Spherical harmonic decomposition + first
encounter with scattering equation

1. The following equation describes perturbations induced by a massless
scalar field on the Schwarzschild background:
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where 7, = 7+ 2M In(r/2M — 1) is the tortoise coordinate and f =
1 —2M/r. In this case S is given by a gaussian packet, i.e.
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S=fe 2, (ro=8,0=5). (2)

Integrate the previous sourced equation for the parameters given by
the problem, and find the power at infinity for the [ = 1 mode as a
function of the frequency w. In particular:

(a) Consider the homogeneous problem associated to eq. (1). At the
horizon and at infinity the solution of the master equation can
be written as a power series of the form:
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and '
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Find the the coefficient (a, b, ¢, d).

(b) Find two solutions 97 2 of the associated homogeneous problem,
which can be obtained: (i) one starting from the horizon and
integrating outward with boundary condition given by 1)y (ii) one
starting from infinity integrating inward with boundary condition

given by 9.
(c) Compute the general solution at infinity, i.e.
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where W is the wronskian of the two solutions 1 2.

(d) Compute the power P = w?|¢)(w,r)|? as a function of the fre-
quency w, and plot it in the interval [0.1,0.5].

2. The stress-energy tensor of a test particle orbiting around a BH can
be expanded in a complete set of tensor harmonics, as:
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where (¢,m) are the multipole numbers. The azial (cgi,qm,dgm,)
and polar (ag)r)b, agr)” asm, bgz, b, 8em, o) tensor harmonics basis are
expressed in terms of the usual spherical harmonics Yy, (6¢) and their

derivatives. For example we have:
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while the expansion coefficients (A,,,, Ay, - - -, Fem) can be computed
exploiting the orthonormality properties of the tensor harmonics:

(A,B) = / / 0P A% Byed ) | (10)

where the superscript x denotes complex conjugation and the inverse
metric n* is given by diag(—1,1, r%, m) For example, A1) =
(a), ).

We now consider the stress-energy tensor of a point particle of mass
my, moving on a geodesics z#(7) of the Schwarzschild metric, being 7
the proper time:
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where v* = dyl /dt is the test particle 4-velocity, and ~y the relativistic
boost factor.

Compute the first four coefficients the expansion (6) for the stress-
energy tensor (11), i.i. (Agm,A(O)

P Aé}g, Bégz) [You can compare your



results with Table I of [I]. In oder to get the exact same functional
form of the reference, note that v® = d¢/dt = - d?;m /Y. Remember
also that the coefficients have to be multiplied by -1 if the norm of the
corresponding tensor harmonics is negative. For example (a(l), a(l)) =

—1]
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