the weak solution is
also smooth. In dimension d = 3 this is not the case and a strong solution on an
interval [0, T] is a solution u € L*°([0, T]; V) N L*([0, T; D(A)). Strong solution
are unique in the class of strong solutions, but also in the class of weak solutions
that satisfy the energy inequality (1.6). This last result is known as weak-strong
uniqueness and we shall see a stochastic version in Theorem 3.8 of Chapter 3.

1.2. The stochastic PDE

Let ¢ € Z(H) be a non—negative self-adjoint trace-class operator and let
(W)= be a cylindrical Wiener process on H on some filtered probability space
(Q, #,(#) >0, P). The stochastic version of (1.5) is

(1.7) du + (vAu + B(u,u)) dt = C2dW,

where this time u is an H-valued stochastic process. The addition of the prob-
abilistic framework adds a new level of complexity and we may have weak
and strong solutions in the probabilistic sense. For this and other motivation, a
“probabilistic weak” solution will be called martingale solution.

DEFINITION 1.3 (weak martingale solution). Given a probability measure
n on H, a weak martingale solution with initial distribution p is a couple of
processes (u, W, )¢>o on a filtered probability space (Q, .7, (#¢)>0, P) such that
m u € C(0, 00; Hy,) NL2(0, 00; V), P-a. s., where H,, is the space H endowed

with the weak topology,
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m foreveryp € D(A)and t > 0,

t t

(u(s), A}y ds —j (uls), B(u(s), 1)) ds = (€W, ),

0

(u(t) —ug, b)n + J

0
m the law of u(0) is .

In stochastic analysis strong solution is a random field that solves the equa-
tion corresponding to a given driving Wiener process. In different words, for a
strong solution the driving noise is part of the data, while for martingale solu-
tions is part of the solution. In the case of strong solutions, for a matter of mea-
surability properties which are not detailed, an application of Doob’s lemma
tells us that there is a measurable map such that, roughly speaking, u = ®(W).

In dimension d = 2 the same proof of uniqueness we have given in the pre-
vious section yields path-wise uniqueness that, together with existence of mar-
tingale solutions, ensures existence of a (probabilistically) strong weak solution.
Existence of strong solutions is an open problem in dimension d = 3.

THEOREM 1.4. Given a probability measure on H with finite second moment, there
exists at least a weak martingale solution with initial distribution .

As in the case of the non—random problem, the proof of this result is based on
an approximation procedure, together with some compactness criteria, which
are applied at the level of the law of the trajectories.

A standard approximation is, again, the Galerkin method, although for in-
stance other approximation methods can give additional properties such as a
local energy balance [Rom10].

It6 formula on reader’s favourite approximation applied to |[u(t)||? pro-
vides (in the limit) the stochastic version of the energy balance we have com-
puted in the previous section. Here we explain a different estimate, based on an
idea of [Tem95], which provides a moment of the solutions in D(A). For further
details and improved estimates see [Oda06, Rom08].

First apply 1t0’s formula on ||u(t)||}, (this time the non-linear term does not
disappear),

dllul|? = —2v|Au|? dt — 2(u, B(w)) dt + 2(Au, €2dW) + o? dt,

with 07 = Tr(A€) and we need a bit more smoothing from € (although with
additive noise the requirement can be weakened). Then, Itd’s formula on the
function F(u) = (1 + ||u(t)||3) yields

Y IACu]F,
(L JulF)?* - (14 [fulf)?

dF(u) = dt,
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hence
AU, (u, B(u))v 2 1
v H g < dF(u) dt+ 22 qp o2 dt
(14 [[uf[3)? (14 [Juf]3)? N ()2
Au, CzdW
+2< u,C d2 2}
(1 + [[u3)

Integrate on [0, t], use Lemma 1.1 and Holder’s inequality to estimate the non-
linearity and take expectation to get

t 2 t
AUl 2 ¢ J 2
—_— <1 t+=E|| (1 ds|.
o], gt o] < Lot | o+ g 0

The right-hand side is finite by the energy estimate, hence another application
of Holder’s inequality finally yields

t 2 t
(1.8) ]EUO 1AW}, ds] <1+ 0%t CV]EUO (1+ J[ulf) ds} .

1.3. Galerkin approximations

In this last section we give additional details on one of the possible approxi-
mations of (1.7), namely the Galerkin approximations, in view of the next chap-
ters. With obvious changes, the following considerations may apply also to
problem (1.5).

Let ey, e5. .. be the basis of eigenvectors of A, with corresponding eigenval-
ues Ay, Ay, ... and set for every N > 1, Hy = spanlfe,...,en]. Let iy : H — Hy
be the projection of H onto Hy and set

AN = TINATIN, Bn (s, ) = inB(mine, TN ), Cn = inCrin.
The N Galerkin approximation is given by the following equation
(1.9) duM + (VANUN 4 By (uN,uN)) dt = mn @2 AW,

This is a stochastic differential equation on Hy &~ RN which admits a unique
strong solution for every initial condition in Hy. A thorough analysis of this
equations can be found in [Fla08]. Here we only remark that by applying the
It6 formula to ||uM||},  (where norm and scalar product of Hy =~ RN are chosen
so that they corresponds to the norm and scalar product of H),

t t

N @R, + 2J N2, ds = [N (0)[2, +2 J (N, @AW, iy, + Tr(Cn)t,
0 0

where Vi = min V. The stochastic integral is a martingale and hence one can get
the estimate

i
B [sup WM (0]F, + | IR, o] <c.
(0,T] 0
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with a bounding number ¢ independent from N. It turns out that every limit
point of the sequence of laws (PN)yN>1, where each u™ has distribution PV, sat-
isfies the same bound. With similar methods, one can also obtain the following
estimate, again uniform in N, that we will use in the following chapters,

(1.10) E [sup [ (0]%] < epl0 4 ™ (0) ).
0,
for every p > 1 and T > 0, where c,, depends only on p, T and the trace of C.

Let (qn)nen be a basis of eigenvectors of € and let (0% ),en be the corre-
sponding eigenvalues in non-increasing order and repeated according to their
multiplicity. Then for a sequence (fn)nen 0f independent one—dimensional
Brownian motions,

CoWe =Y 0nBn(t)gn.
n=1

Set Cmn = (qm, en) (this is the matrix for the change of basis), then
N

WNG%W»[ = Z(i GmBm(t)cmn> en.

n=1 m=1

Let now uy,...,un be the components of u™, namely u, = (uM,e,), and set
bnim = (en, B(er, em)) (hence by property (1.2) byim +bmin = 0and bymn = 0).
With these positions, equation (1.9) reads in components as

N 0
du, + (v?\nun + Z bnlmulum> dt = Z CrinOm dPm.
m=1

1,m=1

1.3.1. The periodic setting. In the case of periodic boundary conditions we
have an explicit form for both the eigenvalues and eigenvectors of A. In order
to make things even simpler we assume that the covariance C and the Stokes
operator A commute. Hence without loss of generality q, = e, and the matrix
Cmn = 0(M—mn).

The Fourier exponentials

fio = e'*, keZd

provide a (complex) basis for L*(T4) which is very convenient, for instance the
divergence—free constraints reads k - ux, = 0if u = ), uyfy. The non-linearity
computed onu = ) , uxfyand v =} | v fy gives

Buv) =i ) () (wmm)Miivn ) fic
keZd m4n=k

where IT; . is the k—-component of the Leray projection. For a series of reasons (it
gives complex valued coefficients, if u = ) fy is real valued, then uy = u_,,
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etc.) it is also useful to look for a real basis. As in the one-dimensional case, a
real basis can be given it terms of trigonometric functions. Set

29 ={k€Z%: kqg>0U{keZ kg 1>0kqg=0}U...

---U{kGZd:k1>0,k2:---:kd:()}’
Z¢ =—-7¢ and Z¢ =Z¢ UZ4, and
sink - x k € Z¢
1.11 ey = ’ +
(10 h {cosk-x, k€ Z9,

then (ey)yeza is a (orthogonal) basis of L*(T4)-functions with zero mean (see
for instance [MBO02]). To make it an orthonormal basis, we should multiply

each ey by the constant a4 = V2 (27()_%, but we will not do it for simplicity. If

d = 2and Ex = %ek for every k € Z2, then (Ex)xezz is a basis of H, where

kt = (=Ko, k1). In the three-dimensional case there is no obvious choice for the
two eigenvectors orthogonal to k.

The equations in Fourier modes, two dimension. Here we follow the construc-
tion of [MP06] (see also [EMO01]). In dimension two it is more convenient to
work with the vorticity, & = curlu. Without noise, the equations satisfied by the
vorticity is, by differentiating each term of (1.1),

o0&

— -VE = vAE.

3t +u-VE =vAE
fu=) L uerand & =), &cey, then & = uy - kt. Since u is divergence—free
(which reads in Fourier modes as k - uy = 0), the map u — & is invertible (this
is the Biot—Savart law) and

kJ_

e

The equation for the vorticity in Fourier modes is then given as follows,

Ex-

Uk

. 1 1 1
2 - 4. -
(112) bt vikPet g 3 ) (o ) b
mmn,ke.sy
1 N 1 1 .
-3 ngkej (m™-n) (W — W)imin = 0P,

where .#, is the set of indices

{(m,n,k) € 2% x 2> xZ> UZ> xZ> xZ>UZ2 xZ> xZ?> :m+n+k=0}
U{(m,n,k) €22 xZ> x 22 UZ* xZ?> x2Z* UZ> x 7> xZ* :k=m—n}
U{(m,n,k) € 2> xZ> x 22 UZ* xZ?> x2* UZ> x 22 xZ* :k=n—m},
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and
I ={(mnk)€Z> xZ2 xZ> UZ> xZ*> xZ> UZ> xZ* xZ* :k=m+n}

The equations in Fourier modes, three dimension. Here we follow the computa-
tions of [Rom04]. Write the velocity in terms of the real basis (ey)cz3,

and recall that the condition on the divergence of u reads uy - k = 0 and that the
Leray projection acts on each mode k as

k-u
T[Lkuk = (uk — |k—|2kk)
where we have interpreted it as a map from R? to R?. Given k € Z2, define the
map by : R* x R* — R3 as
by(a,b) = (k- )T xb + (k- b)TT ka,

then the Navier-Stokes equations read as

. 1 1 )
U-k+V|k|2U-k+§ Z by (U, un)—§ Z by (U, un )+ Z bi(Um, Un) = o Px

m,n<0 m,n>0 m,n>0or m,n<0
m+n-+k=0 m+n=k m—nm=k

fork € Z3, and

1:Lk_f’\/|k|2uk‘|’ Zbk(umaun)‘i‘ Zbk(umaun)_ Zbk(unuun) = GkBk

m<0n>0 m<0,n>0 m<0n>0
m+n—+k=0 m—n=k m+n=k

for k € Z*, where for simplicity we have written m > 0 as a shorthand for
m € Z?,and m < 0 for m € Z%. In the two equations above the (Bi)kezs is a
sequence of two—dimensional independent standard Brownian motions and each
oy is a 3 x 2 matrix with real entries such that k' - o = 0. This condition is
the mode-by-mode version of the assumption that the covariance has range on
divergence—free vector fields.
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This chapter has a two—fold aim. On the one hand we present some moti-
vations that should support the interest in the analysis of densities of the time-
marginal laws of the solutions of (1.1). On the other hand we we are faced with
the infinite dimension and the problem of having a reasonable reference mea-
sure with respect to which we should look for densities. This problem can be
partially solved only in some cases and Section 2.2.2 should convince the reader
that our problem is not included among them.

This is one of the reasons we turn to finite dimensional functionals and fi-
nite dimensional projections of the solution in the chapters that follow. In the
last part of this chapter we show that finite dimensional approximations of (1.1),
namely the Galerkin approximations of section 1.3, have densities with respect
to the Lebesgue measure. The result holds even for highly degenerate noise.

2.1. Motivations

This section aims to convince the reader about the interest in studying exis-
tence of densities for solutions of stochastic PDEs and in particular existence of
densities for finite dimensional projections.

It is a standard statement from any basic course in probability that the most
important facts about a random variable are carried by its law. Knowing that
the random variable has a density, as well as having some information on the
regularity of this density, adds up to our knowledge and it is clear that looking

15
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for densities is a problem worth to be studied even without the (more or less
rigorous) motivations we give below.

We will see later in Chapter 5 that an explicit density is the crucial part of a
proof of weak uniqueness for stochastic differential equations.

2.1.1. Motivation from sampling the velocity of a real fluid. This section
is intentionally rather vague, due to the fact that it gives some heuristic ideas
on a topic that is not part of the mathematical analysis of fluids evolution.

Most of the real-life experiments to evaluate the velocity of a fluid are based
on a finite number of samples in a finite number of points (Eulerian point of
view), or by tracing some particles (smoke, etc...) moving according to the fluid
velocity (Lagrangian point of view). The literature on experimental fluid dy-
namics is huge. Here we refer for instance to [Tav05] for some examples of
design of experiments.

/\
/\

Y \
e

ARV

Let us focus on the Eulerian point of view. To simplify, consider a torus
(similar consideration for a finite box with homogeneous Dirichlet boundary
conditions), then sampling the velocity field means measuring the velocity in
some space points yi, ..., Yaq,

U~ (u(t7y1)> SR 7u(t79d))

and a bit of Fourier series manipulations shows that this is a “projection”, since
u(t,y) = Zuk(t)ek(y) — Z<u(t)7 ey) kY = <u(t), Z oiky €k>
k k k

where e(y) = e*V is the Fourier basis. Unfortunately our theory will allow
this kind of projections only under the assumptions of Chapter 3, leaving out
the methods of Chapters 5, 6 and 7.

2.1.2. Motivations from some previous work. The main interest in study-
ing densities comes from some previous work, done partially in collaboration
with F. Flandoli on the existence of Markov solutions for stochastic PDEs. If
either the stochastic PDE has multiple weak solutions or if weak uniqueness is
open, the standard proofs for existence of a Markov process fail. A smart idea
of Krylov [Kry73] allows to prove existence of Markov processes for stochastic
differential equations without weak uniqueness. The idea is then adapted in
[FRO8] for stochastic PDEs, in particular the Navier-Stokes equations.



2.1. MOTIVATIONS 17

Let us briefly explain the underlying ideas, we will be more precise in section
3.3.1. Assume one can prove existence of at least one global weak solution of
the problem under examination for each initial condition in the state space H.
The laws of these solution are probability measures on the path space O =
C([0, 00); H), where H is a suitable space larger than H, for instance the domain
of a sufficiently large negative power of A. A natural filtration (% )>, can be
defined on (), given for each t by the Borel sets of C([0, t]; H().

A Markov solution (or selection) is a family (P )xen of probability measures
on O such that for each x € H Py is a (suitably defined, see Definitions 3.3
and 3.4) weak martingale solution of Navier-Stokes equations (1.1) with initial
condition x, and such that the Markov property holds, namely for (almost) each
time t > 0,

Pylz, = Pg,, P, —a.s.,

where & : O — X is the canonical process, defined as &i(w) = w(t), and
w — Py|# (w) is a version of the regular conditional probability distribution of
P, given .%,.

The knowledge of Markov selections is crucial in the problem of uniqueness.
In [FRO8] we proved the following strong uniqueness result, under suitable as-
sumptions on the covariance (which essentially amount to non—degeneracy and
enough smoothing).

THEOREM 2.1. Assume there are an initial condition xo, a time to > 0 and a
solution Py, to the martingale problem starting at x,, such that

~

IPJX() [TOO 2 tO] — 17

where T, is the blow—up time (that is, the lifespan of the smooth solution). Then path-
wise uniqueness holds for every initial condition.

A thorough and general analysis of the blow—up time has been later done in
section 5 of [Rom11c].

A corresponding weak uniqueness result can also be given. Roughly speak-
ing, the theorem below says that if two irreducible Markov processes coincide
over a small time interval, then they are equal.

THEOREM 2.2. Consider two arbitrary Markov selections (PL)xen and (P2)xen.
If there are an initial condition x, and a time to > 0 such that IP’}CO = Pio on [0, to], then
PL = P2 for all initial conditions x.

The theorem above has been later extended in [Rom08]. Assume each Markov
solution has a unique invariant measure (as it is the case for the 3D Navier—
Stokes with suitable noise [DPD03, FR08]). Uniqueness of invariant measures
implies uniqueness of the processes, and in the end the invariant measure car-
ries all the important information on the solution.
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THEOREM 2.3. Consider two arbitrary Markov selections (PL)xen and (P2)xen
and assume that each selection has an invariant measure wi, i = 1,2. If i, = o, then
P! = P2 for all initial conditions x.

The most fundamental result related to Markov solutions, in view of this lec-
ture notes, states that if one considers two invariant measures which are equi-
librium states of two different Markov solutions, then the two probability mea-
sures, albeit not equal, are equivalent measures [RomO08]. Actually, the result also
holds if one considers the law of two different solutions at some time [FRO07].

THEOREM 2.4. Consider two arbitrary Markov kernels Pi(t,x, - )t>oxen, 1 =1,2.
Then for every x,y and every s,t > 0 the measures P1(t,x,-) and Py(s,y, -) are equiv-
alent measures.

Moreover, if each Markov kernel has a (unique) invariant measure p;, i = 1,2, then
W and py are equivalent measures.

It is thus of paramount importance to understand these densities, as on the
one hand this can provide an approach to prove uniqueness, or it may help to
understand th difference between two solutions with the same initial condition.

The equivalence result has also an interesting interpretation in terms of quan-
tification of the uncertainty related to the fluid flow governed by the equations'.
Indeed, any information collected through the equations which has probability
one, is true regardless of the equilibrium state (or of the solution) one considers.
In different words, the almost sure information obtained are reliable regardless
of the equilibrium analysed and this validate the robustness of our model, even
in the case non—uniqueness would be true.

This also opens an intermediate problem, since an LP-like estimate on the
densities between different invariant measures would further strenghten this
interpretation. Indeed, with a more quantitative estimate one could extend the
reliability to events which are of small (or large) probability and which would
remain of small (large) probability regardless of the equilibrium state one con-
siders.

EXAMPLE 2.5 (On reliability of numerics for non unique problems). Let me
recall one of my favourite arguments on numerics for problem without unique-
ness. Consider the classical problem

X =2vXx,
with initial condition x(0) = 0. A simple computation shows that the one—step
explicit Euler approximation xy of the above problem yields xn(nh) = 0 for
every time—step. On the other hand the one-step implicit Euler approxima-
tion yields x(nh) = (nh)?, namely the maximal solution. The reader should

1Many thanks to P. Constantin for suggesting me this interpretation of the equivalence re-
sult of the invariant measures.
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consider that this subject is under analysis by several authors and the above
example is clearly not exhaustive!

At this stage we do not have any result in the directions explained just above.
A first step in the analysis is provided in the next chapters 3, 5, 6, 7, in which
we show that suitable finite dimensional functionals of weak solutions of 3D
Navier-Stokes admit densities with respect to the Lebesgue measure.

2.2. Infinite-dimensional densities

As we will see in Chapter 5 with details and with several examples, equiv-
alence of probability measures and in the overall existence of densities in the
infinite dimensional setting is not a common situation, so to say.

The first main problem is the lack of a good flat reference measure, as is the
Lebesgue measure in finite dimension. Indeed, some (if not most) of the times
the main problem is to understand which is the right reference measure.

The most simple example where a reference measure naturally appears is
given by a gradient flow perturbed by a suitable noise. The problem admits an
invariant measure of exponential type, which is explicitly known.

A natural generalization to this are problems where, for instance, all one-
dimensional time marginals are equivalent to the invariant measure. The dif-
ference with the previous case is that there is no explicit expression for the in-
variant measure. We shall see an example of this in Chapter 3. One of our
motivations previously stated in this chapter, more precisely Theorem 2.4, is
partly a non-trivial consequence of this fact.

The most direct way to obtain a density is through Girsanov’s theorem. We
will see here a few not very detailed examples here, and we postpone a thor-
ough discussion on the topic to Chapter 5.

2.2.1. Gradient flows. Our first example is a stochastic PDE where a mean-
ingful reference measure, namely the invariant measure, does exist and can be
explicitly given. Moreover for each initial condition the law of the process at
any positive time is equivalent to this measure.

To understand how this works we start first with its finite dimensional coun-
terpart. We will see that the inifinite dimensional case is a direct generalisation.

The finite—dimensional case. Consider the following one dimensional stochas-
tic differential equation,

(2.1) dX = —f(X) dt + V2 dw.

The measure © = %e_F(X) dx is an invariant measure of the above diffusion,
where F/ = fand Z = [ e T(*) dx is the normalising constant. Under reasonable
minimal growth assumptions on F, the total mass Z is finite and p is a probabil-
ity measure. Moreover, by asking a bit more on F, one can even ensure that p is
the unique invariant probability measure.
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To see that p is invariant, the quickest way is to verify that its density satisfies
the Fokker—Planck equation associated to (2.1). We will give more details on this
tooic in Chapter 7 and here we give only a quick glimpse of the idea. Assume, as
it actually is, that X has a density p(t, x) with respect to the Lebesgue measure,
then for ¢ € C2(R), by the Itd formula,

d(Xe) = —F(Xe) ' (Xe) dt + V20 (Xe) dW: + ¢ (Xy) dt,
hence by integration by parts,

LX) = Eld"(X0) — F(X) (X)) =

dt
_ J(cb"(x) —f(x)¢(x))p(t, x) dt = j (P + (fp)s) b dx.

We notice that if p(t,x) =
constant and p is invariant.

The same holds in larger but finite dimension if one is careful enough to
ensure the existence of a primitive of the drift,

dX, = —VF(X,) dt + V2 dW,

where W is a d—dimensional Wiener process and F : R¢ — R4Y. The invariant
measure is again p = + e~ ") dx with Z normalising constant.

A last remark is that what we have said breaks down, at least at the level
of getting explicit formulas, as long as the driving noise has a non-trivial co-
variance (i. e., different from identity). The problem still admits an invariant
measure, but we cannot write it down explicitly.

The infinite dimensional case. Consider now the following stochastic PDE on
[0, 1] with, for instance, homogeneous Dirichlet boundary conditions,

(2.2) du = Au—DF(u) +v24dwW,

2 e Fx), then pyx + (fp)x = 0, E[$p(X,)] remains

where W is a cylindrical Wiener process on L2(0,1), hence W is space-time
white noise, and F: L2(0,1) — R.

Let v be the Gaussian measure v = @, N(0, ﬁ, where (Ay )1 are the eigen-
values of (—A) with the given boundary conditions, that is v is the law of the
stationary solution

t
z,(t) = \/§J eAt=s) qW,

of the linear equation
dz = Az + V2 adw,
with the same boundary conditions of (2.2). Then p = % e v is the invariant

measure of (2.2) and the distribution of u(t) for each initial condition in L2(0, 1)
is equivalent to p.

—F(x)
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To see that this last fact holds the idea is to prove that the transition semi-
group generated by the equation (2.2) is strong Feller, that is the semigroup maps
bounded measurable functions into continuous functions. This can be proved
for instance through the Bismut—Elworthy-Li formula [Bis81, EL94]. A theorem
of Khas'minskii (see for instance [DPZ96, Proposition 4.1.1]) ensures then that
the transition probabilities are equivalent. Notice that the strong Feller property
is equivalent [Sei01, Hai09] to continuity in total variation of transition proba-
bilities.

For more details on this type of problems, one can refer to Chapter 11 of
[DPZ96].

2.2.2. The Girsanov transformation. We stress again that we are going to
be sloppy in the mathematics that follows. A more detailed introduction to the
topic will be done in Chapter 5, to whom we refer for all details.

Consider the following prototypical (at least for us) equation

du+ (Au+ B(u)) dt = C2dW,
where B is a bi-linear operator. Let us write the equation as
du + Audt = €2 (dW — € 2B(u) dt)

and use the Girsanov transformation of measure to have that, under a new
probability P which is absolutely continuous with respect to the old one P, u
coincides, on a finite time—span interval [0, T], with the solution z of

dz + Azdt = CzdW,

where
t

W, =W, —J B(us) ds
0
is a Brownian motion on [0, T] under P. The new probability Pis given through
a density by

T T

~ 1 1 1

P(dw) = exp(—J (€ B(u), dW) — 5[ e~ #B(w)|?2, ds)IP’(dw).
0 0

A classical condition which ensures that the above considerations are rigorous

is the Novikov condition,

E[exp(% LT IC~2B(u)|% ds)} < 00,

but we can quickly realise that in our example this cannot be possible. Indeed,
B(u) is quadratic, hence ||B(u)||? is quartic and in general we do not expect u
to be any better than the solution z to the linear problem obtained dropping the
non-linearity (which is Gaussian). If we assume that both u and z are strong
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solutions of their respective equations, the Novikov condition can be replaced
by the much weaker condition

.
]P’HO € 2B(w)|? ds < oo] = 1.

Let us apply these computation to the Navier-Stokes in dimension 2. Assume
for simplicity that ¢ = A~%, hence by (1.3),

T T
_1
L |6 ZB(w)|f?, ds < C“L IV, ds-

On the other hand, we expect u to behave, at least for what concerns the space
regularity, as z, due to the fact that u — z is more regular than z. A simple
computation [DPZ92] shows that z is bounded in Vg with 3 < o« +1— %, hence
B < o In conclusion we should have 6(«) < «, which is plainly impossible.

A simple solution to overcome this difficulty is to increase the effect of the
dissipation (see [MS05], see also [Fer08]), namely by replacing —A with (—A)Y
(or A with AY) for some vy large enough. With this replacement the above con-
siderations are rigorous and Girsanov’s theorem applies, although the replace-
ment in a way changes the physics of dissipation.

A more interesting solution, introduced implicitly in [MS05] (see also [MS08])
and explained more explicitly in [Wat10], improves the above situation. It is
odd that at the same time a completely different method proposed in [DPD04]
leads to similar results. Let us explain the method in [MS05, Wat10], which is
simpler and more direct. The idea is to show equivalence at the level of one-
dimensional time marginal distributions, rather than at the level of trajectories,
as given by the Girsanov transformation (do not forget that for a Markov pro-
cess equality of the one dimensional marginals is enough to ensure equality of
the laws on the full trajectories).

Here is the idea. Consider u as above, fix t > 0 and write the mild formula-
tion,

t t

e A B(u) ds + J e A=) ez W,

u(t) = e A y(0) — J
0

0
By a simple change of variable in time,

t t ¢
J e AS) B(u) ds = J o sA(t=s) (—3A(t—s) B(u)ds = J e A=S) Gy (s) ds,
0 0 0

where G(s) =2e A8 B(ugs )1 /2.1)- Now, let y be the process

S S

e—A(s—r) Gt(T) dr _’_J e—A(S—T) e%dw, S & [OatL

yls) = AT 4(0) —j 0

0
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then u(t) and y(t) have the same distribution. On the other hand, y is path-
equivalent to the linear problem if

)
IP’U |64 e A=) Bu) |2, ds < oo] —1,
0

which is a much weaker condition due to the regularizing effect of the semi-
group. In a way this condition is also optimal, as it essentially says that B(u) is
in the Cameron-Martin space of the Gaussian measure distribution of z(t). Un-
fortunately this is not enough. Again (1.3) yields that |G~z e~ A=) B(u)||?, <
oo if O(ot) < & + 1, which is again impossible.

We finally remark that different ways to approach similar problems have
been presented in [BDPR96, DPD04].

2.2.3. The 2D Navier-Stokes equations with delta—correlated noise. There
is a special case for equation in fluid dynamics where one can exhibit an explicit
invariant measure as in the previous sections. In this section we sketch a few
ideas from [DPDO02], where they are able to show that the Gaussian measure

1
- N( ’—>
H ® 0 2v|k|?
keZ?2

is the invariant measure of the two—dimensional Navier-Stokes equations with
periodic boundary conditions on the torus and driven by space-time white
noise. The measure p can be written formally as

L= %G—VIIXI% dx

with Z a normalizing constant and “dx” an infinite dimensional flat measure.
Here the viscosity plays the role of the inverse temperature. The fact that p is
an invariant measure can be heuristically explained by the equality

(Au,B(u,u)) =0,

which complements (1.2) and which holds only in this special case (two dimen-
sions, periodic boundary conditions).

The main difficulty here is that the roughness of the noise is such that the
solution is not regular enough and should be interpreted as element of some
suitable dual space. On the other hand a minimal condition to give meaning to
the equations is u € L2, since for a test function ¢,

(@ ) = —(u (w 9)) == 3 [wisdyon
D]
A similar problem arises in stochastic quantization and it is solved with
renormalization [MR99]. A similar idea is applied in this case, with the ad-
ditional advantage that the non-linear terms need not be modified, since the
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renormalization constant disappears by diffeentiation. Indeed, for divergence
free vector fields,

(u-Viu=diviu®u).

To be more precise, let 71N be the projection onto the space Hy generated by the
modes of frequency at most N, define

pN:< Z %)é

0<[k|<N
and
C(maug)? TN
s = (0 TR
where
() r= () — PQN-
Hence

B(’HNLL) = n]_ diV(’TENLL (24 T[Nu) = ﬂL le( TINU X TTNU )

It turns out that the above quantities admit a limit as N — oo in V_. for every
e > 0 and the limit quantity of B(7ry-) has all polynomial moments finite with
respect to pin V_;_.. It is clear that there is nothing special here with finite
dimensional projections and any other reasonable approximation would work
as well.

Their first main result is that there is a stationary solution with law p. By
means of the stationary solution then they can prove existence of a global strong
solution (i.e. same noise) for p—a. e. initial condition. The idea, that we do not
detail here, is that one can first show existence of a unique local solution by a
tixed point theorem, and then use the stationary solution to propagate existence
to all times.

2.3. Densities for the Galerkin approximations of Navier—Stokes

In this section we come back to the Galerkin approximations presented in
Section 1.3 to give a sketch of the ideas that show that the solutions of the finite
dimensional approximations have a smooth probability density with respect to
the Lebesgue measure. This result goes beyond its intrinsic interest and will be
used in the following chapters as a starting point for our proofs.

With the same notations of Section 1.3, fix N > 1 and consider the stochastic
differential equation (1.9),

du + (VANUN 4 By (uN,uN)) dt = iy @2 aW.
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Assume for simplicity that C is diagonal in the basis of eigenvalues of A, hence
we can write the above equation in components as

N
23)  du, + (w\nun + Y bnlmulum) dt= o, dBn, n=1,.. N

l,m=1

The proof of smoothness of the result we state here is based on Malliavin calcu-
lus, although at this stage we will use it only as a black-box through the results
of [Nor86]. A more detailed discussion on the topic is postponed to Chapter 3.
We notice also that as a by—product of this approach we can allow that some of
the coefficients o,, of the noise may be zero (degenerate diffusion).

Let us define

N
XO (LL) - _(V}\nun + Z bnlmulum>

n=1,..., N7
l,m=1

and for every x € {1,..., N}, Xy (u) = 0,8,, where &, = (8n1,...,0mn) is such
that 8,,,, = 1 if m = n and 0 otherwise. With these positions, the above system
of stochastic differential equations becomes

N
(2.4) du=Xo(w) dt+ > Xn(u)dpy.

n=1
To each vector field X,,, n = 0,..., N, we can associate the corresponding ele-

ment in the Lie-algebra of operators

xn = Z an (u)i

‘ au]' ’

j=1

and it turns out that the generaor of the diffusion defined by (2.4) (or equiva-
lently by (2.3)) is

N
1 2
g:xﬁénz_lxn.

We can define a bracket operation on vector fields (or on the corresponding dif-
ferential operators) as

N

X _av,
Xvi=Y (YE - XE> — PX — XY.

The result [Nor86] we shall use is as follows. Consider a system such as (2.4),
assume that the vector fields Xg, . .., Xy are C* and that the vector fields

(2.5) X1, XNy X Xlocigen, X, X5, Xidogijiens



26 2. SOME MOTIVATIONS AND RELATED RESULTS

evaluated at each u € RN span the whole RN, then the solution of (2.4) has
a smooth density at each t > 0 for all initial conditions. This is the proba-
bilistic version of the celebrated Hormander theorem for hypoelliptic operators
[H6r67]. Roughly speaking, even though the generator .# defined above is not
elliptic, one can still prove regularizing properties. A proof of the theorem with
probabilistic arguments has been the subject of intense research starting with
[Mal78, Bis81, Str81, Str83] and has been the motivating origin of Malliavin
calculus.

Turning back to the definition of our vector fields X, ..., Xn, we see that
X1, ..., XN are constant and X is quadratic, hence a good number of the above
brackets are zero. If we focus on the constant vector fields,

(26) Xl, RN XN, [Xi, [X] R Xg]ogidg]\],

for instance 5
X me Xol = b m b ml)~
X, | o) =) (biim + by 1)auk

k

and if the above vector fields generate RY, then the result will hold for any ini-
tial condition. We state this result in the form of a theorem for future reference.

THEOREM 2.6. Consider a stochastic differential equation of the form (2.4), and
assume that the vector fields (2.5) generate RN when evaluated at each w € RN (or the
constant vector fields (2.6) generate RN). Then the solutions of the stochastic differen-
tial equation has a smooth density with respect to the Lebesgue measure on RN.

2.3.1. The periodic case. An obvious case in which the vector fields in (2.6)
generate R" iswhen 0,, # 0 foralln =1,..., N, and to obtain RV it is sufficient
to consider only Xj, ..., Xy and no brackets.

On the other hand when there are some o,, = 0, or when € does not com-
mute with A, in general the condition on the brackets (2.5) or (2.6) is hard to
verify. There is though a case where one can write explicitly the brackets in (2.6)
(as well as (2.5)), and this is the case of periodic boundary conditions. As we
have seen in Section 1.3.1, we know explicitly the eigenvectors e,, as well as the
coefficients B,1,m of the non-linear operator.

The ideas we discuss here were first explained in [EMO01] for the 2D Navier—
Stokes equations with noise and here we present the three dimensional version
of [Rom04]. Recall that one can write the problem with respect to the real basis
(1.11) as

. 1 .
27) et vikPuct s ) (Db wn) = 0B, Ko <N,
m,ne.#
for suitable sets .#, and suitable exponents ex(m,n) which have been given
explicitly in Section 1.3.1, and where [k|,, = max(|k4, [ksl, [ks|). Set Zn ={k #0:
Kl < N}
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Let N be the set of indices (modes) corresponding to those directions forced
by the noise, that is the vector fields Xy for k such that oy # 0, in the notation
of the previous section. Assume that N is symmetric, namely that =N = N. Let
A(N) be the set of indices k such that [k|,, < N that correspond to the directions
generated by the brackets, as explained in the first part of this section.

To be more precise in the definition of the set A(N), let us clarify which
is the state space of (2.7). Indeed, each uy in (2.7) satisfies k - u, = 0 by the
incompressibility condition. The state space of (uy)xez, is

S = @k%

kEZN

Let us denote by 8y the two-dimensional subspace of 8 corresponding to k.
In the following we will often identify elements of k*, which are vectors in R?,
with elements of Sy, which are elements of R#(4N) with most of the coordinates
zero in the standard basis.

With these positions, we write k € A(N) if 8y is in the subspace generated
by the constant brackets. It turns out that the elements of A(N) obey to a sim-
ple set of algebraic rules, as stated by the following proposition (Lemma 4.2 of
[RomO04]).

PROPOSITION 2.7. Consider the Galerkin approximations of the 3D Navier—Stokes
equations (2.7). Let N and A(N) be defined as above, and assume that N is non—empty
and symmetric. Then the following properties hold.

mifm e A(N), then —m € A(N).
mifmn e A(N), Im+nle <N, |m| # n|and m,n are linearly independent,
then m+n € A(N).

PROOF. We give the proof only of one case to give the idea. Let m,n € Z*
andsetk =m+n. Fixx € mtandy € ntandlet M, € §,, and M, € §_,,, be
the vectors in § having the same non—zero coefficients of x, and define sim-
ilarly N; € 8,, and Ny € 8&_,, with y. Lemma 4.1 of [Rom04] yields that
[[Xo, M4], Naol + [[Xo, M), Ny] is the element of Sy having the non—zero coeffi-
cients equal to those of by (x,y), and [[Xo, M1], N1] —[[Xg, M3, Ny is the element
of 8y associated to by (x,y).

Hence, if m,n € A(N), to show that £k € A(N) it is sufficient to prove that
{br(x,y) : x € m*t,y € nt} spans kt. Let a,b € k' such that k,a,b is an
orthogonal basis of R®> and m,n € spanlk, al. Write x = x;k 4+ xpa + x3b and
Yy =Yk +y2a + ysb, then

bi(x,y) = [k (ays + xayi)a + kP (xays + x3y)b.
The incompressibility condition reads

k-mx;+a-mx, =0, k-ny;+a-nyy;=0.
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The above system can be solved since m and n are not parallel, hence a - m =
—a-n #0and

o k- m _ kn
2= T Y2 == Y
By replacing the above equality in by (x,y), we get
[kJ?

bl y) = ——— [(Im]* — Inf)x1y1 a — (x1Y3 + x3Y1) b].

Now choose x; = 0 and x3 = y; = y3 = 1 to obtain b, and x; = y; = 1 and
x3 = Y3 = 0 ot obtain (a vector parallel to) a. O

REMARK 2.8. In the proof of the above result, if m || n, then m,n || k and
by (x,y) = 0whenx € m*,y € nt, and nothing can be done. On the other hand,
if m |f n but [m| = In|, the procedure in the proof above yields that if m,n €
A(N), then the one-dimensional space span[m,n]* is in the space spanned by
the constant vector fields. This is an important difference with respect to the 2D
case of [EMO01].

From this result and the bit of additional work suggested by the previous
remark, one gets the following result, which provides a minimal set of forced
modes that ensure smoothness of the densities. Other sets are equally possible
and the rule of thumb is that to have A(N) = {k # 0 : k|, < N}, one essentially
needs that the subgroup of (Z*, +) generated by N is Z>.

THEOREM 2.9. Assume that N is symmetric and that (1,0,0), (0,1,0) and (0,0, 1)
are in N, then the solution of (2.7) has a smooth density with respect to the Lebesgue
measure at any positive time.
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In this chapter we introduce the first method to show existence of densi-
ties. The method is based on Malliavin calculus, which may be considered the
standard way to prove existence of densities. As we shall see in Chapter 6, the
knowledge we have of the Navier-Stokes equations in three dimensions does
not allow to prove Malliavin differentiability, so we shall need to work on some
kind of approximation. This will be possible with the weak—strong uniqueness
principle (Theorem 3.8), that states that for a short random time every weak
solution from a regular initial condition is a strong solution. This implies equiv-
alence of laws between weak and strong solution, at least for a special class of
solution, those satisfying the Markov property.

In the first part of the chapter we give a (very) short introduction to Malli-
avin calculus and a short review of [MP06], where the stochastic calculus of
variation is used to get densities of finite dimensional projections in the two
dimensional case. Then we turn to the three dimensional case, we review the
theory developed for the existence of Markov solutions, we apply Malliavin
calculus to strong solutions and finally we use equivalence to conclude.

29
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3.1. Densities with the Malliavin calculus

In this section we give a very short introduction to the Malliavin calculus,
and we show how to use it to prove existence of a density for random variables.
We follow mainly [Bal03], although the interested reader can also look at the
standard reference [Nua06]. An introduction of Malliavin calculus with a view
to stochastic PDEs is given in [SS05].

3.1.1. A very short introduction to the Malliavin calculus. Let (W})>, be
a one dimensional Brownian motion on a probability space (Q,.#,P) and con-
sider a functional

F= F((Wt)te[o,l])

of Brownian paths. The goal is to define a derivative of W with respect to the
probability variable w € Q, or more precisely with respect to Brownian incre-
ments,

oF
0 (Werh - Ws) .

A way to gove meaning to the above formula is to start with a special set of
functionals where the formula makes sense and hope the set we have chosen is
large enough to allow the extension of the definition to a reasonably large class
of functionals.

Define the dyadic times t} = 2% fork=0,...,2" and set Ay =Wy —Win.
The special set of functionals at level n is

D.F =~

Sn={F=1(A},...,A% ;) : f € CT(R™)}.

By a simple telescopic sum argument it is easy to see that the set §,, is equal
to the set of functionals F = f(Wy,..., Wy, ..., W), with f € CP(R*". Let
8o = U, Sn, then 8, C L*(Q) (actually in every LP(Q)), due to the fact that
Gaussian measures have all the moments finite.

Define the Malliavin derivative of F € 8., as the process

2n—1

(DSF = W(Ag,...7A]21n71)1]-[tk7tk+1](s)‘

Define the set of simple processes

2" —1

an = {Z Uk]l[tk,tkﬂ) Uy € Sn},
k=0

and P, = {J,, Pn. By its definition it is clear that the Malliavin derivative maps
8, into P,
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The second important object we define is the Skorokhod integral. Given U €
Py, the Skorokhod integral is

2n—1 2n—1

L1 AU,
ou = E UkAk - 2_n E Wa
k=0 k=0

and clearly 6U € &,,. There are two good reasons to call “integral” the Sko-
rokhod integral. The first is that if U is an adapted process, then dapUyx = 0
and U is the Ito stochastic integral [ U, dW; of U. The second good reason is
the fundamental duality relation that connects the Skorokhod integral and the
Malliavin derivative,

1
E” U,D,F ds} —E[FSU], FeS, UeP,.
0

The next step is to extend the Malliavin derivative and the Skorokhod inte-
gral to a larger class of random variables and processes. Since 8,, C L*(Q) and
Ps C L2(Q;1L%(0,1)) are dense, the duality formula ensures that D : 8., — P,
and & : P, — 8 are closeable. The Malliavin derivative extends in L?(Q) to its
domain of definition D', which is given as

1
31) D?= {F € 12(Q) : |2, := E[FJ +EHO D2 ds} < oo},

in the sense that D' is the closure of 8, with respect to the norm ||-||; ». Likewise
for p > 1 define

IFIIT, := ELIFP]+ EKL DR ds) ']

and D'P as the closure of 8., with respect to the norm || - || ,. Higher order
derivatives can be defined by iterating the definition we have given and D*? is
the closure with respect to the norm

k 1 1 ) , P
IFIE, := ELIFP] + EIE[(J J DY) F dsl...ds]-> }
J:

0 0

The whole set of definitions given above have a strong analogy with the con-
struction of Sobolev spaces with weak derivatives. An extension of the Malli-
avin derivative to the multi-dimensional case is possible and straightforward.

A fundamental property that holds for the Malliavin derivative is the chain
rule. The property can be easily derived by standard properties of the usual
derivative for simple functionals and extends to the general case by approxima-
tion. Let ¢ € C}(R) and F € D"?, then ¢(F) € D"* and

(3.2) Do (F) = ¢'(F)DF
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The third important object we aim to define is the Malliavin covariance matrix.
Given F = (Fy,...,Fq) € D'2, define

1
(3.3) M; = (DFi, DFj)12(0.1) :J (DsFi)(DsF;) ds, 1,j=1,...,d.

0
For instance, if F is Gaussian, say F = QW,, where Q is a d x d matrix and
(Wyi)i>0 is d-dimensional Brownian motion, then F is a simple functional and
DFi = Qiely(s)' hence M =t Zle QieQje = t(QQ*)y;. Since it will play
a role in the sequel, we notice that the random variable F = QW, has a density
with respect to the Lebesgue measure if and only if Q is invertible, and hence
if and only if the Malliavin matrix is invertible. A crucial step in proving in-
vertibility of the Malliavin matrix is the estimate of the smallest eigenvalue of
MF.

Let us make a couple of examples. Let F = fé h(s) dW, then D,F = h(s)

and, if h is vector valued,

1
MY = J hi(s)h;(s) ds = E[F;F;].
0

So in general if F = f(fé h(s)! dW,, ... ,fé h(s)*dW;) with f € Cx(R4), then

DF = i ﬁ(r h(s)' AW, . .. ,Jl h(s)d dws>h§

0x
k=1 Kk O

Actually the above class of functionals and the above formula may provide a
different starting point for the definition of the Malliavin derivative. The oper-
ator D is closeable on this set of functionals and the final outcome is the same
derivative operator D on the same domain D'?. We remark for completeness
that a third possible definition of Malliavin derivative can be given through
Wiener chaos expansion, see [Nua06].

We use the above formula to give an heuristic interpretation of the Malliavin
derivative as a derivative with respect to the Wiener process variable. The idea
is to make variations in the Wiener process, those suggested by the Cameron-—

Martin theorem 5.4. Let F = J"é h(s) dWs, then we can write F as a function of
the process W as F = O ((W,)¢(0,1)- Now consider the new random variable ob-
tained by perturbing the Wiener process along an absolute continuous direction

1
W =Wt+eJ v(s)ds
0

To make the whole thing a bit clearer, we remark that the index { in the derivative
DLF; refers to the Malliavin derivative with respect to the { component of the Wiener process
increments.
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and the derivative in € at e = 0 yields,
O(W+e[vds)—O(W) Jl
€

h(s)v(s) ds = (DF,v)12(01),
0

that is the Malliavin derivative of F in the direction v.
This interpretation makes reasonably easy to compute derivatives of, for in-
stance, solutions to stochastic differential equations. Let

dX = b(X) dt + o(X) dW,
then a variation of the noise We = W + € [ v ds induces a new stochastic equa-
tion
dXe =b(Xe) dt + o(Xe) (AW + evds),
hence

Xe —X b(Xe) —b(X Xe) —o(X
d( ): Xe) Z0(X) | oXe) Z0X) 11 | gxe)v as
€ € €
and in the limit the Malliavin derivative D, X; of X; in the direction v satisfies

the following equation,
dD,X = b’ (X)D, X ds + o/ (X)D, X dW; + o(X)v ds,

that can be also recast as

DX = 0(Xs) +J

S

t t

o' (X;) DX, dWr+J b/ (X,)DX, dr, s<t

S

and clearly DXy = 0 for s > t, since X does not depend on the future.

3.1.2. Densities and integration by parts. [This part has not been
completed yet]

3.2. The two dimensional Navier—Stokes equations

Consider the Navier-Stokes equations with noise on the two—dimensional
torus. Existence of densities for finite dimensional approximations was proved
in [EMO01]. Later in [MP06] the existence of densities was proved for finite di-
mensional projections of the full infinite dimensional process. We remark that
the results of [MP06] have been a crucial step towards the fundamental results
of [HMO06], see also [HM11]. Detailed discussions can be found in [Mat08].

To see the assumptions of [MP06], we use the notation of Section §1.3.1. The
driving forcing is given as

W, = Z Bkeka

where (ey)yez2 is the basis defined in (1.11) and (B )k>1 are independent one—
dimensional standard Brownian motions. The set Z is finite and for instance one
can choose Z = {(1,0),(—1,0),(1,1),(—1,1)} and the projection of the solution
onto a finite number of Fourier modes has a smooth density with respect to the
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Lebesgue measure. The kind of Z that yields the above results is completely
characterized by some algebraic rules similar to those of Proposition 2.7 (see
also Remark 2.8).

To cut the long story of [MP06] very short, the existence of a density follows
from Theorem 2.1.2 of [Nua06] together with a representation of the Malliavin
matrix by means of a backward partial differential equation with random coef-
ficients. Smoothness follows from an estimate of the small eigenvalues of the
projection of the Malliavin matrix.

[This part has not been completed yet]

3.3. The three-dimensional Navier-Stokes equations

In this last section we wish to apply the ideas of Malliavin calculus to the
three-dimensional case. As already mentioned, since we do not have a unique
(strong/weak) solution, we need to specify the kind of solutions we are going to
consider. The special property that will characterise our solutions is that upon
conditioning at a given time, the regular conditional probability distribution
of a solution is a family of solutions (with appropriate initial condition). An
abstract theorem of [FR08], adapted to the infinite dimensional setting from
[Kry73] allows then to show the existence of Markov families of solutions.

Under suitable assumptions on the covariance, we can prove continuity with
respect to the state-space variable of Markov kernels, and this is the key prop-
erty to prove the equivalence of Markov kernels of these solutions with those of
“smooth solutions”.

The final step is to prove the existence of densities for the “smooth solu-
tions”, and this is done my means of Malliavin calculus. We are in a much sim-
pler situation than in Section 3.2, since to prove continuity of Markov kernels
we need an invertible covariance. In order to extend these results to degenerate
covariances new ideas are necessary to avoid continuity and this is the subject
of a work in progress.

The theory of Markov solutions and its developments is taken from [FRO06,
FRO08, FR07, Rom08, Rom09, Rom11a], while the existence of densities is the
first method presented in [DR12]

3.3.1. Markov solutions. Set QO = C([0,00); D(A)’), let & be the Borel o-
field on Q) and let & : O — D(A)’ be the canonical process on Q, that is the
coordinate process & (w) = w(t). Define the filtration #; = o(&s : 0 < s < t),
which can be seen as the Borel o-field of C[0, t]; D(A)’) if this space is seen as a
subspace of Q).

Assume the covariance C is a trace class operator on H. In this framework we
give a slight modification of Definition 1.3 of weak martingale solution, which
is anyway equivalent [Fla08]. For ¢ € D(A) consider the process (M{ )¢ on
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Q defined fort > 0 as

t t

<637A@>Hds—J (B(&s, @)1, £4) ds.

0

M{ = (& — &, @)1 +VJ

0

DEFINITION 3.1 (Weak martingale solutions). Given a probability measure

1 on H, a probability measure P, on (Q), %) is a weak martingale solution of
Navier-Stokes equations with initial condition p if

» the marginal at time t = 0 of P, is equal to p,
m P, [L2.([0,00); H)] =1,

» for each @ € D(A) the process (M{, %;)i>o on (Q, %A,P,) is a square
integrable continuous martingale with quadratic variation t[ €z @22

This definition assigns a minimal regularity to the trajectories of P,,, the one
that allows to write down the equations (the martingales M here). Since in
principle (in contrast to limit points of Galerkin solutions, as in Section 1.3), we
cannot prove rigorously the energy inequality, the main tool for weak solutions
of Navier-Stokes since the seminal work of Leray [Ler34], we will add it as part
of the definition. This can be done in two ways, while keeping the conditional
property explained above.

Super—martingale energy solutions. The first notion of solution is given in terms
of super-martingales [FR08]. Before proceeding, we need to introduce a slightly
different variant of super—-martingale. This is required by the lack of continuity
in time with values in H (endowed with the strong topology) of Navier-Stokes
trajectories.

DEFINITION 3.2 (a. s. super-martingale). An adapted process (0, %, P)i>0
is an a. s. super—martingale if E¥|0,| < oo for all t > 0 and there is a Lebesgue null
set Tg C (0, 00) such that

E°[0.] %] < 05
holds for every s ¢ Tg and every t > s. The set Ty will be called the set of
exceptional times of 6.

A short overview of properties of a. s. super-martingales is given in [FRO0S,
Appendix B]. Define for each n > 1 the process (E}')¢>¢ on Q defined as

t t
EY = el — ol +2nv | &2l ds —nien =100t | 2 s

where we have denoted by o¢ the trace of the operator € in H. Each process E™
is essentially the result of Itd’s formula applied to ||&,||7* but for the martingale
term.

2Hence a one-dimensional Brownian motion, by the Lévy characterization
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DEFINITION 3.3 (super—martingale energy solution). A weak martingale so-
lution P,, of Navier-Stokes equations is a super—martingale energy martingale
solution if

m PIL2 ([0, 00); H) N L2 ([0,00); V)] =1,
» for each n > 1, the process (E}')i>o, defined P,—a. s. on (Q, %) is P,—

integrable and (E}, %, P)¢>0 is an a. s. super-martingale.

Almost sure energy solutions. The definition we have given through super—
martingales is flexible and can be extended to the case of multiplicative noise
[GRZ09]. For additive noise we can give an alternative definition (which has
been used in [Rom08] to prove exponential convergence to the unique invariant
measure).

Let (0% )xen be the system of eigenvectors of the covariance € and let (g )xen
be a corresponding complete orthonormal system of eigenfunctions. Define for
every k € N the process By (t) = o, 'M?*. Under a weak martingale solution PP,
(Bi)ken is a sequence of independent one dimensional Brownian motions, thus
the process

W(t) = Z o1 Pr(t) gk
k—0

is a C-Wiener process and z(t) = W(t) — v f; A e VA=) W(s) ds is the associ-
ated Ornstein—Uhlenbeck process starting at 0, that is the solution of

(3.4) dz +vAzdt = CzdW,  z(0) = 0.

Define the process v(t,:) = &(-) — z(t,:). Since M = (W(t), @) for every
test function ¢, it follows that v is a weak solution of the following PDE with
random coefficients,

0tv+ VAv+B(v+2z,v+2z) =0, P—a.s.,

with initial condition v(0) = &;. The energy balance functional associated to v
is given as

t t

mw&dv—j@an+ahw»dn

1
euv,2) = i+ 0

0

DEFINITION 3.4 (almost sure energy solutions). A weak martingale solution
[P, of Navier-Stokes equations is an almost sure energy martingale solution if
w Pulv e L2(10,00); H) N LY ([0, 00); V)] =1,

= there is a Lebesgue null set T, C (0, co) such that
Pu[gt(vv Z) g 85(\),2)] =1
foralls ¢ Tp, and all t > s,
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Existence of Markov solutions. A Markov family (Py)xen of solutions of Navier—
Stokes equations is a family of weak martingale solutions such that for every
x € H P, has initial condition 8, and the almost sure Markov property holds:
for every x € H there is a Lebesgue null-set T, C (0, 00) such that for every
¢ € Cy(H),everyt >0andall s ¢ Ty,

EPX [d)(((-vt—o—sn%s] — EP&S [d)(ﬁt)], ]Px —a.s.

THEOREM 3.5. There exists a family (Py)yxcn of energy martingale solutions (ei-
ther super—martingale or almost sure energy solutions) such that P [&y = x| = 1 for
every x € H and the almost sure Markov property holds.

The almost sure Markov property can be stated in terms of Markov kernels.
A map P(-,-,-) : [0,00) x Hx # — [0,1] is a a. s. Markov kernel of transition
probabilities if
m P(-,-,T') is Borel measurable for every I' € %,
m P(t,x,-) is a probability measure on % for every (t,x) € [0,00) x H,
= the Chapman-Kolmogorov equation

Pls+t,x.T) = JP(sjy,r) P(t.x, dy)

holds for every x € H, t > 0 and for every s outside a Lebesgue null set
in (0, 00).
The connection between the two definitions is that for every x € H there is a
solution P, with initial condition x such that P(t,x,T") =Py (&; € T') forall t > 0.
It is worth mentioning that the first proof of existence of a Markov family, as
well as of strong Feller (see below) is in [DPD03, DO06], using the (backward)
Kolmogorov operator. In either approach each Markov family is the unique
solution of a suitable martingale problem [Rom11b, DPDO08].
Continuity in total variation. Given a Markov family (Py)yen (or a Markov
kernel P(-, --)), define the transition semigroup (P)>¢ as

Pob(x) = ER[d(E,)] = j«b(g) Pt x, dy).

for every ¢ € B(H). Clearly, P is a semigroup up to a Lebesgue null set of times
(which depend on the point x).

In order to say something on the smoothing property of P, we need a further
assumption on the covariance.

ASSUMPTION 3.6. There are € > 0 and 4 € (1, %] such that
m Tr(AM€C) < oo,
" C2A% € Z(H).
For example, € = A~* with « € (g, 3] satisfies the above assumptions.
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The range of parameters in the above assumption can be made a bit larger
[Rom1la] and the assumption of invertibility can be slightly relaxed [RX11,
ADX12], but the bulk of the result remains essentially the same, so we keep
the simple setting above.

Under the above assumption we have that

» the family (P{)>¢ is a true transition semigroup (no exceptional times)
in D(A) (in particular our a. s. Markov family is a true Markov process
on D(A)),

m for every ¢ € B(D(A)), Prp € Cy(D(A)).

m each Markov family admits a unique invariant measure, and conver-
gence is exponentially fast [DPD03, DO06, Oda07, RomO08].

The second property is known strong Feller property and can be essentially re—
stated as continuity in total variation of the map x — P(t,x,-). One can have
have almost Lipschitz regularity in the Markov selections framework [FR07]
and full differentiability via the Kolmogorov equation [DPD03, DO06]. We
mention only the following consequence of the strong Feller property, since it
will turn out to be useful later in this chapter. We notice that since &, — x, Pyx—
a. s., it follows that P, @(x) — @(x) as t | 0 for every continuous function ¢,
that is (P )0 is stochastically continuous.

LEMMA 3.7. For every Borel set ' C D(A) and every t > 0,
P(t,x,T) < limiionf P(t+e€,x,T)

PROOF. We observe preliminarly thatif G isopenand x € G, then P(e,x, G) —
1. This is an immediate consequence of the definition of stochastically continu-
ous, since 1 is lower semi—continuous.

By Chapman-Kolmogorov, for every open set G C D(A) withx € G,

P(t+e,x,T) = JP(t,y, ') P(e,x,dy) >

> J P(t,y,T) Ple,x, dy) > Ple,x, G) inf P(t,y,T).
G yei

By our preliminary remark, P(e,x, G) — 0, hence

inf P(t,y,T") < liminf P(t+ €,x,T).
yeai el0

By the strong Feller property, y — P(t,y, ') is continuous, hence the supremum
over all open sets containing x of infycg P(t,y,T) is P(t,x,T). O

3.3.2. Reduction to the local smooth solution. This section contains the key
result for the existence of densities. The first part states the weak-strong unique-
ness principle, which shows that every weak solution coincides with the local
smooth solution up to the first blow—up time. The second part shows that due
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to this, the Markov kernels of each weak solution and of the smooth solution
“essentially” have equivalent finite dimensional marginals.

The weak-strong uniqueness principle. Let x € C*(R) be a function such that
0<x<1x(s)=1fors <1landx(s) =0fors > 2, and set for every R > 0,

Xr(s) = x(%). Set

(3.5) Br(v) = xr([|AV[[?)B(v)

and denote by ug(+; x) the solution of

(3.6) dug + (VAug + Bg(ug)) dt = C2dW.

with initial condition x € D(A). Existence and uniqueness of a strong solution
as well as several regularity properties of this problem are proved in [FROS,
Theorem 5.12]. Among these we recall, due to invertibility of the covariance,
irreducibility, namely that for every x € D(A), every t > 0 and every open set
G Cc D(A),

(3.7) Pr(t,x,G) >0,

thatis for t > 0 the measure Pg(t, x, ) is supported on the whole D(A). We shall
give more details on this property in Chapter 4, where we give a direct proof of
a related fact. Here we notice that the property is strictly related to controllabil-
ity properties of the deterministic, controlled Navier-Stokes equations and for
turther details we refer to [Fla97] or [FR08, Proposition 6.1, Lemma C.2, Lemma
C.3], and for the strongest result to [Shi06, Shi07].

Denote by Pg(-,-,-) and PX the associated transition probabilities and laws
of the solutions. To be convinced that the above problem has a unique regular
solution, consider that the idea here is that when the solution of the above equa-
tion becomes too big (for instance close to a singularity, if there is any), then the
non-linearity (which is the responsible of emergence of singularities) is killed.
It is an indirect way to apply localisation. Indeed, if one defines

then it follows that T > 0 with probability one if ||Ax|?;, < R and that the
following weak—strong uniqueness principle holds.
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THEOREM 3.8 (Weak-strong uniqueness). Let x € D(A) and P, be any (ei-

ther super—martingale or almost sure) energy martingale solution starting at x. Then
Py [tr > 0] =1 for ||Ax||n < Rand

ugr(t; X)l{r;@t} = atﬂ{n@t}, P, —a.s.

for every t > 0. In particular for every t > 0 and every bounded continuous function
o:H—R,

]EPXR [(P (&) ﬂ{rR >t}] =EM [(P(Evt ) ﬂ{TR >t}] .

The weak-strong uniqueness principle is subtler than localisation, since it
incorporates the idea, due to Prodi [Pro59] and Serrin [Ser63], that if two solu-
tions of Navier—Stokes have the same initial condition and at least one of the two
is regular enough® then the two solutions coincide. In different words, regular-
ity implies uniqueness.

Equivalence with the local smooth solution. For the following result, we need
the strong Feller property to hold, so we work under Assumption 3.6.

LEMMA 3.9. Let f: D(A) — R be a measurable function. Assume that for every
x € D(A), t > 0and R > 1 the image measure f4Pg(t,x, ) of the transition density
Pr(t,x, ) corresponding to problem (3.6) is absolutely continuous with respect to the
Lebesgue measure £y on R4, Then the probability measure f4P(t,x, -) is absolutely
continuous with respect to Ly for every x € H every t > 0 and every Markov solution

(]P)X)XGH'

PROOF. Fix a Markov solution (P,).cn and let P(t,x,-) be the associated
transition kernel.

Step 1. We prove that each solution is concentrated on D(A) at every time
t > 0, for every initial condition x in H. With a computation similar to the one
that yielded (1.8) we have

o Ut AL, ds} < 0,
0

for some & > 0. Thus P(s,x,D(A)) = 1 for almost every s € [0, t]. Recall that,
forz € D(A)andr > 0, P(r,z,D(A)) = 1. We deduce that P(t —s,y,D(A)) =
1, P(s,x,-)—a. s. for almost every s € [0,t]. Since the Chapman-Kolmogorov
equation holds for almost every s, we have:

P(t,x, D(A)) = %E (JP(t— s,y,D(A)) P(s, x, dy)) ds = 1.

Step 2. Given x € D(A), s > 0 and B C D(A) measurable, we prove the
following formula,

‘P(S7X7B) - PR(SaXaB)‘ < Q]P)X[TR < S]'

3A so—called strong solutions, where here “strong” has to be understood in PDE sense.
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Indeed, by weak-strong uniqueness,
P(S7X7 B) — EIPX[E'S S BaTR > S] + ]EPX [E»s S BaTR g S]
= Pr(s,x,B) + E™[&, € B,tg < s] —EX[& € B, g < sl.

Hence the first side of the inequality holds. The other side follows in the same
way.

Step 3. We prove that the lemma holds if the initial condition is in D(A). Let
B be such that .%;(B) = 0, hence Pr(t,x,f }(B)) =0 forallt > 0,x € D(A) and
R > 1, then

P(t+e,x,f1(B)) = JP(e,y,f‘l(B)) P(t,x, dy)

< 2J Pyl < €l P(t,x, dy) + 2P(t, x, [ Aylln > R}),
{IAyYl[H<R}

Since by Theorem 3.8 we have that P, [tg < s] | 0as s | 0if ||Ax|y < R, by first
taking the limit as € | 0 and then as R 1 oo, we deduce, using also the first step,
that P(t + €,x, T *(B)) — 0 as € | 0. On the other hand by Lemma 3.7 (here we
use the strong Feller property!) we have that P(t,x,f !(B)) < liminf._,o P(t +
e,x,f1(B), hence P(t,x,f1(B)) = 0.

Step 4. We finally prove that the lemma holds with initial conditions in H.
We know that P(t,x,f !(B)) = Oforallt > 0and x € D(A) if Z4(B) = 0. If
x € Hand s > 0 is a time such that the a. s. Markov property holds, then

P(t,x, '(B)) = jP(t— 5y, £ (B)) P(s,x, dy) = 0,

since P(s,x, D(A)) = 1 by the first step. O

In the previous theorem the fact that we are dealing with image measures
of a function does not play any essential role. Indeed, if there was a common
reference measure to whom all Pg(t,x, ) are absolutely continuous, the same
would be true for any Markov kernel P(t, x, -).

In particular, this idea has been used in [FR07] to prove that the Markov
kernels of different Markov solutions are equivalent. The same remains true for
the corresponding invariant measures (see Theorem 2.4).

3.4. Existence of densities for Markov solutions

The approach through Malliavin calculus allows to prove the most general
result of this work in terms of qualitative existence of densities (at the price of
stronger assumptions though), with respect to the results of the next chapters,
namely Theorems 5.16, 6.3 and ??. We start by introducing the finite dimen-
sional functionals which are allowed by our results.

Let f : D(A) — RY be C! and define, for our purposes, a singular point x
of f as a point where the range of Df(x) is a proper subspace of R%. We are
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interested in C'-functionals such that the set of singular points is not dense in
D(A). A few significant examples of such functionals are the following.

» Functions such as f(u(t)) = ||u(t)||},, as well as any other norm which is
well defined on D(A).

= In view of the results of the following sections, consider the case where
f ~ 7y, where F is a finite dimensional subspace of D(A), m¢ is the pro-
jection onto F and f is given as f(x) = ((-, f1), ..., (-,fa)), where fy, ... fq
is a basis of F.

» Given points yi,...,yq € T3 (or in the corresponding bounded domain
in the Dirichlet boundary condition case), the map x — (x(y1),...,x(ya)),
defined on D(A), is clearly differentiable and non-singular, since the el-
ements of D(A) are continuous functions by Sobolev’s embeddings.

Our main result of existence of densities via Malliavin calculus works under
the assumption 3.6, since we need Lemma 3.9 to work with smooth solutions.
Hence C is a trace class operator, with Tr(A1*€C) < co and C"Y/2A~% € Z(H)
for suitable € and 6.

THEOREM 3.10. Let Assumption 3.6 hold and let £ : D(A) — RY be a map
such that the set of singular points is not dense. Given an arbitrary Markov solu-
tion (Px)xemn, let u(-,x) be a random field with distribution Py. Then for every t > 0
and every x € H, the law of the random variable f(u(t;x)) has a density with respect
to the Lebesgue measure £y on R4,

REMARK 3.11. Under the Assumption (3.6) one can prove that the density
we have obtained for the random variable f(u(t;x)) is almost surely positive.
We postpone to Chapter 4 the discussion on this issue

By the results of [DPD03, DO06, Oda07] or [Rom08], each Markov solution
converges to its unique invariant measure. The following result is a straightfor-
ward consequence of the theorem above.

COROLLARY 3.12. Under the same assumptions of Theorem 3.10, given a Markov
solution (Py)yxecn, denote by W, its invariant measure. Then the image measure 1,
has a density with respect to the Lebesgue measure on R%.

PROOF. If (P(t,x,))t>0xen is the corresponding Markov transition kernel
and E C R% has Lebesgue measure %4 (E) = 0, then by Theorem 3.10 P(t, x, f'E) =
f4P(t,x,E) = 0 for each x € Hand t > 0. Then, by Chapman-Kolmogorov,

1t (E) = J P(t.x, f'E) pa(dx) = 0,
D(A)

since w,(D(A)) = 1. O
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3.4.1. Absolute continuity for the smooth problem. In view of Lemma 3.9,
we simply have to show that the law of f(ug(t;x)) has a density with respect
to the Lebesgue measure on R for every R > 0, x € D(A) and t > 0. We use
Theorem 2.1.2 of [Nua06].

Let x € D(A),t > 0and R > 1. Consider a finite-dimensional map f :
D(A) — R with non—dense singular points. We recall that to use Theorem 2.1.2
of [Nua06] we need to show the following two facts

m ug(t;x) € DH*(D(A)), the space of square integrable random variables
with a square—integrable Malliavin derivative defined in (3.1)
» the associated Malliavin matrix is a. s. invertible.

Givenx € D(A), s > 0and k € N, define 1y (t; s, x) as the solution to

(3.8)

{dtﬂk + VAN + DBr(ur)nk =0,
t>s

nk(3§ S7X) = qu

where My (t) = ni(t; s, x), Bg is defined in (3.5) and (qx, 0% )xen is a system of
eigenvectors and eigenvalues of the covariance operatorC of the noise. A simple
computation yields that

DBR(v)0 = X (||AV[[7) (B(0,v) + B(v,0)) + 2xx ([|AV[[7){Av, AB)B(v, V).

It turns out that the Malliavin derivative Dug(t) along the direction hqy, where
h € L} _(0, o0; R), is given by

loc

t

(3.9) (Dug(t; %), hai) = oy j Ne(tss, x)h(s) ds

0

More generally, one has
Dautg(t:X) = Liscy (n(t 5, %), €2),
wheren € L(D(A)) solves
dtn+An+<DBR(uR)7n> :07 t>s,

with initial condition n(s; s, x) = Id and the Malliavin derivative along a direc-
tionh € L2 (0,00;D(A)) is

loc

t

(Dug(t;x), h) = JR(DSuR(t;x), h(s))ds = Jo n(t;s,x), G%h(s» ds

and hk = <h, ek>H~
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LEMMA 3.13. For every x € D(A) and t > 0, ug(t,x) € D“*(D(A)) and its
Malliavin derivative is given by the formulas above, where, as in (3.1),

D2(D(A)) = {u: E[Auf}, +ZEJ D% qilfy a) < o0

Moreover, for every k € N and x € D(A), the function ny(t;s,x) is continuous in
both variables s € [0,00) and t € [s, 00).

PROOF. Problem (3.6) admits a unique strong solution, so there is a measur-
able map @, such that u(t;x) = @ (Wl ), where W is a cylindrical Wiener
process on H. Given h € L2 _(0, oo; R), we want to prove that

(Dug(t), hqx) = lim — (®tx(w|0t + eKqi) — @ (Wlp,1)),

exists and has finite second moment. where K(s) = fo r) dr. Define 0, =
fg M (t; s, x)h(s) ds, which is solution of

d
aek—FVAGk—i—DBR(uR)Gk :hqk, t> O,

with initial condition 6y (0) = 0. Using estimates similar to those below, it is
easy to prove that formula (3.9) holds and hence that u € D"*(D(A)).

Next, we prove that ni(t; s, x) is continuous in both s and t. By comput-
ing the derivative in time of ||Any(t)||};, using (1.4) and applying Gronwall’s
lemma, one gets

S

(3.10) sup A+ v [ 1A, ar < [Aqu? e
s,t

By multiplying the first line of (3.8) by 1y, using again (1.4) and Gronwall’s
lemma, it also follows that

[ Il ar < JAaaulest

In particular the two estimates above imply that the map t — ||Any||?, has a
derivative which is L! in time and in conclusion t — n(t; s, x) is continuous in
the t variable with values in D(A).
We finally prove that s — 1y (t;s,x) is continuous with values in D(A). Fix

s, it is sufficient to prove the two following statements

mif s T, Mi(t; sn,x) = Mi(t;s,x) in D(A) forevery t > s,

mif s 1S, Mt sn,x) = Mi(t;s,x) in D(A) for every t > s.
For the first statement, set w; (t) = N (t; sn, x) =M (t; s, x), then w; satisfies (3.8)
with initial condition wi(s) = Mk (s;sn,Xx) — qx and, using the estimate corre-
sponding to (3.10) for w;, it follows that it is enough to prove that ny(s; sn,x) —
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qx in D(A). We have that
A(Mi(s35n,%) = qic) = (e A7) —1d)Aqy +

N
- J Az e VAT ASDBR (ug)ni(ri sn, x) dr,
Sn
the first term on the right hand side converges to 0 by standard facts on semi-
groups, while the second term converges to zero since the term inside the inte-
gral isbounded by c¢(s—r) /2, by virtue of (1.4), (3.10) and semigroup estimates.
If on the other hand s,, | s, the same method shows that it is enough to prove
that N (sn,s,x) = qx in D(A), and this is immediate since we have already
proved that t — 1 (t; s, x) is continuous. O

We can proceed to the proof of our main result. Fix x € D(A), t > 0 and
R > 0. By the chain rule for Malliavin derivatives, the Malliavin matrix M (t)
of f(ug(t;x)) is given by

Mifj(t) = (Dfi(ur(t; x))Dug(t; x), Dfj(ur(t; x)) Dug(t; x))

= ZJ (Dfi(ug(t; x)) D3ur(t; x) - qi) (DFj (ur (t; x)) D ug(t; x) - qi) ds

k=1+0

00 t
= GiJ (Dfi(uR(t;X))T]k(t; S, X)) (ij (ug (5 %) e (t; S,X)) ds
k=1 0
fori,j=1,...,d, where f = (fy,..., fq).
To show that Mf(t) is invertible a. s., it is sufficient to show that if y € R4
and

00 t d
O (y.y) = Yot | |3 Dfsfun(tiximilts, x| ds
k=1 i=1

is zero, then y = 0. This is clearly true, since if (M'(t)y,y) = 0, then

d
> yiDfi(ur(tx)ni(tis,x) =0,  P—as.,

i=1

forall k € Nand a. e. s < t. By Lemma 3.13 and continuity of ug in D(A), the
above equality holds for all s < t. In particular for s = t this yields

d
ZUini(uR(t§ x))qx =0, P—a.s.,

i=1
for all k > 1. Under our assumptions on the covariance, the support of the law

of ugr(t;x) is the full space D(A), see (3.7). Hence, ug(t;x) belongs to the set
of non singular points of f with positive probability. We know that (qx)x>1 is a



46 3. MALLIAVIN CALCULUS

basis of H, hence the family of vectors (Df; (ugr(t;x))qx, ..., Dfa(ur(t; x))qi )1
spans all R with positive probability, and in conclusion y = 0.
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In this chapter we take a short break from proving existence of densities and
we focus first on the support of the laws of the solution at any time, and then,
if such laws admit densities, we show that the densities are positive almost
everywhere with respect to the Lebesgue measure.

The model result for the support is taken from [Fla97], although the idea that
some information on the support can be obtained through an associated control
problem dates back to [SV72]. The key idea in [Fla97] is that the equations (1.1)
are well-posed around a strong solution, hence in particular one can get the
continuity result in Section §4.1.2. We additionally remark that other results of
controllability, taking into account the regularity of the solution induced by the
noise (see for instance [Rom11a]), are possible and the space V in the first section
can be replaced (at most) by Vi, which is the largest space (among Hilbert-
Sobolev spaces) where existence and uniqueness of local solutions of (1.1) can
be proved [FK62].

Positivity of the density needs a bit more work, although it is based again
on the idea that it is sufficient to work with regular solutions. The proof of pos-
itivity is based on a series of controllability results developed in [AS05, AS08]
and it is taken from [Shi07]. Other relevant results along the same direction can
be found in [AKSS07, Shi06].

4.1. A support theorem

We recall that the support of a Borel measure is the set of all points x such
that every open neighbourhood of x has positive measure. It is then clear that
the notion of support depends on the topology. In finite dimension this is not

47
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an issue, but in infinite dimension one should specify the underlying topology
of the support.

As it regards weak solutions of the Navier—-Stokes equations with noise, the
natural topology for the support is the state space H. On the other hand we
may find additional regularity, such as the one given by the energy inequality,
namely V, or others such as (1.8), which tell us that Plu(t) € V] = Plu(t) €
D(A)] =1 for a. e. t (and all t for Markov solutions). With all this in mind, we
shall say that a measure p on H is fully supported on some space V smaller than
Hif u(V) =1and p(U) > 0 for every open set U of V.

We state the following theorem from [Fla97]. A more refined result which
takes into account the regularity of the solutions (and hence shows smaller
spaces on whom the laws are fully supported) as prescribed by the regularizing
properties of the covariance can be found in [FR08, Proposition 6.1].

THEOREM 4.1. Assume the covariance C is trace class and injective. Then for every
x € V, every t > 0, every ball B in in H and every almost sure energy solution (see
Definition 3.4) w with initial condition x,

Plu(t) € B] > 0.

From the theorem we immediately deduce that, given a solution u of (1.7)
with initial condition in V, the support of the law of u(t) is H for every t > 0.
Something more can be said.

The first additional remark is that since Plu(t) € V] = 1fora.e. t > 0, it
follows from the above theorem that u(t) is fully supported on V for a. e. t. The
same holds as long as the law of u(t) is concentrated in a smaller space than
t. We notice also that for Markov solutions (see Chapter 3, solutions are fully
supported on V for every t.

The second remark is that the theorem above extends to initial conditions in
H. Indeed, this statement would be straightforward if u is a Markov process
since, by Chapman-Kolmogorov, for any s € (0, t),

P(t7X7B) = Jp(t — S5, B) P(S7X7 dy)a

where P(t, x, -) is the associated Markov kernel. Choose an s such that P(s,x, V) =
1 (there are infinitely many such s), then y € V and hence P(t —s,y,B) > 0 for
P(s,x,-)—-a.e.y,and so P(t,x,B) > 0.

If on the other hand u is not Markov (or, more precisely, if we do not know
if it is Markov), the conditional law of u given .7 is again an almost sure en-
ergy solution with initial condition u(s) (this is a result from [Rom09]) and the
theorem above still applies.

REMARK 4.2. In view of the results of the previous Chapter 3 and the fol-
lowing chapters 5, 6, 7, the above theorem implies in particular that for finite
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dimensional projections on a space F,
Plmru(t) € Al >0

for every open set A of F, hence the support of the law of the random random
variable 7rru(t) is F for every t > 0 and every initial condition in H.

The rest of this section contains a sketch of the proof of the theorem.

4.1.1. The control problem. Denote by Lip([0, T]; H) the space of H-valued
Lipschitz continuous functions and let w € Lip([0, T]; H). Consider the follow-
ing control problem

4.1) i— + vAu+ B(u,u) = C‘lic:

with initial condition u(0) = x and terminal condition w(T) = x;.

PROPOSITION 4.3. Let T > 0, x € Vand x; € D(A). Then there exist ®© €
Lip([0,TI; H) and w € C([0,T]; V) N L%(0,T;D(A)) such that . and @ solve the
control problem (4.1) with initial condition 1(0) = x and final condition u(T) = x;.

PROOF. Consider (4.1) with w = 0. We know from Chapter 1 that for a short
time there is a unique smooth solution u. Choose T; < T so that u(T;) € D(A)
and set @ = 0 on [0, T;] and u the solution on [0, T;] corresponding to this choice
of .

Define i on [Ty, T] as linear interpolation between u(T;) and x;, and @ as

dw du
- _ == B
i T + vAu + B(u, u).

It is immediate to see that @ and 11 have the required regularity. O

4.1.2. Continuity along the controllers. Fix s € (0, %) and p € (1,00) such
that s—% > %, and denote by Q) the subspace of W*? (0, T; H) such that w(0) =0
if w € Qy. The parameters s,p have been chosen so that, under the standing

assumptions on the covariance, e%|[07T]W € Qy. We recall that the fractional
Sobolev space W*P (0, T; H) is defined by the norm

e T
Ws:p)0,T;H) 0 0 Jo |t_S|1+sp

PROPOSITION 4.4. Let i, @ be as in the statement of the previous proposition. Let
(Wn)nen be a sequence in Qg converging to w in Qy and let for each n, u(-; wy) be
the solution of (4.1) with control ;. If wy — @ in Qy, then U(-; wy) — u(-; ) in
H, uniformly in T.

PROOF. Set u,, = u(-; wy), let Z be the solution of
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with initial condition z(0) = 0, and define likewise z,, from w,. Set finally
Vv =u—zand v, = U, — z,. The idea we shall use in this proof, which also the
key idea of the weak—strong uniqueness principle in Theorem 3.8, is that i is
more regular than u,,. We use this fact a first time to deduce that, while each u,,
satisfies the energy inequality (it is the deterministic analogue of € of Definition
3.4), u satisfies the energy equality. Therefore,

TR — V|3 +2v|[ve = V|3 < (B(tn, v — V), zn — 2) + (Blun — U, vy — V), 1)
< cfunflefva = VIV lIzn = Zlt + cllullisllva = IR llzn — 2]t
Here we use again the additional regularity of was . € (0, T;L*) to get rid of

the second term. The application of Young’s inequality and the Ladyzhenskaya

inequality || - [+ < || - [/ - ||/ finally yield,

.
[V(t) —vn(B) |7, < eT (ClT +Co J [V — zn || ds) [SUP; 1Z — zn|[fa-
0 0,T

We know that w,, — @ in Qy, hence z,, — Z converges in L* uniformly on [0, T],
and by these properties we deduce the statement of the proposition. O

4.1.3. The proof of the main theorem. We are ready to prove Theorem 4.1.
Letx € V,t >0, B C Haballin H, and let u be a solution of (1.7) with initial
condition x. Choose a point x; € A such that x; € B and let B’ be a ball centred
in x; such that B’ ¢ B. Then

Plu(t) € B] > Plu(t) € B']

By the result in Section §4.1.1 there are @ € Lip([0, T]; H) and © € C([0, T]; V) N
L%(0,t; D(A)) such that @ solves the control problem (4.1) on [0, t] with control
@, has initial position 1i(0) = x and final position 1i(t) = x;.

By the result in Section §4.1.2 there is a ball B C W centred in @ such that
u(t,w) eB’ifw e B. Therefore

Plu(t) € B] > Plu(t) € B'l > P[C*W|y € B] >0,

by the assumptions on the covariance.

4.2. Positivity of the density

Unfortunately the information given by the support theorem of the previous
section is not enough to deduce positivity of the density. Indeed, let F be a finite—
dimensional subspace of the state space H of the Navier-Stokes equations, and
denote by fr the density of the projection of the law of the solution at some time
t > 0. The results of the previous section imply that for every ball B in F,

J fr(x) dx > 0.
B
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If fr is continuous, then fr must be positive. On the other hand, in general
the above condition does not imply that fr > 0 P-a.s., as one can see from the
following example.

EXAMPLE 4.5. Let f be a density on R such that [ f(x) dx > 0 on every ball
B C R. Let (gqn)nen be an enumeration of Q and (e, )nen be a sequence of real
positive numbers such that ) e, < co. Let

A= U Ben(qn)a

n>1

then the Lebesgue measure .Z;(A) of A can be estimated as

L(A) <) Z(Be,(qn)) =2) en < o0

Hence Z1(A€) = oo and f(x) = 1a(x)/Zi(A) is a density such that the set
{f = 0} is of positive (infinite) Lebesgue measure. On the other hand, for every

ball B C R,
Z(ANB)
f(x) dx = 222D g,
JB AN

because there is at least one n > 1 such that BN B¢, (qn) is of positive measure.

The proof of positivity we give here is taken from [Shi07], using some con-
trollability results of [Shi06, AKSS07]. We shall work for simplicity under the
assumption of non—degeneracy of the covariance of the driving noise, as in dif-
terent flavours is done in our Chapters 3, 5, 6 and 7. We remark that the original
results of [Shi07] hold under much weaker assumptions on the covariance, sim-
ilar to those we have used in Section §2.3.

4.2.1. A few additional remarks on strong solutions. This short section is
a supplement to what we have briefly pointed out at the end of Section §1.1 on
strong solutions. If one considers the non-random Navier-Stokes equations, it
is well-known that given an initial condition and a forcing term, there is for a
short time, depending on the two data, a strong solution. The main problem
addressed in [Fef06] is to show that for smooth data this short time is indeed
infinite.

Given a (non-random) force n, consider the equation

4.2) U+ vAu+B(u) =n

and its linear counterpart,

(4.3) z+ VAz =1,

with initial condition z(0) = 0. It is immediate to verify that v = u — z solves
(4.4) v+ VAV+B(v+2z)=0

with the same initial condition of wu.
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Given an initial condition 1, € V and a time T > 0, consider the following
sets

St(ug) ={z € C([0, T; V)NL%0,T; Vs) :
(4.4) has a unique solution in C([0, T}; V) N L*(0, T; V,)}
and
Tr(ug) ={n € L*(0, T; H) :
(4.2) has a unique solution in C([0, T}; V) N L*(0, T; V,)}

Define the operator M as
t

MrE(t) :J et n(s)ds,  tel0,T],
0
then it is easy to verify that, givenn € L*(0,T; H), Myn is solution of (4.3) and
1N — Mn maps T7(u) into 8t(uy). Likewise, if n € Tt (up), then Ryn = Myn +v
is the unique solution of (4.2) with initial condition u,, where v is the unique
solution of (4.4).

It is easy to check that the operator Rt defined above on Tt (u,) with values
in C([0, T}; V) N L2(0, T; Vs) is locally Lipschitz continuous and that T (1) is an
open set in L2(0, T; H).

4.2.2. Solid controllability. For the purpose of proving positivity, approx-
imate controllability is not enough and we need the stronger notion of solid
controllability. We refer to [AS08] for a more detailed introduction to the idea
and to its applications on equations of fluid dynamics.

DEFINITION 4.6. Equation (4.2) is solidly controllable at time T > 0 if for every
Uy € Vand r > 0 there exist > 0 and a compact set K in a subspace of a finite
dimensional space F of C*([0, T]; H) of admissible controls such that K C T+ (u)
and for every continuous map ¢ : K — F,

slelg |[dM) — e Rr(M)[[r < 8 = B (0) C ¢(F),
n

where BF(0) is the ball centred at 0 with radius rin F.

We immediately notice that, if we choose ¢ = 7Ry in the definition above,
we conclude that for every uy € V and > 0 there is a suitable compact set K of
controls in J7(u) such that for every x € BY(0) there is a control 1 € K with
mrRr(n) = x. Hence solid controllability not only ensures that the elements
of BI(0) are accessible through admissible controls, but it also states that this
property is stable for small contninuous perturbations.

If, as in the first part of this chapter, we assume that the admissible con-
trols are the image of L(0, T; H) through the operator €2 such that € is injective
and the trace of AC is finite, the proof of solid controllability is slightly easier.
Indeed, the existence of a control can be granted as in Section §4.1.1 and the
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stability to perturbation follows from the fact that the map Ry is locally Lips-
chitz continuous on the open set J7 (). We remark again that [Shi06] contain
a proof of solid controllability for the three-dimensional Navier—Stokes for a
more general set of controls, corresponding to a degenerate covariance.

4.2.3. Positivity. We are ready to prove positivity of the densities. Here we
assume that a density exists. This statement has been proved under strong as-
sumptions of regularization of the covariance in Chapter 3 and will be proved
under weaker assumptions of regularization (although still strong assumptions
of non—degeneracy). In the original work [Shi07] the author proves the inequal-
ity of the theorem below for measures, without assuming in any way existence
of densities.

We finally notice that the fact that the lower bound p in the theorem below is
a continuous function can be immediately upgraded to p € C*(F) by elementary
considerations. The main fact is indeed that the lower bound is continuous.

THEOREM 4.7. Let F be a finite dimensional space, let wu be the solution of (1.1)
with covariance and assume that the random variable Tpu(1) has a density fr with
respect to the Lebesgue measure of F. The there exists p € C(F) such that p > 0 a.e.
and

fr 2 p, a.e.

PROOF. It is sufficient to show that for every r > 0 and almost every y €
B (0) there are a ball B centred in y and a continuous function p, such that
fr > py and py > 0 in B. The statement of the theorem is then obtained by
standard arguments of finite coverings and partitions of unit. In the proof we
can also restrict all considerations on strong solutions, since by weak-strong
uniqueness (see Theorem 3.8) for a Borel set A of F,

J fF = ]Puo[’nFu(l) € A] P Puo[T[Fu(]-) € A7Tc>o > 1]7
A

where 1, is the blow—up time, that is the first time the solution is infinite in V.
Let us then fix v > 0 and consider the function f : 8§;(uy) — F defined as

f(z) = me (2(1) + (1)), z € 81(up),

where v solves equation (4.4) with initial condition uy and with the z chosen. In
other words z + v solves (4.2) withn = 0.z + VAz.

We wish to use the abstract implicit change of variables theorem 4.8 below.
To this end we need to prove that f € C! and that Df(x) has full rank for a.e. x.
The regularity of f is a lengthy albeit straightforward issue and is based on the
fact that the equation (4.4) has a unique smooth solution. So we concentrate on
the second issue.

From solid controllability we know that there is a compact set of a finite di-
mensional space X, of admissible controls such that K ¢ T and Bf(0) C 7R, (K).
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Let Z, be the image of X, with respect to the linear operator M, definite above.
The space Z; is finite dimensional and M(K) is compact. Moreover M(K) C
81(up), hence BY(0) C f(K). The set 8;(uy) is open, hence there is an open subset
O of M(K) such that BF(O) c f(K).

The Sard lemma implies that a.e point of BF(O) is regular, that is giveny €
BF(0), Df(x) has full rank for a.e. x such that f(x) = y. Theorem 4.8 below
implies that for a.e. y € B} (0) there are a ball B in O, a ball B, centred in y and
a continuous function p,, with py > 0 on By, such that the image through f of A
restricted to B satisfies

fuAlg = pyZF,
where A is the law of the solution of problem (4.3) with noise on the right-hand
side (that is, problem (3.4)) at time t = 1. O

We conclude the section with the statement of the abstract theorem used
in the proof above, which is taken from [Shi07, Theorem 2.4]. The theorem is
essentially a change of variable obtained by an implicit function theorem. Other
theorems of the same kind can be found in [Bog98]

THEOREM 4.8. Let Z be a separable Banach space, A a non—degenerate Gaussian
measure with support equal to Z, and F a finite dimensional space. If B = B,(zy) C Z
is an open ball and T : B — Z is a C* function such that the image of Df(z,) is F, then
there is a continuous function p € C(F) such that p > 0 in a neighbourhood of f(z)
and f#}\lB = pfp
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As a first method to show existence of densities, we use an overkill, namely
the Girsanov theorem. Indeed, as we shall see, Girsanov’s theorem ensures
equivalence of the laws of two stochastic processes at the level of paths, rather
than at the level of fixed times.

The Girsanov change of measure is used as a crucial step in the theory of sto-
chastic differential equations and in mathematical finance. Here we are clearly
more interested in former rather than in the latter.

In this chapter we give a thorough introduction to equivalence of measures.
We turn then to equivalence of translates of (infinite dimensional) Gaussian
measures and the Cameron—-Martin theorem. Girsanov’s theorem can be seen as
a generalization of the Cameron-Martin theorem. We will see how to apply Gir-
sanov’s theorem to show weak uniqueness for stochastic differential equations
and related in properties, both in finite and infinite dimension (as a complement
to Section §2.2.2). We will finally prove existence of densities for finite dimen-
sional projections of the Navier—Stokes equations with noise. The way we do it
here does not allow to obtain any regularity information on the density. Regu-
larity of the density will be the subject of the following chapters.

55
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5.1. Generalities on equivalence of measures

The main purpose of this section is to convince the reader that equivalence
in infinite dimension is a “big deal”. Even if restricted to Gaussian measures,
which is what we shall do in preparation to the Girsanov theorem, equivalence
follows by strict conditions on mean and covariance of the measure.

We recall that, given two probability measures p and v, the measure p is
absolutely continuous with respect to v, p < v, if every null-set of v is a null set
of p. Radon-Nykodym'’s theorem ensures that if 1 < v, then there is a L'(v)
function f such that p = fv. The two measures are equivalent if they are mutually
absolutely continuous. Finally, the two measures are mutually singular if there is
a measureable set such that u(A) =1, v(A) = 0.

There are several distances that may show if measures are singular, for in-
stance consider the total variation distance,

vl = sup I(A)—v(A)l
Ameas.
which is smaller or equal than one for probability measures, and equal to one
if and only if the two measures are singular (total variation does not help in
general to tell equivalent from non-equivalent measures apart if they are not
singular).

Another quantity is the Hellinger integral, which is very effective for product
measures. Given probability measures u, v let y be a probability measure such
that p,v are both absolutely continuous with respect to vy (for instance y =
%(p. + v)). Writepn = fy and v = gy, and define

H(p,v) = J Vg0 v(dx)

PROPOSITION 5.1. The following statement are equivalent,

1. W, v are singular,
2. there is a sequence (A )nen Such that w(A,) — 1, v(A,) =0,
3. H(u,v) =0.

PROOF. The fact that (1) implies (2) is obvious (take A, = A). We prove that
(2) implies (3). Lety = 1 (n+ v), u = fy and v = gy, then

Hiw ) = [ Vigay = [Vigta, ay+ | Vigiag av <
< (dey)é(JgﬂAn dy)é + (Jgdy)éqﬂl;\% dy>% <

<VV(AR) + VR(AS) — 0
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Finally, (3) implies (1). Let again y = %( w+v), u=fyand v = gy and set
A ={f > g}, then

H(w,v) = J Vfgdy = J]lA\/fg dv+J11Ac\/f9 dy >
> Jg]lA dY+Jf1AC dy = v(A) + n(A°),

thatis v(A) + w(A¢) < H(w,v). O

COROLLARY 5.2. If there is a sequence of measurable maps (F")nen such that
H(Fju, Fiv) = 0, then w, v are mutually singular.

PROOF. We prove (2) of the previous theorem. Let f,,, g,, be the densities of
Fiu and Fjv with respect to their arithmetic mean v, and set B,, = {f,, < gn}-
Then

FLu(By) + FLv(BS) = JmBn dyn + j gnlps dyn <

< J VEngnls, dyn + J Vngnlee dyn = J Vingn dyn = H(Fu, Fiv).

Set A,, = F;'(Bn), then pu(A,) — 0and v(A,) — 1. O
We refer to [DPZ92] for further details on the subject.

5.1.1. The Cameron—Martin theorem. We wish to understand equivalence
of a Gaussian measure with a translate of it. Let us start with the simplest ex-
ample, namely one dimensional Gaussian measures. If p is N(0, 0%) and v is
N(m, 0?), it is just a matter of elementary computations to see that the two mea-
sures are (clearly) equivalent with density g(x) = exp(—3(m/0)?+mx/c?). The
multi-variate case, namely when the two measures have a d x d covariance ma-
trix C, gives likewise g(x) = exp(—4m"- €' -m+m"- €' x). Let us see what
happens in infinite dimension.

Let wbe a probability measure on a Hilbert space H. The measure pis Gauss-
ian if hp is Gaussian on R for every h € H (here we see h as an element of the
dual H’, which is identified by the Hilbert space itslef, and hxu is the image
measure by the linear continuous map h : H — R). A Gaussian measure is
uniquely identified by its mean

(m, h) :J (h, x)p(dx)
H
and covariance matrix

€ulh ) = | (hx) (. x)u(dy
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with the associated covariance operator C,, : H — H, defined by

C,h= J x(h, x)pu(dx).
H

The covariance operator of a Gaussian measure is trace class (see [DPZ92, Propo-
sition 2.15]), hence there exists a complete orthonormal basis (e, )nen Of eigen-
vectors with corresponding eigenvalues (A, )nen.

We state a first result that shows how even dilations of Gaussian measures
are mutually singular.

PROPOSITION 5.3. Let p be a centred Gaussian measure on an infinite dimensional
Hilbert space Hand d° : H — H be the map d.(x) = cx, then wand dS,y are mutually
singular for ¢ # +1.

PROOF. The result follows immediately by the Feldman Hajek theorem (see
Theorem 5.6 below), since if C, is the covariance of u, then the operator A
therein is given by A = (¢? — 1)1, which is not Hilbert-Schmidt unless ¢? = 1.

A direct proof is given in [Hai09, Proposition 3.40]. Set X,, = An 2(en, .
The X,, can be seen as random variables on the probability space (H, n) and it
turns out that they are independent standard Gaussian. On the other hand, on
the probability space (H, d,u) they are independent Gaussian with variance c2.
Hence by the strong law of large numbers, the event

1 n
{hm —Y X = 1}
L gt
is a full set for p and a null set for dg ., unless c?=1. O

Denote by H,, the closure of the range of the covariance C,, with respect to
the nrom ||x||?, = (€, *x, x), or equivalently [Hai09, Exercise 3.35],

Ix||n = sup{(x, h) : (C,h, h) < 1}.

In this case H, = {x : ||x||. < oo}. The space H,, is the Cameron—Martin space
and has a crucial role in understanding if translates of a Gaussian measure are
equivalent to the original measure (this property is called quasi—invariance).

THEOREM 5.4 (Cameron-Martin). Given h € H, define the map t, : H — H
as tx = x + h. The@ w Fmd Tl w are equivalent if and only if h € H,,. Moreover, if
h € H,, then the density is

G (x) = el =3Il

PROOF. Assume h € H,, then [, (€, "h,x)*u(dx) = ||h||> and by Fernique’s
theorem x + e(®'™X) is y—-integrable, hence the map G, is strictly positive
and [ Gn(x)p(dx) = 1. The measure G is clearly absolutely continuous with

respect to 1, so we only need to prove that G, = . This can be done via
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characteristic functions, with TV (&) = exp(—%(@ w&s &) +1(E, h)) (see details in
Theorem 3.41 of [Hai09]).

Assume h ¢ H,, then for every n > 1 there is x with (C,x,x) = 1 and
(x,h) > n. The image measure m; of u with respect to the map (x, -) is a stan-
dard Gaussian, while the image measure m, of T;u is a Gaussian with mean

1
—(x, h) and variance 1. It is elementary to check that |m; —my|ry > 1—e 8 om)?
hence

lu—hpllty = lmy — moflry > 1 —exp—n?/8,

and , T;ﬂl are singular. O

REMARK 5.5. In finite dimension dilations and translates of Gaussian mea-
sures are clearly equivalent to the original measures and the Cameron-Martin
space coincides with the support of the measure. The reader should compare
with the infinite dimensional case.

It is interesting to notice that the Cameron—-Martin space is a null set for the
measure | in infinite dimension, namely p(H,) = 0. On the other hand the clo-
sure of the Cameron-Martin space coincides with the support of the measure.
An even stronger hint that H,, contains the core information of the measure
is that if (&;,...,&, ... are independent standard Gaussian random variables,

then
D Enen
n=1

is a Gaussian random variable on H with law p [DPZ92, Theorem 2.12].

For the sake of completeness, we mention the following theorem, which fur-
ther analyse the equivalence of Gaussian measures in infinite dimension, when-
ever the covariance operators are different. A detailed and complete proof of
this result can be found in [DPZ92, Theorem 2.23].

THEOREM 5.6 (Feldman-Hajek). Let iy = N(my,Cy) and py, = N(my, Cs)
Gaussian measures on a Hilbert space H. Then either \,, uy are singular, or they are
equivalent. Moreover, they are equivalent if and only if the following conditions hold,

= Ho = C7H = € H,
®m; —my € Hy,

m the operator A == (€,

%62% )(C, %82%)* — 1 is Hilbert—Schmidt on H,.

5.2. The Girsanov transformation

Let W be a cylindrical Wiener process on a Hilbert space H, let C be a trace
class operator on H, and set p; the law of CY2W,. The Cameron—Martin space
of u is C2Hand || - ||, = Vt[[€7¥2 - ||u. Let x € H, then certainly C'/?x is in
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the Cameron—Martin space of p; and the law of C1/?x + C1/2W, is equivalent to
i, the law of C/2W,, with density

G, = o€ nePWy e (e )|,

It turns out that by this density we have kept the same covariance and changed
the mean (as long as the new mean is in the right space). We wish to do this
at the level of the full path rather than for a fixed time. Since in Section 5.3
we will use the Girsanov transformation only at the level of finite dimensional
approximations, we start with the finite dimensional version, following [KS91].

5.2.1. The Girsanov theorem. Let W be a d-dimensional standard Brown-
ian motion and let X be a R-valued adapted process with

]PUOT X2 dt < oo} — 1.

Let
t

1 t
G, = equ X, - dW, — §J X2 ds),
0 0

then Gy = 1 and by the It formula,

t
Ge=1 +J GsXs - AW,

0
hence G is a continuous local martingale. Assume that G is a martingale, then
E[G{] = 1 and we can define a new probability P, = G(P. We wish to un-
derstand which is the law of W under the new probability space. By compari-
son with the Cameron-Martin example at the beginning of this section, we are
changing the mean of W, for every t and we are doing it in a cumulative way, so
we can expect that in the new probability space W, has the same law of

t

Wt+J XSdS
0

This is the content of Girsanov’s theorem.

THEOREM 5.7. Assume that G is a martingale. Define the process
t
Wt:Wt—J Xsds,
0

then for each fixed T > 0 the process (VNVt)tE[QT] is a standard Brownian motion with
respect to Pt = GIP.

The proof is based on the Levy characterization of Brownian motion and can
be found, in full details, in [KS91].
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REMARK 5.8. The theorem holds only on a finite horizon. It is easy to see that
it cannot hold on the infinite time horizon. Let u # 0 and take X is constant,
namely X; = p a.s.. Assume that the equivalence of Girsanov theorem extends

to [0, 00) to a probability P. Then, by the law of large numbers,

Pllim {W; = = P[lim {W; =0 =1, and P[lim {W; =u] =0.

t—o0

The key point is then to understand when G is a martingale. Since G is a local
martingale, G /\T,, is a martingale for a sequence of stopping times T, 1 co. By
the Fatou lemma for the conditional expectation,

]E[Gt|ys] < hmlnfE[Gt/\Tn|§s] = liminst/\Tn — GS;

for s < t, hence G is a super-martingale and it is a martingale if and only
if E[Gy] = 1forallt > 0. A well-known sufficient condition for having G
martingale is the following.

THEOREM 5.9 (Novikov condition). With the positions set above, if
1 (T
E[exp(—J 1X,[? ds)} < 00,
2 Jo

then G is a martingale.

The above condition can be improved to the following Kazamaki condition,

which states that if exp(% f; Xs - dW5) is a uniformly integrable sub—martingale,
then G is a martingale.

5.2.2. Application to SDE. Girsanov theorem provides a simple way to prove
existence and uniqueness of weak solution of stochastic differential equations
(SDE) with additive noise and drift with minimal regularity. Consider

dXt == b(t, Xt) dt + th,

where W, is a d—dimensional Brownian motion and b : [0,00) x RY — R% is
measurable and there is ¢ > 0 such that |b(t,x)| < ¢(1 + [x|). the first results
ensures existence, the basic idea is to start with a Brownian motion and change
probability, so that the same process turns out to be a solution.

PROPOSITION 5.10 (Existence). For every x € R? there exists a solution to the
above SDE.

PROOF. To simplify the proof, assume that b is bounded. Let X be a d-
dimensional standard Brownian motion started at x, then the process

t

1 t
G = exp(| bl o) ax = 3 [ Tols. X as)
0 0
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is a martingale. By the Girsanov theorem, under the probability G1P, the pro-

cess
t

Wt:Xt_X_J b(S,XS)dS
0

is a Brownian motion, hence (X, W) is a weak solution. ([l

Girsanov’s theorem provides also a way to prove uniqueness. The basic
idea is the same: a change of probability maps back the solution to a Brownian
motion.

PROPOSITION 5.11 (Uniqueness). Let (QY, . F' P', (F) >0, X\, W), 1 = 1,2
be two weak solutions of the SDE above with X} = X3. If

.
IPiU |b(s,xg)|2ds<oo} =1, i=1,2,
0

then (X', W) and (X2, W?) have the same distribution.

PROOF. Assume again for simplicity that b is bounded. For i = 1,2, the

processes
t

Gi = exp(— L b(s, X!) - AW — % E (s, X1)[2 ds)
are martingale on their respective filtered probability space. Given T > 0 we
can define on .7} the probability P* = GL{P'. Under P!, the process
Xt =Xo+ Eb(s,x;) ds + W'
is a d—dimensional Brownian motion, hence under P also W!, W2 have the

same distribution, as well as G!, G2 This implies easily that (X', W!) and
(X2, W?2) have the same distribution. O

5.2.3. A slight modification. In this final preliminary section we state a cri-
terion that ensures solutions to SDEs with different drift have equivalent laws,
under a much weaker assumption than Novikov. The result is very much in the
spirit of the uniqueness proposition proved above and is contained in Theorem
7.19 and Theorem 7.20 (in the formulation of Section 7.6.4) of [LS01]. Here we
give a slightly simplified formulation, closer to our needs.

Consider the two SDEs

d¢ = B(&) dt + CAW,
dn =b(n) dt + CdwW,
with a common initial condition, where B : RY — R4 and b : RY — R4, Cis

am x d positive symmetric matrix and W is m—dimensional standard Wiener
process. Assume that both problems have a unique strong solution.
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THEOREM 5.12. With the above assumptions and positions, assume that for T > 0

.
Pl[ (Bleore Bule) + bl b)) dt < o] <1,
0

then the law of & is absolutely continuous with respect to the law of n on [0, T]. More-
over, the density is given by

t t
exp( | (B —bln)) € T dn, — 3 | (Bn) —blm) e (Bn) — blm) ds).

The idea of the proof here is to use localization, by means of a sequence of
stopping times which make the integral (which is almost surely finite) bounded.
With this at hands, one can apply Girsanov’s theorem on the stopped process.
the final result is recovered in the limit.

A straightforward extension of the above theorem ensures equivalence of
laws.

COROLLARY 5.13. Assume additionally that

P[J'OT (B(m)*(f’lBt(m) + b(nt)*eflbt(mﬂ dt < 00} =1,

then the laws of & and m on [0, T] are equivalent measures.

5.2.4. The infinite dimensional version. The infinite dimensional version
of the Girsanov theorem clearly has to take into account that the directions for
the change of variables should be compatible with the Cameron-Martin the-
orem. This is the only modification to extend Girsanov’s theorem to infinite
dimension. The version given here is [DPZ92, Theorem 10.14].

THEOREM 5.14. Let C be a trace class operator on H, W a cylindrical Wiener
process on H. Let P : [0, 00) — C'/2H be a predictable process such that

! 1T
Go=ew(| (e wls).aws) — 5 [ e sl as)
0 0
is a martingale. Then the process

t

Wt - Wt —J e_%l.l)(S) dS, t 6 [O,T]
0

is a cylindrical Wiener process with respect to the probability measure G1P.

Novikov’s condition extends to this setting, once its formulation takes the
topology suggested by the Cameron-Martin theorem into account.

REMARK 5.15 (An odd example). the reader may have the feeling that in
the presentation we have given there is an implicit suggestion that only the
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Cameron-Martin directions may give equivalent laws. This is somewhat incor-
rect, at least with random directions, as shown in the following example due to
[Fer02].

On RN let u = N(0, I) be the centred Gaussian measure with covariance the
identity. Its Cameron—-Martin space is (*(R). Let G be a random variable with
law p and consider the random variable Y, independent of G, whose law is
given by

P[ynzo]zl—l, P[yn:\/Qlogn]lel.

n

Clearly Y is not ¢*(R)-valued (it is not even {*—valued), but if one considers
Xx = G + AY and denotes by p, its law, then there are values of A such that p
and p, are equivalent measures (this happens actually if and only if A € [0, 1)).

Actually the main theorem of Fernique’s paper is in this case to state the
existence of a random variable Y’ (not necessarily independent from G!) with
values in £2(R) such that, for A < 1, G + AY’ has law p,. So in some sense our
“implicit suggestion” still keeps some value.

As an immediate application, let us consider equivalence of laws for sto-
chastic PDEs. Consider the two problems

dz + Az dt = CzdW,
du + Audt + B(u) dt = C2dW,

with the same initial condition, where A is for instance —A with suitable bound-
ary conditions. The Novikov condition in this setting reads

E[eXp@ LT ||€_%B(Zt)||?-l)i| < 00.

Under this assumption we know that the process Wt =W, + f (t) Gf%B(zs) ds is
a cylindrical Wiener process, hence in the new probability space the process z
solves the equation

dz + Az dt = C2dW = C2(dW — € 2B(z) dt) = —B(z) dt + CzdW,

the equation solved by u. In conclusion, the law of u on [0, T] is absolutely
continuous with respect to the law of z.

See [Fer10] for an application of the results of [LS01] to the infinite dimen-
sional setting.

5.3. Existence of densities for Navier-Stokes with the Girsanov theorem

We turn finally to the proof of existence of densities for finite dimensional
projections of the Navier-Stokes equatons. With respect to Chapter 3, we have
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some restrictions, namely we can only consider a special class of finite dimen-
sional spaces, as well as improvement, as the covariance is more general. As
with Malliavin calculus, we consider a special class of solutions.

Assume that the covariance C € Z(H) is of trace—class and that ker(C) =
{0} (less restrictive but essentially identically assumptions may work, see the
remarks in Section 5.3.4 below). The solution we consider here is the limit of
Galerkin approximations (as explained in Section 1.3), so we fix a process 1 and
a sequence (uN®)y oy such that uN« — w in law and for each k, uN* solves the
stochastic ODE (1.9), with initial condition the projection onto Hy, of u(0). We
fix also a finite dimensional space F = spanley, , ..., en,] and a time t > 0, which
without loss of generality is taken equal to t = 1.

For N > ng, let PN be the distribution of the solution of the Galerkin system
at level N with initial condition tjyu(0) and denote by fy the density of the ran-
dom variable 7iru™N(1). We already know from Section §2.3 that u™ (1) admits a
smooth density, hence fy is smooth as well.

5.3.1. The approximated Girsanov density. We use the version of Girsanov’s
theorem detailed in Section 5.2.3. Let v be the solution of

dv™ + (vAWN + BN (WN) — BN (VM) dt = 7y @2 AW,

with the same initial condition as u™. The idea is that the drift has been changed
so that the projection of v on F solves a simple linear equation, namely 7tgv™ is
solution of

(5.1) dzF + vAZF = @2 AW,

with initial condition 7tpu(0), which in particular is decoupled from vN — 7pv™N.
Moreover, it is easy to prove, with essentially the same methods that yield (1.10),
that
(5.2) E[sup ||vN||pH} < .

[0,T]

The next idea is to exploit the fact that we are working in finite dimen-
sion. We recall that the main difficulty of the three-dimensional Navier-Stokes
equations stem from the non-linear term, or more precisely from its lack of
regularity. The key point here is that when the dimension is finite, all topolo-
gies are equivalent and we by—pass the lack of regularity. More quantitatively,
SUP| |1 1 (V; W) is @ norm on 7ty H, which is therefore equivalent to the norm
of H on 7ty H. We can then write:

(TuB((V), W) = —(B(v, mnyw), v) < c||wlwre|[V][F,
therefore
(5.3) e BV |1 < endVIiz, v € H,

with a constant cy that clearly explodes as N 1 oo.
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Let us verify the assumption of Theorem 5.12. Since the covariance €? is
invertible on 71y H, we deduce from (1.10), (5.2) that

t t
C_%NNB(uN) 2 ds < o0, e_%TENB(VN) 2 ds < oo. P— a.s.
H H
0 0

hence the process

t 1
2

is positive, finite P-a. s. and a martingale. Moreover, under the probability
measure Py (dw) = GNPy (dw) the process

(5.4) Gyzequ (e meB(uN), dW,) — J:He%nFB(uN)H%ds),

0

Wy =W, — J C2meB(uM) ds
0
is a cylindrical Wiener process on H and 7iru™(t) has the same distribution of
7irvN (t), hence of the solution z" of (5.1), which is independent of N.
This fact allows us to give an alternative proof of existence of the density of
the random variable ipu™ (t). Indeed, for every measurable E C F,

Pn 2" (t) € B] = Pulmeu™(t) € Bl = E™N[GN g (e (1))]

and if % (E) = 0, where % is the Lebesgue measure on F, then 1g(zF(t)) =
0. Since G} > 0, Py-a. s, we have that 1¢ (mruN(t)) = 0, Py—a. s., that is
Pnlmtru™ (t) € E] = 0. In conclusion 7iru™ (t) has a density with respect to the
Lebesgue measure on F.

5.3.2. The limit Girsanov density. Consider now the weak martingale so-
lution u of the infinite dimensional problem, which is limit in law of a sequence
(uNk)en of Galerkin approximation. In order to show that G}'* is convergent,
we use Skorokhod’s theorem: there exist a probability space, a Wiener process,
a sequence of random variables (U )xen and a random variable U such that for
every k Uy and uMNx have the same law, as well as u and U, and Uy converges
almost surely to U in C([0, T]; H,,) — where we recall that H,, is the space H
with the weak topology — and in L?(0, T; H) for every T > 0. In particular the
sequence (Uy)x>1 is a. s. bounded in L*(0, T; H) and thus a. s. strongly conver-
gentin LP(0, T; H) for every T > 0 and every p < oo.

Denote by G ¥ the density GM* in (5.4) where u™* is replaced by Uy, and G

the density in (5.4) where u™ is replaced by U. The density Gy is strictly positive
and finite almost surely, since by (5.3) and (1.10),

1 t
§J | 2mB(U)||?, ds < o0,  a.s.
0

on the limit solution.
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The problem here is that, although Gx converges almost surely to G, we
do not have good enough exponential moments for U (that is, u) to ensure L*

convergence of Gy to G. Indeed, B(U) is quadratic in U, hence H(?*%ﬂFB(U) 12,
is quartic in U. Such an exponential moment would give very light tails to u,
lighter than Gaussian.

5.3.3. Existence of the density. Nevertheless something can be still done,
as long as we are only interested in showing existence of a density (quantitative
estimates will be considered in the next chapters).

We show that 7tru(t) has a density with respect to the Lebesgue measure on
F. Let E C Fwith Z(E) = 0, then for every open set | such that E C ] we have
by Fatou’s lemma (notice that 1; is lower semi—continuous with respect to the
weak convergence in H since ] is finite dimensional),

E[G, L (mru(t))] = E[G L (mrU(t))] <
< EIG, 1 (mpU(t))] < nmkme[ém](muk(t))] =

= lim inf E[G}"* 1y (rru™* (1))] = P2 (1) € ]I,

hence E[G1g (mru(t))] = 0 since J can have arbitrarily small measure and z" (t)
has Gaussian density. As already pointed out, G; > 0 almost surely, hence we
can deduce that P[mrru(t) € E] = 0. In conclusion, we have proved the following
result.

THEOREM b5.16. Let F be a finite dimensional subspace of D(A) generated by the
eigenvalues of A, namely F = span[e,,, ..., en,] for some arbitrary indexesn,, . .., nq.
For every t > 0 the projection mru(t) has a density with respect to the Lebesgue mea-
sure on F, where u is any solution of Navier—Stokes with initial condition in H whose
law is a limit point of the spectral Galerkin approximations.

REMARK 5.17. Under the standing assumptions on the covariance taken in
Chapter 4, which are stronger than those of this chapter, we can deduce by
Theorem 4.7 that the density obtained in the theorem above is positive almost
everywhere on F.

5.3.4. Additional remarks and extensions. We conclude the section with a
few comments on the above theorem on existence of densities with the Girsanov
theorem.

Identification of the law. One of the ways we have found out Girsanov’s the-
orem may be useful, is in proving uniqueness, as in Proposition 5.11 of Section
5.2.2. We recall that finite dimensional marginals do identify an infinite dimen-
sional measure, and for a Markov process (whose existence has been ensured
in Theorem 3.5) the one dimensional time marginals are enough to identify the
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whole process. In view of these facts, one may be tempted to use the finite
dimensional densities to make up a proof of uniqueness in law.

As already mentioned, the bounds on the sequence (GtN JN>1 are not strong

enough to deduce a stronger convergence to G¢ and hence to deduce, for in-
stance, the representation

(5.5) Eld(z" (1)) = E[Gd(mru(t))]

in the limit, for smooth functions ¢ : F — R. Although this formula would
provide a representation for the (unknown) density of 7tru(t) in terms of the
(known) density of z, solution of (5.1), this would not characterise the law of
mru(t) by any means, since the factor Gy which appears in the formula depends
on the sub-sequence (Ny )xen which ensures that Py, — P.
Vice versa, one could use the inverse density
o t 1 t )
G = exp(—J (€ mBOWN), dW,) — EJ e 2B |13, ds),
0 0

which is also a martingale (here we are invoking Corollary 5.13 rather than The-
orem 5.12) to get in the limit

(5.6) Eld(rru(t))] = E[Gid(2" (t))]

but the bound (5.2) for vN is not uniform in N.

Multi—dimensional time-marginals. An additional advantage of the Girsanov
theorem is that it ensures equivalence at the level of paths rather than at the
level of the state space. We can use this fact to give a slight improvement to the
above theorem. This should be compared with the results of the next chapters,
that improve Theorem 5.16 from a quantitative point of view, but that cannot
manage multi-dimensional time-marginals.

Fix0 <t; <ty <--- <ty <T,if Eis anull-set in F™, then for every open
set ] such that E C ], we have, as before

E[GT]].E(TCFU(tl), s 77[Fu(tm))] < hmkinfE[G‘]F]k]]-](T[FuNk(tl)v s 77TFuNk(tm))]
- ]P)[(Z’F(tl)7 cee 7ZF(tm)) € ]]7
and we conclude as above since (zF(t),...,z (ty)) is jointly Gaussian. These

considerations can be summarised in the following result.

COROLLARY 5.18. Under the assumptions and positions of Theorem 5.16, for ev-
ery positive ty, to, . .., ty the random variable (pu(ty), . . ., wpu(ty)) has a joint den-
sity with respect to the Lebesgue measure on F™ ~ R™4.

Extension to degenerate covariances. By running through the proof of Theorem
5.16, one can notice that we have really used the fact that the covariance is in-
vertible only on F. Indeed, existence of a smooth density at the level of Galerkin
approximations holds under much weaker assumptions on the covariance, as
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we have seen in Section §2.3. In the end our assumption on the covariance is
restrictive and rather than requiring ker(€) = {0}, we can impose FNker(C) = {0},
which allows for a degenerate covariance.

On the other hand, if one wants to analyse the densities at any frequency,
there is no substantial difference between the two assumptions. The extension
to a problem with a real degenerate covariance seems to be tough and is the
subject of a work in progress.
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Malliavin calculus is one of the most powerful methods to prove existence
and regularity of densities of random variables, and it has proved itself ex-
tremely versatile in being effective, even beyond the Gaussian realm. We have
indeed used Malliavin calculus in Chapter 3 for our purposes, but it is clear
that so far we can consider the Navier-Stokes equations in three dimensions a
problem which is non Malliavin differentiable.

We wish to give a hint which should convince the reader about this state-
ment. Consider the equations in abstract form (1.7), and deduce the equation
solved by the Malliavin derivative D,u along a direction v,

%Dvu + vAD,u+ B(u,D,u) + B(Dyu,u) = Czv.

It turns out that D, u satisfies the linearization of (1.7), which is the same equa-
tion, up to the term on the right-hand side, solved by the difference of two solu-
tions. In other words, whatever decent estimate we may get out of the equation
above might prove much more useful for the issue of uniqueness. There is no
hope at this stage to be able to prove anything useful in this direction.

We turn then to methods for existence of densities for non Malliavin dif-
ferentiable problems. The one we present here is taken from [DR12], is based
on a simple idea of [FP10] (see also [Fou08]) and has been later used also in
[DF12, Foul2]. The idea, in one form or another, is simply to approximate
the random variable under examination, obtain regularity estimates for the

70
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densities of the approximating sequence and try to balance the approxima-
tion rate (small) and the size of the densities (large). The same idea has been
used in several recent papers, such as [BC11a, BC11b, BF11, DM11], and re-
cently furtherly developed in [BC12]. A different approach for non Malliavin
differentiable problems based on Girsanov’s formula has been introduced in
[KHT12, HKHY12].

In this chapter we show that the density found in the previous chapter with
the Girsanov change of probability has a little bit more regularity than the baisc
one provided by the Radon-Nykodym theorem. We work again under the as-
sumptions on the covariance of Section §5.3, although again the remarks of Sec-
tion §5.3.4 still apply.

6.1. A primer on Besov spaces

Besov spaces, together with the Triebel-Lizorkin spaces, are a scale of func-
tion spaces introduced to capture the fine properties of regularity of functions,
beyond on the one hand the Sobolev spaces, and on the other hand the spaces of
continuous functions. Indeed, Besov spaces contain both. The main references
we shall use on this subject are [Tri83, Tri92].

6.1.1. The Littlewood-Paley decomposition. Let ¢ € C*(R?) such that
@ =1lif|x| <landsuppe C{y € R:|y| < 2}, and set

Po(x) = @(x), e;(x) =@(277x) —@(27%), j>=1,x€RY,
then

m supp @5 C{y € R4: 271 < y| < 271, forj > 1,
m ) Co@i(x) =1, forallx € RY.

-~

If now f € 8'(R%), for each j the function f; = F !(¢;f) is real analytic and
f= Zj fj. Givenp, q € [1,00] and s € R, set

1fllss , = 1(27°1f5 ]l Lo )l o

The Besov space B}, ,(R?) is the space of all tempered distributions such that the
above norm is finite. The space does not depend on the function ¢, although the
norm does depend, and different choices of ¢ give raise to equivalent norms.

6.1.2. Besov spaces via the difference operator. The definition given above
via the Littlewood-Paley decomposition, although holds for all the possible val-
ues of the parameters (even for p,q € (0, 1)), it is not the best suited for our
purposes. At least when s > 0, there is an alternative equivalent definition (see
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[Tri83, Theorem 2.5.12] or [Tri92, Theorem 2.6.1]) in terms of differences. Define
(ARF)(x) = f(x + h) — f(x),

(AT (x) = AL AR )(x) = 3 (1) (T]‘) f(x +jh)

j=0
then the following norms, for s > 0,1 <p < 00,1 < g < o0,
[ARfllYs dh )3

fllgs = ||f +(J Ratld
Illes., = Il i<y Ihs9 |h/d

and for q = oo,

[ ARl
IllB5... = [Ifl[e + sup ,
P mi<1 h®
where n is any integer such that s < n, are equivalent norms of B}, ,(R¢) for the
given range of parameters.
We remark that alternative definitions of these spaces can be given in terms
of real or complex interpolation spaces.

6.1.3. A few properties. There are countless properties of Besov and related
spaces which can be found, for instance, in [Tri83, Tri92] and similar books.
Here we list a few of them that will be used in the sequel.

The following inclusions are understood as continuous embeddings of Ba-
nach spaces,

= BS (RY) C LP(RY), foralls > 0,p,q € [1,00],

u B;q(Rd) C B;;q/(Rd), ifq<q’,

= BS ,(RY) C B;’q/(Rd), ifs’"<s,p,q,q" €[1,00],

n B;q(Rd) C B;l,7q if1 <p,q<oo,s€(0,d/p)and § —% = %
For some values of the parameters, we find known spaces. Indeed,

= BS (RY) = WSP(R?), for p € [1,00) and s > 0 non—integer,

" B}, (R%) = C*(R?) for all non-integers s > 0.
The topological dual of a Besov space has a fairly simple expression [Tri83, The-
orem 2.11.2], which justifies the effort of defining them for negative “derivative”
indices, namely for s € R, p, q € [1, 00),

(6.1) (B} (RY) =B, (RY),

where p’ qnd g’ are the conjugate Holder exponents of p, and q, in other words
1/p +1/p’ =1, likewise for q.

Finally, we are interested in the mapping properties of Besov spaces with
respect to derivatives. From [Tri83, Theorem 2.3.8] we see that

(6.2) (Ia—Aq)? : BS (RY) — B3 (RY)

1
e
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is an isomorphism for s, 0 € R and p, q € [1, oo}, where I4 is the identity func-
tion on R4.

6.2. Besov regularity of the densities

When we have applied the Malliavin calculus to study densities, we have
seen that the key point is the integration by parts formula, so that the density
turns out to be a smoothing functional. Here we proceed in a similar way, by do-
ing an integration by parts (by using the difference operator introduced above)
which “transfers” only a bit of derivatives from the test function to the density.

The main problem is to handle the non-linearity and to do it we introduce
an auxiliary process which coincides with the original one up to the very last
moment, in which the non-linearity is killed and only the noise runs the pro-
cess. We gain regularity using the smoothing effect of the noise and we pay
the discrepancy between the original and the auxiliary process. The trade—off
allows us to get the final result.

6.2.1. The assumptions. The assumptions are exactly the same of the previ-
ous chapter, namely we assume that the covariance € € Z(H) is of trace—class
and that ker(C) = {0} (again less restrictive but “morally identical” assumptions
may work, see the remarks in Section 5.3.4. The solution we consider here is
the limit of Galerkin approximations (as explained in Section 1.3), so we fix a
process u and a sequence (uy, Jxen such that uy, — uin law and for each k,
un, solves the stochastic ODE (1.9), with initial condition the projection onto
Hy, of u(0). We fix also a finite dimensional space F = spanle,,,,...,eq ] and a
time t > 0, which without loss of generality is taken equal to t = 1.

For N > ng, let f\ be the density of the random variable 7tru™ (1), where uM
is the solution of (1.9). We already know from Section §2.3 that u™ (1) admits a
smooth density, hence fy is smooth as well.

6.2.2. The auxiliary process. For every € < 1, denote by ne = 151 the
indicator function of the interval [0, 1 — €]. Denote by uMN-€ the solution of

du™e + (\/ALLN’€ +BuNe) —(1 —ne)ﬂFB(uN’e)) dt = 7N C2 dw,

where 7y is the projection onto Hy, and notice that u™¢(s) = uN(s) for s <
t — €. Moreover for t € [1 — €, 1], v = mpu™€ satisfies

63) dv + vpAv dt = Cz dW,
' v(l —e) = mpuNe(1 —e).

Therefore, conditional to .%;_., mru™N-¢(1) is a Gaussian random variable with
mean mru™N¢(1 — €) and covariance

€
e]: = J' TUE e_VﬂFAS e e_VﬂFAS TUF ds.
0
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FIGURE 1. The timeline given by the function x..

The process uN-¢ can be re—interpreted as the one—step explicit Euler approxima-
tion of mpuN (1), starting at rru™N (1 — €) and with time-step e.

We denote by ge n the density of tru™-¢(1) conditional to . %, . with respect
to the Lebesgue measure. Since Cr is bounded and invertible on F and its eigen-
values are all of order ¢, it is easy to see, by a simple change of variable (to get
rid of the random mean and to extract the behaviour in €) and the smoothness
of the Gaussian density, that

_n
2

IgenllBy, <cez,

holds almost surely with a deterministic constant ¢ > 0. We give a probabilistic
proof of this statement, to practice with the Besov spaces.

LEMMA 6.1. Let ge N be the density with respect to the Lebesgue measure of the
random variable ipu™N-€ (1) conditional to F1 .. Then for every o > 0 there is ¢, > 0
such that almost surely,

_x
2:

Ige Ny, <ce

PROOF. Fix an integer n > «, and let ¢ € §(R%) and h € R with |h| < 1,
then,

I
M =

|| (ARgen b0 ax (—1)“]‘(*.‘)] Gen(x 1 jR)b(x) dx
Rd Rd

B )

-
I

I
M

0 (T) [ gentoix - ax

o )

-
I

I
.M;

-
Il
=)

(=) (?)E[CD(ﬂFuN’e(l) — N Fie].

We are going to re-write each term in the right hand side of the above formula
by means of Girsanov theorem. Let

(6.4) h=vC zAN(I — e YANE)Ih,
so that .
J e vAN(=s) 1 ezhds = h

1—e
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and define the Girsanov density

S S

65)  Go(h) =exp ( J

1—e

(h, dW;) — %J

1—e

R12 dr), s>1—e.
It turns out that, conditional to .%;_ ., mpu™N+€ (1) —jh has the same distribution of
miru™N ¢ (1) under the new probability space (which will be denoted by ™), hence
Eld(mru™ (1) = jh). 2] = Eld (rreu™ (1)) ]
= E[G; (jh)$ (rrru™ ¢ (1)) F1_el.
By Lemma (6.2) this implies that

JRd(AEg&N)(x)d)(x) dx = ‘E[(b(m:u‘\’ i ( )Gl —jh) ‘Jl |

j=

< 11 [E[2_ -0 (%) eit-m]]

<ce 2"l

since |[h|li < <|h| and since the Girsanov density is independent of .7, .. By
duality, this 1mmed1ately yields

|ARGen]ltiray < (1A (e72[h™))
and hence the conclusion. O

LEMMA 6.2. Let h € R% and let G be as defined in (6.5). Then there is a number
¢ > 0 (depending on d) such that

n /.
E|Y (-1 (])G ()] | < et
j=0
where h is given in (6.4).
PROOF. By the Cauchy-Schwarz inequality,

\E[g(—l)ni (Meuom][ <a[(S -0 (T)eum) ]

_ i (—1)o+P (2)( )E[Gl(ah)Gl(bh)]
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since it is elementary to verify that

E[G,(ah)G;(bh)] = E[G, ((a + b)h) ePe/M] = cabelh®

Consider the function

- atb (M) (MY 4
ot = Y 0o (D) () e,

a,b=0
since
n 2
(p(k)(o) (Z ( ) >
itis elementary to prove that (p( ) =¢@'(0) = m=1)(0) =0and ¢™(0) =
(n!)2. In particular, |¢(y)| < cy™ for y ina bounded set. O

6.2.3. The splitting. We build up the splitting which will provide the two
terms whose trade—off will provide the final result. Fix ¢ € §(R4) and h € R¢
with |h| < 1, then

El(And) (mru™ (1))] = E[(And) (ru™ (1)) — (And) (rrru™¢(1))]
(6.6) + E[(And) (rrru™€(1))]
= [NE|+ [PE]|

and the estimate of the density fn of ru™N(1) in Besov spaces is split in two
terms. The first term, which we call numerical error using the interpretation of
the auxiliary process as numerical approximation, takes into account the error
we have by replacing 7ipu™ (1) with 7tpu™-¢(1). The second term is the probabilis-
tic error, since we will estimate it using Lemma 6.1.

6.2.4. Estimate of the errors. With Lemma 6.1 in hands, the estimate of the
probabilistic error is easy, indeed, by a discrete integration by parts

= E[E[(And) (mru™e(1))[F )] =
_ E[JRd And(¥)gen (x) dx| = EHRd (X)A ngen(x) dx] =
< [ dlleelIMIElgenlley,) < clldfliee2h]l.

The numerical error |NE| can be estimated as follows

IE[(And) (7tru™ (1)) — (And) (mrru™€(1))]] <
< cld]oE [[lrre (uMN (1) —uMe (1) [|%],

1]us’c consider the expansion of (1 + x)", differentiate k times at x = 1 and take linear
combinations.
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where [¢], is the Holder semi-norm of C*(R?), and « € (0, 1) will be suitably
chosen later. Since

1
e (uN (1) —ute(1) = —J e VA=) B (uN(s), uM(s)) ds,

1—e

the two estimates (5.3) and (1.10) together yield
1
E ([l (u™ (1) —u™ e (1) ] < CFJ E[[uN(s) 7] ds < ce(]|x||7 + 1e.
1—e

By gathering together the estimates of the two error terms and by choosing
€ = ||h||=="7, we have

ElArd) (meu™ (1))]] < cldluae™ + ce 2 [Pl = cl|d]lcal[R||=T

where the number c is independent of N. By a discrete integration by parts,

JRd(Ath)(x)dJ(XJ dx = J (A ) (x)fn (x) dx = [EIA_ndp)(mru™(1)]

Y

Rd
hence we have proved that for every h € R¢ with [h| < 1and o; = 23‘%,
(Anfn)(x)
67) [ ot =™ ay < clglc-
Rd [h|*

6.2.5. Conclusion. We wish to deduce from the above inequality the follow-
ing claim:
The sequence (fn)N>n, IS bounded in Bioo(Rd)for some s € (0,1).

Before proving the claim, we show how it immediately implies the statements
of the theorem. Indeed, since for every s’ < s by the Sobolev embeddings,

B; (RY) C B}|(RY) = W*"'(RY) C LP(RY)
for every p € [1, 745, hence for every p € [1, %) by choosing s’ arbitrar-
ily close to s, it follows that the sequence (fn, )x>1 is uniformly integrable and
hence convergent to a positive function f € LP(R?) which is the density of
miru(1) (we recall here that PN, — P, where PP is the law of u, hence the limit
is unique along the subsequence (Ny)i>1). Moreover, since the bound in the
claim is independent of N, it follows that f € B  (R?) and hence, using again
the embedding of Besov spaces into Lebesgue spaces we have obtained above,
f € LP(RY) for every p € [1, 7%).

It remains to show the above claim. Let 1} € 8§(R%) and set ¢ = (I —
Agq)~P/?, where B > « will be suitably chosen later. Notice that C*(R%) =

B% (R%),and (I—A4) P/? maps continuously B P (R?) into B,  (R?), hence

[dllex < clldllpe,, < cllbllps e < collblli,
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where the last inequality follows from the fact that L*(R%) — Bg‘ojof (R4), since
B P(RY) is the dual of BY  *(R%) and BY | *(R?) — L'(R?), since p > «.
Let gn = (I — Aq) P/2fy, then (6.7) yields

|, W) Bngnty) dy| < cohl™ e,

hence Apgn € LYRY) and
|Angn|ir < colh|™.

Moreover, by [AS61, Theorem 10.1], ||gn|l1 < c|[fn]jr = ¢, hence (gn)nsny
is a bounded sequence in B{", (R%) and, since (I — Aq)P/? maps B{*_ (R?) con-
tinuously onto Bffo_oﬁ(Rd), it follows that (fn)nsn
BﬁgB(Rd) for every f > «.

The key point here is if we have gained some kind of smoothing effect. The
only possibility is if there is any « € (0, 1) such that o; > o, and hence o; > 3
for § small enough. An elementary computation shows that o«; > o if & < 1
and the optimal choice of « (the one that maximizes o; — ) gives boundedness
in B§ , for every s < 1(3 —2v/2).

There is some space for improvements in the trade—off that yields (6.7) and
we have two possibilities: either we improve the probabilistic error , Or we
improve the numerical error |Ng| (well, or both!).

Improving |[NE| turns out to be not feasible in the general case and we will do
it in Section 6.3 for a special class of solutions. So we head for the improvement
of [Pg|, as already suggested by Lemma 6.1.

. is a bounded sequence in

6.2.6. Further Besov regularity. Here we try to improve . Replace (6.6)
with

E[(AL ) (reu™ (1))] = E[(AL d) (rreu™ (1)) — (AR d) (epu™<(1))]

6.8
(©8) RN (™ (1)),

for some integer n > 1. The error term |NE| is of the same order in terms of €
(only the pre—factor changes). On the other hand, again by Lemma 6.1,

[PE| = E[E[(AR ) (mru™ < (1) 71 ]| =
= E[JRd OHIA™ L gen(x) dx| < ]|~ "ELge nllsp ] <
<clldfliee R,
and the choice € = HhH% yields

IE[(AR ) (mru™ (1))]| < cldlae™ + ce™ 2 [h]|™|d]loo = |||l cx[R]|*
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2an

S hence

where o, =

AR
URd d)(y)(}m# dy| < c[dllca

As above, this yields that (fn)n>n, is bounded in Bff[;o_ﬁ (RY) for every B > «.
By suitably choosingn > 1, « € (0,1) and > «, the number «,, — 3 runs over
all reals in (0, 1): this can be easily seen by noticing that «,, — 2xasn — oco. In
conclusion (fn)n>n, is bounded in Bjoo(Rd) for every s < 1. We have proved

the following result.

THEOREM 6.3. Given an initial condition x € H, a finite dimensional subspace T
of D(A) generated by the eigenvectors of A, namely F = spanley,, ..., en,] for some
arbitrary indices Ny, ..., Ng, and a time t > 0, the projection mru(t) has a density fr ¢
with respect to the Lebesgue measure on F, where w is any solution of the Navier—Stokes
equations which is limit point of the spectral Galerkin approximations.

Moreover fry € Bf (R?), hence fry € W' (RY), for every s € (0,1), and
fre € LP(RY) forany p € [1, 7%5).

REMARK 6.4. We remark also in this chapter that under the standing as-
sumptions on the covariance taken in Chapter 4, which are stronger than those
of this chapter, we can deduce by Theorem 4.7 that the density obtained above
is positive almost everywhere on F.

6.3. Additional regularity for stationary solutions

In this section we try to improve the numerical error. The name itself sug-
gests that a way to do it is to use a better numerical approximation (first order
explicit Euler is indeed the most basic approximation). It turns out that by doing
so we end up with the requirement that some moments of the infinite dimen-
sional solution should be finite, and, as far as we know, this is not true for an
ordinary solution.

If we turn to a special class of solutions, the stationary solutions, the require-
ments are met and we can improve the numerical error. Stationary solutions are
those solutions whose (infinite dimensional) distribution is invariant by time-
shifts and the idea that stationary solutions may have better regularity proper-
ties has been already exploited, see for instance [FR02, Oda06].

To be more precise, here we consider a sub—class of stationary solutions,
namely those which are limit of Galerkin approximations. Consider again prob-
lem (1.9), under fairly general assumptions (which are met in this section) it ad-
mits a unique invariant measure. This fact can be proved as in [Fla08], or one
can look at [Rom04], but the main argument that implies uniqueness is the same
of Section §2.3. Denote by Py the law of the process started at the invariant
measure of the finite dimensional problem. Every limit point of the sequence
(Pn )Nt is a stationary solution of the Navier—Stokes equations with noise, that
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is a probability measure which is invariant with respect to the forward time-
shift (other methods can be used to show existence of stationary solutions, see
for instance [FG95]).

We aim to prove the following result, by slightly modifying the arguments
we have previously detailed. The assumptions we use are the same of Section
6.2.1.

THEOREM 6.5. Let F be a finite dimensional subspace of D(A) generated by the
eigenvalues of A, namely F = spanlen,, . .., en,| for some arbitrary indicesn,, . .., ng.
Let u be a stationary solution of the Navier—Stokes equations with noise which is a limit
point of a sequence of stationary solutions of the spectral Galerkin approximation. Then
the projection tpu (1) has a density fr with respect to the Lebesgue measure on F, such
that fr € B} (R) for every s € (0,2).

The proof of this result is the same of Theorem 6.3, but we introduce a new
auxiliary process which provides a better estimate, in terms of € of the numeri-
cal error, while the probabilistic error is of the same order.

Let u™-© be the solution of the following equation,

du™€ + (VAU + B(u™M€) — (1 —me)meB(u™e) +
(1 —mo)meB(e AT uNe(1 — ¢))) ds = mn @2 AW,
so that again u™(t) = u™:¢(t) fort < 1—¢, and for t > 1 — e the process mru™-¢
satisfies
dv + (viirAV + B (e AT yNe (1 — €))) ds = Cz dW,,

which is the same equation as in (6.3) with an additional adapted external forc-
ing. We can interpret this new auxiliary process as a second order approxima-
tion.

Conditional to .#;_., mru™N-¢(1) is Gaussian with covariance Cr. Thus, if we
write formula (6.8) in this setting, the probabilistic error satisfies, as before,

[PE] < e h|™[ ]|

We claim that
(6.9) E[|mru™ (1) — e (1) |n] < ce,
hence
[NE] < cldlaet®,
and so the choice e = [h[*™/3*+™) and the position &, = ;2% yield

The above estimate implies that (fn)n>n, is @ bounded sequence in Bf , for
every s < o, — . Since &, —x — 2xxasn — oo and « € (0, 1) can be arbitrarily
chosen, we conclude that (fn)n>n, is bounded in B}  for every s < 2.
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The proof is complete once we verify the claim in formula (6.9). This is done
in the following lemma.

LEMMA 6.6. Let u™ be a stationary solution of the Galerkin problem (1.9) and
uMN-€ be defined as above. Then there is a number ¢ > 0 independent of N and e such
that

E[[|reru™ (1) — mu™ e (1)]|1] < ce?.

PROOF. We have that
1
(UM (1) —u™e) :J e YA e (Be YAl uN(1—€)) —B(uN(s))) ds,
1—e

hence by (5.3) and Holder’s inequality,
E[||l7te (u™(1) —u™e(1)) ] <

1
<c| B[(le A OWN L et W)

1—e
e A N — ) —uN(s) ] ds

rl

4+ 1
<cl  E[(IuN1— e+ [uN(s)ln) ]
Jl—e
3
E[fl e A uN(1 — o) —uM(s)[5]  ds
rl 3
<c ]E[H ef'VA(S*l+€) LLN(l _ €) _uN(S)H}%—l] 1 dS,
Jl—e

since E[||uN(s)||},] is finite, constant in s and uniformly bounded in N. Now, for
se(l—¢g,1),

eva(sfl+e) uN (1 o €) _ LLN (S) _ J eva(sfr) B(uN (1‘)) dr
1—e

o J eva(sfr) G%dWT

1—e

and so

4
B[] e A uN (1 —e) —uN(s)||3] <

<e[(]

—+R

To estimate [1] we use the inequality

4
|
H

le A BN )], dr)g} +E|

s
J eva(sfr) G%dWr
1—e

_1 3 3
IAT2BW)In < clvliis < cVIIAIVIY,
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standard estimates on analytic semigroups and we exploit the fact that u™ is
stationary,

gerl(] it )]
< CG;EU:G ﬁnw OIEAISIE df]

2 2
= ce Eful |7 [lu™Y]

win

= ces.
The second term is standard,

2l < EH J e VAL ez aWY, 1]3 < (%e Tr(e)>g — cef,

l1—e

hence 4
E[|e At yN(1—e) —uMN(s)[[}] < ce?,
and in conclusion
E [[|7ee (uM (1) = uM)[|] < ce?,
which completes the proof. O



CHAPTER 7

The Fokker-Planck equation

In this last chapter we discuss a classical approach to existence and reg-
ularity of densities, namely the Fokker-Planck equation (also known as Kol-
mogorov forward equation). The Fokker-Planck equation describes the evo-
lution of the density of the Itd process solution of a stochastic equation. The
Fokker-Planck equation, as well as the Kolmogorov equation, were the first
method to approach diffusions, before It6 [It644] (and Doeblin [Yor00, Doe00])
introduced the stochastic integral.

We give a new proof of regularity of densities of finite dimensional projec-
tions, which is completely analytic and does not rely on probabilistic ideas. The
regularity is again in the class of Besov spaces, as in the previous chapter. The
subject and the methods of this chapter are part of a work in progress and we
present only the simplest result, concerning the density of a projection at fixed
time. [This part has not been completed yet]
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List of symbols

Za the Lebesgue measure on R9.
B(E) the space of bounded measurable functions on a space E.
C(E) the space of real valued continuous functions on E.

Cy(E) the space of bounded continuous functions on E.

C™(R?) the space of m~times differentiable functions with continuous m' de-
rivative.

C$(R%) for non-integer s > 0 is the space of functions in C!*! whose derivative
of order [s] is Holder continuous of exponent s — [s].

C>®(R?) the space of real valued infinitely differentiable functions with compact
support.

C®(RY) the space of real valued infinitely differentiable functions with polyno-
mial growth at infinity.

S§(RY)  the Schwartz space of rapidly decreasing infinitely differentiable func-

tions.
8'(R%)  the space of tempered distributions, that is the dual of S(R%).
f, Ff the Fourier transform of f : R4 — R,
N 1 .
— —ix-&
f(&) = (2m)a/2 JRa f(x)e dx.

f, 7-1f the inverse Fourier transform of f : R¢ — R,

) — 1 ix-&
Il 1le norm of the Banach space E.

(-, e scalar product of the Hilbert space E.
P (RY)  the space of p-summable sequences in R¢ with norm

o0 1
[ nenller = (3~ xal)"
n=0

if p < oo. If p = oo, {*(RY) is the set bounded sequences with norm

[ (xn)nenllex = supy, [xnl-
span[ay, a, . ..] the linear space generated by elements a;, a,, .. ..
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LIST OF SYMBOLS

space of linear bounded operators on the Banach space E.
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