LORENTZIAN GEOMETRY

VIRGINIE CHARETTE AND TODD A. DRUMM

ABSTRACT. These notes are an introduction to Lorentzian geom-
etry, based on lectures given in Almora, India in December 2012.
Included, is a discussion of group actions on Lorentzian manifolds
and notes on the conformal compactification of Lorentzian space,
the Einstein Universe. Most of the discussion centers on the case
of three dimensions, two spatial dimensions and one time dimen-
sion, but some of the discussion can be easily extended to higher

dimensions.
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1. THE BASICS

In this first section, we introduce elementary notions on 3-dimensional
Minkowski space, its relationship to the hyperbolic plane, and its isome-
tries.

1.1. Affine space and its tangent space. We define n-dimensional
affine space A™ to be the set of all n-tuples of real numbers (py, ..., py,).
An affine space could be defined over any field, but we will restrict to
the field of real numbers. Elements of affine space will be called points.

We will use plain font to denote points in affine space: p,q,r, etc.
and bold font to denote vectors in a vector space: t,u, v, etc.

The point (0, ...,0) appears to be rather special, but as far as affine
space is concerned, it is no different from any other point. Affine space
should not be confused with a vector space!

However, affine spaces do transact with vector spaces. For p =

131
(p1,---,pn) EA" and t = | @ |, we define:
tn

Thus the vector space R" | considered as a Lie group, acts transitively
on A" by translations; the translation by t € R”, denoted ¢, is defined
as follows:

7o R x A" — A"
(t,p)—p+t

The stabilizer of a point is the trivial subgroup {0}; as a homogeneous
space, A" identifies with R™. But the homogeneity of A" means that
every point is the same, including (0, ..., 0).
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Affine space, as opposed to a vector space, lacks a notion of sum,
but the action of R™ by translations yields a notion of difference:

p—qg=t ifandonlyifp=q+t

where, of course, p,q € A" and t € R™.

Affine space is an n-dimensional manifold with trivial tangent bun-
dle. The action by translation allows a precise description of the tan-
gent space to a point in A", which is evidently R”. Adding additional
structure to R”, such as an inner product, allows us to endow the tan-
gent bundle with a like structure — as we will do next. We then say
that the affine space is modeled on the inner product space.

1.2. The inner product and (2+1)-dimensional Minkowski space.
A Lorentzian vector space of dimension 3 is a real 3-dimensional vec-
tor space V endowed with an inner product of signature (2,1). The
Lorentzian inner product will be denoted:

VxV—R
(viu) — v-u

We also fix an orientation on V. The orientation determines a nonde-
generate alternating trilinear form

Det

VxVxV—7R

which takes a positively oriented orthogonal basis e, e;, e3 with inner
products

e e =ey-e; =1, e3-e3=—1
to 1. The oriented Lorentzian 3-dimensional vector space determines
an alternating bilinear mapping V x V. — V, called the Lorentzian
cross-product, defined by

(1) Det(u,v,w) =u xv-w.

Compare, for example, with [6].

We call the affine space modeled on V Minkowski space and denote
it E. This is an oriented manifold, since V is oriented. Alternatively,
E can be defined as a 3-dimensional, oriented, geodesically complete,
1-connected, flat Lorentzian manifold.

1.3. Light, space and time: the causal structure of Minkowski

space. The inner product induces a causal structure on V: a vector
v #£ 0 is called

e timelike if v-v <0,
o null (or lightlike) if v-v =0, or
e spacelike if v-v > 0.
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We will call the corresponding subsets of V respectively V_,Vy and V.
The set Vq of null vectors is called the light cone.

A spacelike vector v will be called unit-spacelike if v -v = 1.

Say that vectors u,v € V are Lorentzian-perpendicular if u-v = 0.
Denote the linear subspace of vectors Lorentzian-perpendicular to v by
vt

The set of timelike vectors admits two connected components. Each
component defines a time-orientation on V, and the time-orientation
structure on V is carried on to E. We select one of the components and
call it Future. Call a non-spacelike vector v # 0 and its corresponding
ray future-pointing if v lies in the closure of Future.

The time-orientation can be defined by a choice of a timelike vector
t as follows. Consider the linear functional V. — R defined by:

vVi— Vv-t.

Then the future and past components can be distinguished by the sign
of this functional on the set of timelike vectors.

1.3.1. Null frames. The restriction of the inner product to the orthogo-
nal complement s+ of a spacelike vector s is indefinite, having signature
(1,1). The intersection of the light cone with s consists of two null
lines intersecting transversely at the origin. Choose a linearly indepen-
dent pair of future-pointing null vectors s* € v+ such that: {s,s=,s"}
is a positively oriented basis for V (with respect to a fixed orientation
on V). The null vectors s~ and s are defined only up to positive scal-
ing. Here is a useful identity (compare [6] , for example), for a unit
spacelike vector s:

SXS =8
(2) sx st =—sT,

We call the positively oriented basis {s,s™,s'} a null frame associ-
ated to s. Margulis [13, 14] takes the null vectors s™, st to have unit
Euclidean length; in this paper we will not specify the vectors, except
that they are future-pointing. In this basis the corresponding Gram
matrix (the symmetric matrix of inner products) has the form:

a? 0 0
0 0 —K?
0 —k* 0

The off-diagonal entry, 38~ - s™, is negative since both s~ and s* are
future-pointing. Often we normalize s to be unit-spacelike, so that
a =1, and choose s~ and s™ so that & = 1.
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F1GURE 1. The hyperboloid model of the hyperbolic plane.

The basis defines linear coordinates (a, b, ¢) on V:
vi=as+bs +cst
so the corresponding Lorentz metric on E is:
(3) da* — db dec.
1.4. Relationship to the hyperbolic plane. Let H> C V_ denote
the set of unit future-pointing timelike vectors, that is
H?={veV_ |v-v=-1}

The restriction of the Lorentzian metric to H2, denoted dy2, is positive
definite. For u,v € H%:

cosh (dpz(u,v)) =u-v

The resulting metric is a Riemannian metric with constant curvature
—1, and we identify H? with the hyperbolic plane.

Geodesics in the hyperbolic plane correspond to indefinite planes in
V, which are precisely the planes that intersect H?. Equivalently, these
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Fi1GURE 2. The identification between a spacelike vector
s and a line in HZ.

are Lorentzian-perpendicular planes to spacelike vectors. Thus each
spacelike vector s is identified with a geodesic in H?:

ls = st NH?

The spacelike vector s also identifies with one of the open halfplanes
bounded by the /5. Namely, the halfplane b is the set of vectors v € H?
such that v-s > 0.

A more detailed and complete correspondence between Lorentzian
geometry and hyperbolic spaces can be found in [16].

1.5. Isometries and similarities of Minkowski space. Identify E
with V by choosing a distinguished point o € V, which we call an origin.
For any point p € E there is a unique vector v € V such that p = o+ v.
Thus the choice of origin defines a bijection

vV 2o E

v— o+ V.
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For any oy, 09 € E,
Ay (V) = A, (V + (01 — 02))

where 01 — 09 € V is the unique vector translating oy to o;. A transfor-
mation E & E is called affine if and only if it normalizes the group V
of translations. Equivalently, v is an affine transformation if there is a
linear transformation L(7), called its linear part, and u € V, called its
translational part, such that:

Y(p) =0+ L(v)(p—0)+u

(The linear part does not depend on the choice of origin but the trans-
lational part does.)

Denote the group of orientation-preserving linear isometries of V by
SO(2,1). The group of orientation-preserving linear conformal auto-
morphisms of V is the product SO(2,1) x R*, where R" is the group
of positive homotheties v — Av, where A\ > 0. Denote the group of
orientation-preserving linear automorphisms of V by GL* (3, R).

A linear automorphism of V preserves orientation if and only if it
has positive determinant. An affine automorphism of E preserves ori-
entation if and only if its linear part lies in the subgroup GL™ (3, R) of
GL(3,R) consisting of matrices of positive determinant. The group of
orientation-preserving affine automorphisms of E thus decomposes as a
semidirect product:

AFFF(E) = V x GLT(3,R).

Denote the group of orthogonal automorphisms (linear isometries) of
V by O(2,1). Let

SO(2,1) := 0(2,1) N GL* (3, R)

denote, as usual, the subgroup of orientation-preserving linear isome-
tries. Orientation-preserving isometries of E constitute the subgroup:

Isom™(E) := V x SO(2,1)

and the subgroup of orientation-preserving conformal automorphisms
is:

Conf™(E) = V% (S0(2,1) x RY)

1.5.1. Components of the isometry group. The group O(2,1) has four
connected components. The identity component SO°(2,1) consists of
orientation-preserving linear isometries preserving time-orientation. It
is isomorphic to the group PSL(2,R) of orientation-preserving isome-
tries of the hyperbolic plane. (Recall §1.4.) The group O(2,1) is a
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semidirect product
0(2,1) = (Z/2 x Z/2) x SO°(2,1)

where m(0(2,1)) = Z/2x Z/2 is generated by reflection in a point (the
antipodal map A, which reverses orientation) and reflection in a space-
like line (which preserves orientation, but reverses time-orientation).

1.5.2. Transvections, boosts, homotheties and reflections. In the null
frame coordinates of §1.3.1 , the one-parameter group of linear isome-
tries

0 0
e

~+
=)

1
(4) §t = 0
0 0 et

(for t € R) fixes s and acts on the (indefinite) plane s*. These trans-
formations, called boosts, constitute the identity component SOY(1,1)
of the isometry group of v+.

The one-parameter group R of positive homotheties

e 0 0
ns == [0 € 0
0 0 ¢€°

(where s € R) acts conformally on Minkowski space, preserving orien-
tation. The involution

(5) p=10 0 -1

preserves orientation, reverses time-orientation, reverses s, and inter-
changes the two null lines Rs™ and Rs™.

2. PROPER ACTIONS AND LOCALLY HOMOGENEOUS LORENTZIAN
3-MANIFOLDS

In this section, we use what we know about Lorentzian isometries to
construct manifolds which are modeled on E. More specifically, we will
consider manifolds of the form E/G, where G' < Isom™ (E) acts “nicely”.
The fact that G consists of isometries means that the quotient space
inherits a causal structure from E. Some of the features of homogeneity
survive as well: this is what we mean by “locally homogeneous”.

We will pay particular attention to the case where the linear part
L(G) is a free group: these manifolds will be called Marqulis spacetimes.
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2.1. Groups of isometries. We start by making precise what we
mean by a “nice action”.

Definition 2.1. Let X be a locally compact space and G a group
acting on X. We say that G acts properly discontinuously on X if for
every compact K C X, the set:

{veG | yKNK #0}
is finite.

The following important result is a good exercise. (Recall that a
group acts freely if it fixes no points.)

Theorem 2.2. Let X be a Hausdorff manifold and let G be a group
that acts freely and properly discontinuously on X. Then X/G is a
Hausdorff manifold.

Kulkarni [12] studied proper actions in the more general context of
pseudo-Riemannian manifolds.

Remark 2.3. A group that acts properly discontinuously on E is dis-
crete. But the converse, which holds for Riemannian manifolds, is false
for group actions on E.

Example 2.4. Let ty,ts,ts € V be three linearly independent vectors.
Then G = (T4, , Tty Tey) acts properly discontinuously on E. In fact, one
easily sees that E/G is obtained by taking a parallelipiped generated by
the three translations and then gluing opposite sides.

Example 2.4 illustrates the next criterion for a proper action. Denote
the interior of a set A by int (A).

Definition 2.5. Let X be a topological space and G a group acting
on X. Let F' C X be a closed subset with non-empty interior. We say
that F' is a fundamental domain for the G-action on X if:

° XzUverF;
o for all v #n € G, int (yF) Nint (nF) = (.

Theorem 2.6. Let X be a topological space and G a group acting on
X. Suppose there exists a fundamental domain F' for the G-action on
X. Then G acts properly discontinuously on X and:

X/G=F/G
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2.2. Examples of spacetimes. Here is a fancier version of Exam-
ple 2.4. Let t € V be a timelike vector, and let o be a screw motion
of order 4 about Rt. Specifically, the linear part of o is elliptic and its
translational part is t. Let v # 0 be a vector in t* (it is necessarily
spacelike). Consider the following group:

G = <7-V7 Tov, U)

This group admits a fundamental domain as in Example 2.4: a paral-
lelipiped generated by v,ov,t. The group thus acts properly discon-
tinuously on E and furthermore acts freely. Thus E/G is a Lorentzian
manifold.

The group G is a very basic example of a wvirtually solvable group,
since it contains a finite-index subgroup of translations. Fried and
Goldman [9] proved the following important classification result for
groups of affine transformations acting properly discontinuously on R3.
If a group of affine transformations G acts properly discontinuously on
R3, either is is virtually solvable or its linear part is conjugate to a
subgroup of O(2,1).

Our example has linear part in O(2,1) and is virtually solvable. Are
there examples that are not virtually solvable? This was a question
posed by Milnor in the 1970s [15]. Margulis discovered such exam-
ples [13, 14], where the linear part was a Schottky group, or a free,
non-abelian discrete subgroup of S0°(2,1).

Definition 2.7. A Margulis spacetime is a Hausdorff manifold E/G
where G is free and non-abelian.

Given a group G with Schottky linear part, it is difficult to determine
whether it acts properly discontinuously on R*. We would like a “ping-
pong” lemma as for Schottky groups acting on the hyperbolic plane.
However, the absence of a Riemannian metric makes this challenging.
The remedy was the introduction of fundamental domains for these
actions [5], bounded by piecewise linear surfaces called crooked planes.

2.3. Examples of Margulis spacetimes; crooked planes. Now
we introduce crooked planes and crooked fundamental domains. The
reader interested in more details should consult [2].

Definition 2.8. Let x € R*! be a future-pointing null vector. Then
the closure of the following halfplane:

Wing(x) = {fu e x* | x=u"}
is called a positive linear wing.

In the affine setting, given p € E, p + Wing(x) is called a positive
wWing.
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Observe that if u € R?? is spacelike:
u € Wing(ut)
—u € Wing(u™)
Wing(u™) N Wing(u™) =0
The set of positive linear wings is SO(2, 1)-invariant.

Definition 2.9. Let u € R*! be spacelike. Then the following set:
Stem(u) = {x €u" | x-x <0}
is called a linear stem. For p € E, p+ Stem(u) is called a stem.

Observe that Stem(u) is bounded by the lines Ru™ and Ru~ and
thus respectively intersects the closures of Wing(u™) and Wing(u™) in
these lines.

Definition 2.10. Let p € E and u € R?! be spacelike. The positively
extended crooked plane with vertex p and director u is the union of:

e the stem p + Stem(u);

e the positive wing p + Wing(u™);

e the positive wing p + Wing(u™).
It is denoted C(p, u).

A crooked plane is depicted in Figure 3.

Remark 2.11. A negatively extended crooked plane is obtained by
replacing positive wings with negative wings. One obtains a negative
wing by choosing the other connected component of x*\ Rx. Without
going into details, we will simply state that one can avoid resorting to
negatively extended crooked planes by changing the orientation on V
and E. Thus we will simply write “wing” to mean positive wing and
“crooked plane” to mean positively extended crooked plane. The same
convention is used in [2].

Theorem 2.12 (Drumm [5]). Let G = (v1,...,7,) < lsom™(E) with
linear part in 500(2, 1). Suppose there exists a simply connected region
A bounded by 2n pairwise disjoint crooked planes C; ,C",...,C, ,CF
such that:

vwCr =CF, i=1,...,n
Then A is a fundamental domain for G, which acts freely and properly
discontinuously on E.

Moreover, the quotient can be seen to be a solid handlebody. Figure 4
shows four pairwise disjoint crooked planes; these bound a fundamental
domain for a group whose linear part is the holonomy of a one-holed
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F1GURE 3. A crooked plane.

torus or a three-holed sphere. A fundamental domain bounded by
(disjoint) crooked planes is called a crooked fundamental domain.

2.4. Crooked halfspaces and disjointness. We will discuss here
criteria for disjointness of crooked planes, as it plays a vital role in
constructing crooked fundamental domains.

The complement of a crooked plane in C(p,u) € E consists of two
crooked halfspaces, respectively corresponding to u and —u. A crooked
halfspace will be determined by the appropriate stem quadrant, which
we introduce next. Our notation for the stem quadrant is slightly
different from that adopted in [2], where it is defined in terms of the
crooked halfspace.

Definition 2.13. Let u € V be spacelike and p € E. The associated
stem quadrant is:

Quad(p,u) =p+ {au” —bu" | a,b> 0}
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F1GURE 4. Four pairwise disjoint crooked planes. Iden-
tifying pairs of “adjacent” crooked planes yields a fun-
damental domain in the case where the linear part cor-
responds to a three-holed sphere. Identifying pairs of
“opposite” crooked planes yields one in the case of a
one-holed torus.

The stem quadrant Quad(p,u) is bounded by light rays parallel to
u~ and —ut.
Definition 2.14. Let p € E and u € V be spacelike. The crooked halfs-
pace H(p,u) is the component of the complement of C(p, u) containing
int (Quad(p,u)).

By definition, crooked halfspaces are open. While the crooked planes
C(p,u), C(p, —u) are equal, the crooked halfspaces H(p,u), H(p, —u)
are disjoint, sharing C(p,u) as a common boundary.

Definition 2.15. Let o € E and uy,us € V be spacelike. The vec-
tors are said to be consistently oriented if the closures of the crooked
halfspaces H(o0,u;) and H(o, uz) intersect only in o.

Remark 2.16. This is independent of the choice of 0. Also, this def-
inition is equivalent to that of Drumm-Goldman [6]. Let us point out
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FI1GURE 5. A slab bounded by a pair of disjoint crooked planes.

that the definition, as originally stated, requires among other things
that ui Nuy be spacelike.

Definition 2.17. Let u;,us € V be a pair of consistently oriented
ultraparallel spacelike vectors. The set of allowable translations for
uj, Uy is:

A(uy,uy) = int (Quad(p,u;) — Quad(p,uy)) C V
where p € E can be arbitrarily chosen.

Theorem 2.18 (Drumm-Goldman [6]). Let uj,us € V be a pair of
consistently oriented ultraparallel spacelike vectors. Then the closures
of the crooked halfspaces H(pi,u;) and H(pa,us) are disjoint if and
only if p1 — p2 € A(uy, uy).

Choosing p; — pa € A(uj,uy) means that the complements of the
crooked halfspaces H(p1,u1) and H(ps, ug) intersect nicely, in a set
which we call a slab. A slab is a crooked fundamental domain for a
cyclic group. Indeed, let v € Isom™(E) be any isometry whose linear
part maps u; to —uy and such that y(p;) = pa. There is one degree of
freedom in choosing the linear part, but the translation part is entirely
determined by the condition on p; and ps. Then the slab:

E\ (H(p1, w) UH(p2, u2))

is a crooked fundamental domain for (y). See Figure 5.

Crooked fundamental domains for higher rank groups are then ob-
tained by intersecting slabs whose boundary components are pairwise
disjoint.
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3. DEFORMATIONS

3.1. Lorentzian transformations and affine deformations. Let
Isom™(E) denote the group of all orientation-preserving affine trans-
formations that preserve the Lorentzian inner product on the space
of directions; Isom™(E) is isomorphic to SO(2,1) x R*!. We shall re-
strict our attention to those transformations whose linear parts are in
500(2, 1), thus preserving orientation and time-orientation.

Denote projection onto the linear part of an affine transformation

by:

Isom™ (E) L SO(2,1).
Recall that the upper nappe sheet of the hyperboloid of unit-timelike
vectors in V is a model for the hyperbolic plane H?2. The resulting

isomorphism between SO"(2, 1) and Isom”(H) gives rise to the following
terminology. (Consult [11], for example, for an explicit isomorphism.)

Definition 3.1. Let g € SOY(2,1) be a nonidentity element;

e ¢ is hyperbolic if it has three, distinct real eigenvalues;

e ¢ is parabolic if its only eigenvalue is 1;

e ¢ is elliptic otherwise.
We also call y € Isom™ (E) hyperbolic (respectively parabolic, elliptic) if
its linear part L(7y) is hyperbolic (respectively parabolic, elliptic).

Let I’y € SO(2,1) be a subgroup. An affine deformation of I'y is a
representation
p:To — Isom™(E).
For g € T'y, write
p(g)(x) = g(x) + ulg)
where u(g) € V. Then u is a cocycle of T'y with coefficients in the I'p-
module V corresponding to the linear action of I'g. In this way affine
deformations of Ty correspond to cocycles in Z'(I'y,V) and transla-
tional conjugacy classes of affine deformations correspond to cohomol-
ogy classes in H'(I'y, V).
By extension, if I'y = po(m1(2)), we will call p an affine deformation
of the holonomy representation py.

3.2. The Lie algebra sl(2,R) as V. The Lie algebra sl(2,R) is the
tangent space to PSL(2,R) at the identity and consists of the set of
traceless 2 x 2 matrices. The three-dimensional vector space has a
natural inner product, the Killing form, defined to be

(6) (v,w) = %Tr(v “W).
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A basis for sl(2,R) is given by
1 0 01 0 1

EVidthly, <E17E1> = <E2, E2> = 17 <E3,E3> = —1 and <EZ7E]> =0
for i # 7. That is, sl(2,R) is isomorphic to V as a vector space

T
v=|y| < {zE+yEy+ zE3 =v}.
z
The adjoint action of PSL(2,R) on sl((2,R):

g(v) =gvg™
corresponds to the linear action of SO°(2,1) on V.
Using these identifications, set:

G = PSL(2,R) = S0°(2,1)
g=sl(2,R) 2 V.

3.3. The Margulis invariant. The Margulis invariant is a measure of
an affine transformation’s signed Lorentzian displacement in E. Orig-
inally defined by Margulis for hyperbolic transformations [13, 14], it
admits an extension to parabolic transformations [3].

Let ¢ € G be a non-elliptic element. Lift g to a representative in
SL(2,R); then the following element of g is a g-invariant vector which
is independent of choice of lift:

Fy=o0(9) (g - TTT@I)

where o(g) is the sign of the trace of the lift.

Now let I'y C G such that every element other than the identity is
non-elliptic. Let p be an affine deformation of I'y, with corresponding
u € 7Z'(Ty,V). Given the above identification g = V, we may also
write u € Z(Ty, g). We define the non-normalized Margulis invariant

of p(g) € p(I'y) to be:
(8) ap(9) = (ulg), Fy)-

(In [3], the non-normalized invariant is a functional on a fixed line,
rather than a value.)

If p(g) happens to be hyperbolic, then Fj is spacelike and we may
replace it by the unit-spacelike vector:

o__ 2009 (. _Tilg)
X, = —Tr(g>2_4(g 5 I)
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obtaining the normalized Margulis invariant:

(9) ap(g) = (ulg), Xg)-

In Minkowski space, a,(g) is the signed Lorentzian length of a closed
geodesic in E/(p(g)) [13, 14].

As a function of word length in the group I'g, normalized «, behaves
better than non-normalized @&,. Nonetheless, the sign of @,(g) is well
defined and is equal to that of a,(g). So we may extend the definition
of a, to parabolic g, for instance by declaring that F, = X 3 .

Theorem 3.2. [4] Let T'y be a Fuchsian group whose corresponding
hyperbolic surface Y is homeomorphic to a three-holed sphere. Denote
the generators of Iy corresponding to the three components of 0% by
01, 0q,03. Let p be an affine deformation of T'y.

If o, (0;) is positive (respectively, negative, nonnegative, nonpositive)
for each i then for all v € Ty \ {1}, a,(7) is positive (respectively,
negative, nonnegative, nonpositive).

The proof of Theorem 3.2 relies upon showing that the affine defor-
mation p of the Fuchsian group I'y acts properly on E. By a fundamen-
tal lemma due to Margulis [13, 14] and extended in [3], if p is proper,
then o, applied to every element has the same sign. Moreover,

o if @,(01) =0 and o,(02), @,(03) > 0 then specifically a,(y) =0
only if v € (0,), and

o if ,)(01) = y(02) = 0 and «,(J3) > 0 then specifically a,(y) =
0 only if Y < <(51> U <52>

4. LENGTH CHANGES IN DEFORMATIONS

An affine deformation of a holonomy representation corresponds to
an infinitesimal deformation of the holonomy representation, or a tan-
gent vector to the holonomy representation. In this section, we will fur-
ther explore this correspondence, relating the affine Margulis invariant
to the derivative of length along a path of holonomy representations.
We will then prove Theorem 4.1 by applying Theorem 3.2, which char-
acterizes proper deformations in terms of the Margulis invariant, to the
study of length changes along a path of holonomy representations.

Let po : m(¥) — 'y C G be a holonomy representation and let
p: Ty — Isom™(E) be an affine deformation of py, with corresponding
cocycle u € Z1(Ty, g).
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The affine deformation p induces a path of holonomy representations
pr as follows:
prm(E) — G
v — exp(tu(g))y,

where g = po(7y), and u is the tangent vector to this path at ¢ = 0.
Conversely, for any path of representations p;

pi(7) = exp(tu(g) + O(t*))g,

where u € Z'(Ty, g) and g = po(7).
Suppose g is hyperbolic. Then the length of the corresponding closed

geodesic in Y is
Tr(g
l(g) = 2cosh™! (—| r2(g)|) ,

where § is a lift of g to SL(2,R). With p, p; as above and py(y) = g,
set:

L(v) = Up(7)).

Since the Margulis invariant of p can also be seen to be a function
of its corresponding cocycle u, we may write:

au(g) = ay(9).
Consequently:
d au(9)
dt li=o () = 2
so we may interpret «, as the change in length of an affine deformation,
up to first order [11, 10].
Although 1;(7y) is not differentiable at 0 for parabolic g,

&1 T (o) = o)

Thus Theorem 4.1 simply reinterprets Theorem 3.2.

Theorem 4.1. Let X be a three-holed sphere with a hyperbolic struc-
ture. Consider any deformation of the hyperbolic structure of 3 where
the lengths of the three boundary curves are increasing up to first order,
then the lengths of all of the remaining geodesics are also increasing up
to first order.

Proof. Let p;, —e <t < € be a path of holonomy representations. Since
we assume the boundary components to be lengthening, they must have
hyperbolic holonomy on (—e, €).
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Suppose there exists v € m(X) and T' € (—¢, €) such that the length
of py(y) decreases in a neighborhood of T. Let u = uy € Z*(Ty, g) be
a cocycle tangent to the path at T'; then

g () < 0.

Theorem 3.2 implies that for some ¢ = 1,2, 3:
Qo (81)) < 0.

but then the length of the corresponding end must decrease, contra-
dicting the hypothesis.
O

4.1. Deformed hyperbolic transformations. In this and the next
paragraph, we explicitly compute the trace of some deformations, to
understand first order length changes.

Let g € SL(2,R) be a hyperbolic element, thus a lift of a hyperbolic
isometry of H2. Given a tangent vector in V' € s[(2,R), consider the
following two actions on SL(2,R):

(10) my i g —exp(V) g,
and
(11) g —g-(exp(V)™) =g exp(—V).

All of our quantities are conjugation-invariant. Therefore, all of our
calculations reduce to a single hyperbolic element of SL(2, R),

P[5 2-((; %)

whose trace is Tr(g) = 2cosh(s). The eigenvalue frame for the action
of g on sl(2,R) is

o 1 0] - _[oo0] o+ [o1
Xg—[o —1]’X9—[1 0]’X9— 0 0]

where

ngfgfl — efQSXf
ngng*1 =e® X'
Write the vector V' € s[(2,R) as

c —a

V =aX"(g) +bX (g) + cXT(g) = {“ b } .
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By direct computation, the trace of the induced deformation my (g)
is
2a sinh s sinh v/a? + be
va? + bc

Tr(my(g)) = 2 cosh s cosh Va? + be +

0

Observe that when V = [c b] , which is equivalent to a(v) = 0:

0

Tr(my(g)) = 2cosh(s) cosh(vVbc)

Up to first order, Tr(my(g)) = 2 cosh(s).
Alternatively, when b = ¢ = 0:

Tr(my(g)) = 2 cosh(s + a)

whose Taylor series about a = 0 does have a linear term. We assumed
that s > 0, defining our expanding and contracting eigenvectors. As
long as a > 0, which corresponds to a(v) > 0, the trace of the deformed
element 7y (g) is greater than the original element g.

Now consider the deformation 7{,(g) = ¢ - (exp(V))~!. When b =
c=0:

Tr(7,(g)) = 2cosh(s — a)

whose Taylor series about a = 0 has a nonzero linear term. As long as
a > 0, Tr(my(g)) is now less than the original element g. So for this
deformation, a positive Margulis invariant corresponds to a decrease in
trace of the original hyperbolic element.

Lemma 4.2. Consider a hyperbolic g € SL(2,R), with corresponding
closed geodesic O and an affine deformation represented by V' € sl(2,R).
For the actions of V' on SL(2,R) by

e my(g) = exp(V) - g then a positive value for the Margulis in-
variant corresponds to first order lengthening of 0.

o m,(9) = g-exp(V) then a positive value for the Margulis in-
variant corresponds to first order shortening of 0.

4.2. Deformed parabolic transformations. As before, we are in-
terested in quantities invariant under conjugation. Because of this,
all of our calculations can be done with the a very special parabolic
transformation in SL(2,R),

)
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where r > 0 and whose trace is Tr(p) = 2. We choose a convenient
frame for the action of p on s[(2,R):

xio) =y O xvw=[) o] -] o)

The trace of the deformation of the element p by the tangent vector
V' described above is

Tr(my(p)) = 2 cosh(Va? + be) + N sinh(va? + bc)

When a(y) = 0, or equivalently when V' = [(01 _ba} , is
Tr(my(p)) = 2 cosh(a)

Thus the trace equals 2, in terms of a, to first order.
Alternatively, when a = b = 0 in the expression for V,

Tr(my(p)) =2+ cr

which is linear and increasing in c¢. As long as ¢ > 0, which corresponds
to a(y) > 0, the trace of the deformed element 7y (p) majorizes the
original element p.
Lemma 4.3. Consider a parabolic g € SL(2,R), and an affine defor-
mation represented by V € sl(2,R). For the actions of V on SL(2,R)
by
e my(g9) = exp(V) - g then a positive value for the Margulis in-
variant corresponds to first order increase in the trace of g;
o m,(9) = g-exp(V) then a positive value for the Margulis in-
variant corresponds to first order decrease in the trace of g.

5. EINSTEIN UNIVERSE

The Einstein Universe Ein,, can be defined as the projectivisation of
the lightcone of R™2. We will write everything for n = 3, as this is the
focus of the paper.

Let R3? denote the vector space R® endowed with a symmetric bi-
linear form of signature (3,2). Specifically, for x = (z1,...,z5) and

y = (y1,...,y5) € R, set:
Xy = T1yY1 + ToY2 + T3Ys — TaYs — T5Ys
Let x* denote the orthogonal hyperplane to x:
xt={y eR» | x-y =0}
Let N*? denote the lightcone of R32:
N2 ={xeR**\0 | x-x=0}
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Note that to keep the definitions as simple as possible, we do not con-
sider the zero vector to belong to the lightcone.

The Einstein Universe consists of the projective lightcone, that is,
the quotient of A"*? under the action of R* by scaling:

Eing = N2 /R*

Denote by 7(v) the image of v € A®? under this projection. Wherever
convenient, for v = (vq, v9, v3, v4, v5) we will also write:

m(v) = (v : vy :v3 vy Vs)
Denote by Eﬁ; the orientable double-cover of Eing. Alternatively:
Ein = A*?/R*

Any lift of E/E3 to N3 induces a metric on Eing by restricting ,- to
the image of the lift. For instance, the intersection with N3? of the
sphere of radius 2, centered at 0, consists of vectors x such that:

2., .2 .2 1 _ .2 2
] +xy+az3=1=x]+x;

It projects bijectively to EEIT:J,, endowing it with the Lorentzian product
metric dg? —dt?, where dg? is the standard round metric on the 2-sphere
S2? and dt? is the standard metric on the circle S*.

Thus Eing is conformally equivalent to:

S% x S'/~, where x ~ —x

Here —1I factors into | the product of two antipodal maps.

Any metric on Eing pushes forward to a metric on Einz. Thus Eing
inherits a conformal class of Lorentzian metrics from the ambient space-
time R*2. The group of conformal automorphisms of Eing is:

Conf(Einz) = PO(3,2) = SO(3,2)

As SO(3,2) acts transitively on N*2, Conf(Eins) acts transitively on
EiIlg.

Slightly abusing notation, we will also denote by m(p) the image of
pE Eﬁﬁg under projection onto Eins.

The antipodal map being orientation-reversing in the first factor (but
orientation preserving in the second), Eing is non-orientable. However,
it is time-orientable, in the sense that a future-pointing timelike vector
field on R3? induces one on Eins.
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5.1. Conformally flat Lorentzian structure on Einz. The Einstein
Universe contains a copy of Minkowski spacetime, which we describe
here for dimension three. Denote the scalar product on V by -. Set:

t:V — Eing

l—-v-v 1+4+v-v

2 VT 2 )

This is a conformal transformation that maps V to a neighborhood of
(1:0:0:0:1). In fact, setting:

Poo=(—1:0:0:0:1)

Vi—>7T<

then
1(V) = Eing \L(px)
Thus Eing is the conformal compactification of V.
Since Conf(Eins) acts transitively on Eing, every point of the Ein-
stein Universe admits a neighborhood that is conformally equivalent to
V. In other words, Eing is a conformally flat Lorentzian manifold.

5.2. Photons and lightcones. Let us describe the causal structure
of Eins, namely photons and lightcones. It is useful to know (see for
instance [7]) that conformally equivalent lorentzian metrics give rise to
the same causal structure. As a matter of fact, the non-parametrized
lightlike geodesics are the same. This will mean that anything defined
in terms of the causal structure of a given metric will in fact be well
defined in the conformal class of that metric. More details can be found
in [1].

Recall that, given a vector space V' endowed with a non-degenerate,
symmetric bilinear form -, a subspace of W C V is totally isotropic if
- |w is identically zero. If W C R3? is totally isotropic, then W\ 0 C
N32,

Definition 5.1. Let W C R32 be a totally isotropic plane. Then
m(W '\ 0) is called a photon.

Alternatively, a photon is an unparametrized lightlike geodesic of
Eil’l3.

It can easily be shown that no photon is homotopically trivial. The
homotopy class of a photon generates the fundamental group of Eins.

Definition 5.2. Two points p, g € Eing are said to be incident if they
lie on a common photon.

Definition 5.3. Let p € Eing. The lightcone at p, denoted L(p), is the
union of all photons containing p.
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In other words, L(p) is the set of all points incident to p. Also:
L(p) =7 (v NN??)
where v € N*? is such that 7(v) = p.

Lemma 5.4. Suppose p,q € Eing are non-incident. Then L(p) N L(q)
18 a simple closed curve.

Indeed, the intersection in this case is a spacelike circle: it is a smooth
curve whose tangent vector at all points is spacelike.

Proof. Suppose without loss of generality that p = p,.. The intersection
of L(g) with the Minkowski patch Einz \L(p) corresponds to a lightcone
in V. Applying a translation if necessary, we may suppose that ¢ =
¢(0,0,0). Then L(p) NL(g) is the so-called circle at infinity:

L(p)NL(qg) ={(0:cost:sint:1:0) | t € R}

5.3. Einstein torus.

Definition 5.5. An Einstein torus is a closed surface in S C Eing such
that the restriction of the conformal class of metrics to S is of signature

(1,1).

Specifically, an Einstein torus is given by a certain configuration of
four points as follows. Let:

D= {p17p27f1af2}

where:

® p1, po are non-incident;

e fi, f2 € L(p1) N L(p2).
Let vy, Vo, X1, X2 € N3? such that:

v; € Wilpi

X, €M _1fi
The restriction of ,- endows the subspace of R3? spanned by the four
vectors with a non-degenerate scalar product of signature (2,2). Thus

its lightcone is a 3-dimensional subset of A'32. It projects to a torus in
Eing that is conformally equivalent to Eins.

6. CROOKED SURFACES

A crooked surface is the conformal compactification in Eing of a
crooked plane (up to isometry). Crooked planes were generalised by
Frances to study the extension of such actions to Eing [8].
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6.1. Crooked surfaces as conformal compactifications of crooked
planes. Let p,, = 7(—1,0,0,0,1); recall that ¢(V) consists of the com-
plement of L(pe).

Let u € V be spacelike and p € E. The crooked plane C(u, p) admits a

———conf
conformal compactification, which we denote by C(u,p) . Explicitly,
setting o = (0,0,0):

conf

C(u,0)  =1(C(u,0)UopUy

where:

e ¢ C L(ps) is the photon containing 7(0,u*,0);

e 1) C L(pwo) is the photon containing 7 (0,u",0).
The wing o+Wing(u™) is in fact a “half lightcone”; specifically it is one
of the two components in L(7(0,u™,0)) \ ¢/, where ¢/ C L(7(0,u*,0))
is the photon containing ¢(0). (A similar statement holds for o +

Wing(u™).)
Definition 6.1. Let o € E and u € V be spacelike. A crooked surface

is any element in the SO(3,2)-orbit of C(u, o)conf
Remark 6.2. One could show that the conformal compactifications
of negatively extended crooked planes also lie in the SO(3, 2)-orbit of

——conf
C(u, 0)Con . If one restricts to the connected component of the identity

of SO(3,2), however, one only reaches what one could call a “positively
extended crooked surface”.

— -, L con

6.2. A basic example. We will describe § = C(o,u) f, where o =
(0,0,0) and u = (1,0,0). We identify Einz with a quotient of 5% x S,
which admits the following parametrization (which can be recognized
as a permuted version of the usual parametrizations):

(12)
(cos ¢, sin ¢ cos b, sin psin b, sint,cost), 0 < o <7, 0<6,t <27

Since u* = (0,F1, 1), the compactification of ¢ (uL) is the Einstein
torus determined by:

vi=t(o)=(1:0:0:0:1)
vo=(—=1:0:0:0:1)
x;=(0:0:1:1:0)
x2=(0:0:-1:1:0)
Thus it is 7 ((0,1,0,0,0)l ONS’Q), which can be parametrized as:
(sint:0:cost:sins:coss), —m/2<s<m/2, 0<t<27
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And the stem corresponds to restricting ¢ to lie between 7/2 — s and
/2 +s.

The wing o + Wing(u™) is a subset of the lightcone L((0:0:1:1:
0)), which can be parametrized as follows:

(sinscost:sinssint:coss:coss: —sins), —

bo| 3

gsggﬂgtg%

Photons are parametrized as ¢ = constant. The photon incident to
(=1 :0:0:0:1) corresponds to ¢ = 0 and the photon incident to
(1:0:0:0:1), to t =mn. This wing contains:

((—u)=(0:-1:0:0:1)

which lies on the photon t = 7/2. Therefore, the wing is the half
lightcone 0 <t < 7.

In a similar way, we find that the wing o + Wing(u™) is the half
lightcone parametrized as follows:
(sinscost: —sinssint : —coss: coss : —Sins),—g <s< g,O <t<2r

Given that all crooked surfaces are conformally equivalent to the
basic example, the following two theorems are easily verified.

Theorem 6.3. A crooked surface is a surface homeomorphic to a Klein
bottle.

Proof. This is a simple cut-and-paste argument, as can be found in [1].
O

Theorem 6.4. A crooked surface separates Fing.

6.3. Synthetic description of a crooked surface. We will now
show how a crooked surface in Eing is determined by a set like the
following;:

D= {p17p27f17 f2}

where:

e p1,po € Eing are a pair of non-incident points ;
e f1, fo are two points on the spacelike circle which is the inter-
section of L(p;) and L(p2).

The data D determines two pairs of photons:

e one pair of photons ¢y, ¢ belonging to L(p;);
e one pair of photons v, 1 belonging to L(ps);
e cach pair of photons ¢;,1; intersects in f;.
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Alternatively, ¢; and v; belong to the lightcone of f;.

Here is how we may define the stem of the crooked surface. Choose
a conformal map of Eing \L(p2) to V, and set N F(p;) be the set of
points mapping to points related to the image of p; by a timelike vector.
(Alternatively, N'F(p;) is the set of endpoints of timelike geodesic paths
starting from p;, given an arbitrary choice of Lorentz metric in the
conformal class.) Observe that this is symmetric in the pair {p;, p2},
so that we can write unambiguously:

NF(D) :=NF(@p) =NF(ps)

On the other hand, as seen in §5.3, D determines an Einstein torus,
Einy(D). The stem, denoted Stem(D), consists of the intersection:

Stem(D) = Einy(D) N N F(D)

As for the wings, consider the following. The pair of photons ¢, and
¢2 bounds a pair half lightcones in L(f;), as does the pair ¢, and 1)y
in L(f2). Each half lightcone intersects the common spacelike circle in
a... half circle, bounded by p; and p,. We want to choose one half
lightcone from each pair, in such a way that they intersect only in p;
and py. In fact, there are two ways to do this; conformally identifying
Eins \L(py) with V via an element of SO°(3, 2):

e one way yields a pair of positive wings, Wing(D, f1) and Wing(D, f»);
e the other way yields a pair of negative wings.

Thus the crooked surface determined by D is:
S =S8 (D) = Stem(D) U Wing(D, f;) U Wing(D, f2)
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