1. VISINTIN’S MODEL

Assume that A; and A\, are real constants such that Ay > 0. Let D be a bounded, possibly
multi-connected domain in R3. Physically, D is the set occupied by a ferromagnetic body.
M will denote the magnetization field. We will write M (¢, z) for the value of M at time
t and space x € D. We assume that there are three types of energy in our system: the
anisotropy energy &, the exchange energy &, the energy & due to the magnetic field H
and the total magnetic energy &,ag. These are defined, for a suitable function M : D — R?,
as follows.

(i) Suppose that ¢ : R® — R is a convex Does it has to be convex? Where is this
assumption used? function. Physically, ¢ depends on the crystal structure of the
material. We put,

(L.1) Eun(M) = /D¢(M(x)) da.

(ii) Suppose that [alm]imzl is a symmetric and positive definite matrix. We put,

(1.2) Eex (M) = %/ Zalma]gx@) 824(@ dx.
D l L

m

(iii) For a magnetic field H : R?* — R?® we put,
1
(1.3) EalH) = / L b2 dz.
o5 2

It will be more convenient to use a related vector field defined by B = H + M,
where

0, otherwise

~ {M(az), ifreD,

and called the the magnetic induction field. Then the above definition of the energy
&g can be rewritten as

]‘ "~ 2 _ 1 2 1 2
(1.4) & (M, B) = /RS§|B(95)—M(x)| dx—/D§|B(x)—M(m)| dx+/Rs\D§|B(x)| dx
(iid)

Ene(M. B) = Em(M) + Ea(M) + Ex(M, B) = /D o(M(x)) da

(1.5) + %A;almaﬂg;lx) 02155) dx_|_/R3%|B(x)—]\~4(x)’2dx.

Let us observe that

o (M) i d OOT@) + 3 0 an TR + 3M (@) = B, if 2 € D,
T LB f o RAD




is the density of the magnetic energy, i.e.

Evan( M, B) = 4 (M, B)(r) du.

(iv) Define finally the total electro-magnetic energy Eemag, for M € L*(D), B €

L2 ,(R?) and £ € L*(R?), by the following formula
Eomag(M, B, E) = Enag(M, B) / |E(z)] do = = / (|B(z) — M(z))* + | E(z)|?) d
1 M (z) OM (z)
(1.6) + /D [gb(M(x)) + 5 %;alm 9z Or. }d:v

The Landau-Lifshitz’ equation read as follows!.

OM (t,x)

(1.7) % = MM (t,z) x p(M, B)(t,x)
— X M(t,x) x (M(t,x) x p(M, B)(t,z)), t >0,z € D,
(1.8) 6?—1@ = -V xE(t),
w) U v - i) - e+ )
where
p(M,B) = —%—M—FZ Im xl(;])\:f + B(t,z)

= —¢'(M)+(A- 1)M + B

Motivated by the recent papers [24] and [39] our aim is to study a stochastic version of
the above problem with p replaced by

(1.10) p(M,H) := p(M, B) + ZgZ (M, B)ddt
where g; : R3 x R — R?, for i = 1,--- ,d is a smooth function such that
(1.11) {(g;(z,y),z) =0, for allz,yecR®
and w(t) = (w;(t))L,, t > 0, is a K := Ré%valued Wiener process defined on some

probability space. The condition (1.11) above means that if z € S? then g;(z,y) is tangent
to S2.

Let us introduce now some useful functional spaces. We will try to follow the notation
used by Visintin in [63].

'What was denoted by H®¢ we will denote by p.



Let
(1.12) W = H™(R?
(1.13) V = HY(D,R?
where for an open set O C R? we put
(1.14) H(O) = {uecL*O):curlu € L*(O)},
(1.15) HY(O,R?) = {ucl?0):Vue L*(O,LR*R*)}.

Here, as elsewhere, we will follow a convention that L?(O) stands for L*(O,R3). Let us
notice, that both these spaces are Hilbert spaces with naturally defined scalar products
and that HY(O,R3?) is equal to the usual Sobolev space H»?(O,R3). The latter will also
be denoted by H2(0). It should be clear that H(O,R?) c HY (O, R?) but the reverse
inclusion is not true. For any open subset O of R?, by L2 (O) we will denote the space of
all u € IL?(0) such that the weak divergence of u is equal to zero, i.e.

(1.16) 1.2

sol

(0) := {u € L*(O) : divu = 0}.

Let us also put

(1.17) X :=L*D) x L2

sol

(R®) x L2(R?).

The elements of the space X will be denoted by u = (M, B, E).

It is well known, see e.g. [61], who however uses different notation, that L2,(0) is a
closed subspace of the Hilbert space L2(O).

We assume that 7" > 0 is fixed and that

(1.18) M, € L=(D)
(1.19) By € LR’
(1.20) E, € L*R%
(1.21) f € M?*0,T;L*(D)).

Here, if Y is a separable Banach space and p € [1,00), by by M?(0,7;Y) we understand
the space of all progressively measurable Y-valued processes f, to be more precise the
space of equivalence classes etc, such that

T
E/O FOP dt < oo

Our aim is to find an X-valued processes u = (M, E, B) such that, with H(?) := B(t) —
M(t), t > 0, the following system of equations will be satisfied



AM(t,z) = MMt z) x [p(M, B)(t,z) dt+z gi(M) o dw; ()]

(1.22) — M M(t,x) x (M(t, )
x [p(M,B)(t,x))dt + Y gi(M) o dwi(t)], t >0, z € D,

0B(t, )

(1.23) S = —Vx E(ta),
(1.24) aEg;, Y L Y H{t2) — 1p(E + Pt )
(1.25) (M(0), E(0), B(0)) = (Mo, Ey, Bo)

In agreement with the usual definition of the Stratonovich integral, see e.g. [13], the
equation (1.22) is understood as the It6 equations with a correction term, i.e.

dM(t,x) = MM(t,x) x p(M, B)(t,z)dt + A\ Y M(t,x) x gi(M)duw;(t)

o G [ (G B 001 ) ~ a0, B

+ X|MPp(M, B)(t,x)dt + Ao > [M[?gi(M)duwi(t),

- 2Y [rronaon) + G

99 (M1 BYgi(M ))} dt, t >0,z €D,

)

where by 8; (zo,y0) € L(R?* R3) we mean the Fréchet directional derivative. Note that
because g; satisfies the condition (1.11), in the second line the term —|g;(M)|>M appears.
Otherwise, it would have to be written as (M x g;(M, M)) x g;(M, B). For the same reason
the term 2|M|?(M, g;(M)) in the fourth line is equal to 0, but we keep it as it may be useful
in the future.

The definition of the weak solution will be preceded by some formulae, mostly following
the Visintin’s paper [63].

Let us first define,

(1.26) AM(z) = Z ’ma a .z €D, Me D(A);
Z
(1.27) D(A) = {uecH**D): gy =0 on dD}.

In the above, we put

where v = (14, 112, v3) is the unit outward normal vector field on 9D.



Proposition 1.1. Ifv € V and M € D(A), then

OM (z) O(v(z) x M(x))

1.2 M(z) x AM(x d
(128) [ (@) x AM( E:/@m ) g,
Remark 1.2. Let us introduce the following formal notation.

oM
M = E —_—
vA - arm axl Vm
8M d(v(x) x M(x))
1.
(1.29) /D (M(x) x AM(z § j / i T da

Proof of formula (1.28). Because M € H*?(D,R3), by the Sobolev-Gagliardo inequalities,
M € L>*(D,R3) and AM € L*(D,R?). Hence, M(x) x AM belongs to L?(D,R?) and
hence the LHS of (1.28) makes sense. By a similar argument, since by our assumptions,
v € L*(D,R% N L=(D,R%), Dy € L*(D,R?), j = 1,2,3, and M € L=(D,R%) and
D;M € L*(D,R3), j = 1,2, 3, the RHS of equality (1.28) also makes sense. Notice next that
because of formula (4 2) we have [ (M (z) x AM(z),v(x)) = [,(AM (z),v(x) x M(z)) =

= tm Wim f p{5a; mm (x) x M(x)) dz. Hence, by applying the Stokes Theorem to the last
integral, see e.g. [61] p.??, we infer that

/D (M(z) x AM (x /D Zalm 0;1:l ,8(“(3”2;]” @)y 4
_/ Zalml/m<8]g[—x(lm),v(x) x M(x))do,

) Owlw) x M(z)), .~ [ OM(z)
/DZ tm Oxl 7 ) dz /8D< v M) do

8277” aI/A

where do, is the surface measure on dD. Hence the result follows. [ |

Proof of formula (1.29). As before, but this time using the formula (4.2) we get [, (M x

(M x AM),v) = [, (AM, (vx M)x M) = =, i [ (52 (v(x) x M (x)) x M(x)) da.
[ |

Remark 1.3. Using the operator A we can write down the following formula for p:

(1.30) p(M,B) = —¢(M)+ AM +1pB — M, M € D(A), B € L2 (R%).
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Moreover, the deterministic part of the right-hand side of equation (1.22) can be written
in a short way as follows. For (M, B, E) € D(A) x L2 ,(R?) x L*(R?)

R(M,B,E) = MM x p(M, B) = M x (M x p(M, B)),

Fy(M,B,E) = -V x E,

F3s(M,B,E) = V x(B—M)—1p(E+ f).
We also define a map G : X — R(K,X), where R(K,X) is the space of y-radonifying
operators? from (K to X), by G(M, B, E)(k) = (G1(M, B)( ),0,0) € X),u=(M,B,E) =
X), k € K and

Gi(M,B)k = Y MM x g;(M,B)k; — > XM x (M x g;(M,B)k;), k = (k;); € K.
J J

Lemma 1.4. The function ., : L?(D) — R defined by formula (1.3) is Fréchet differen-
tiable and

(1.31) dptyEenl / ¢(Mo(x))M (x) dz, M, My € L*(D).
Moreover, Ecmag s a C° map from X to R and for any (Mo, By, Ey) € X, we have

d( 0o, Bo,E0)Ectmag(M, B, E) = (By — My, B — M)12rsy + (Eo, E)r2(ms)

(1.32) /(dMO 5®) (M d:L'+/DZ maMO aM( )dx, (M, B,E) € X,

d%MO,BO,EO)gel.mag((MhBhEl)a (M27B27E2)) - / (dﬁwo(x)¢)(Ml(x)7M2(x)) dz
D

OM;(x) OM.
(1.33) +/ > aim 8;:(Zx) a;(@“) dx, (My, By, Ey), (M, Bs, E) € X.
D m

2. A PRIORI BOUNDS

Lemma 2.1. Under appropriate assumptions we have

(B, Fy(M, B, E))izs) = (E,V x (B—=M)~=1p(E+ f))2ms)
(2.1) = (VX E,(B—=M))z@s) — 110E[f2@s) — (10E, 1 f)izes)
Proof. Since
(E,V x (B—=M))=(VxE,B—M)+div((B— M) x E)

2Since both (K and X) are Hilbert spaces, R(K,X) is equal to the space of all Hilbert-Schmidt operators
between (K and X).



and [div dz = 0, we have
(B,V x (B=M)—=1p(E+ f)e@s) = (E,V x (B—=M))2@s)— (E,1p(E + f))L2@s)
=(VxE,(B—M))2ms) + / div (B — M) x E)dx
R3

—(IpE, 1pE + 1pf)r2(rs)
=(VXE,(B—M)2@) — [1pElf2@s — (1pE, Lpf)r2ms)
This concludes the proof. [ |

We also have
Lemma 2.2. Under appropriate assumptions we have
(IpB = M), i(M, B, E))2py = ((1pB— M), MM x p(M, B)
—XoM x (M x p(M, B)))12(p)

:)\2/|M><p|2dx + /qb N(FL(M, B, E))(x)dx
D

(2.2) + /D AM (z)(F\(M, B, E))(z) da.

Proof. From the definition (1.30) of the functional p we have that
1pB — M = p(M, B) + ¢(M) — AM.
Hence, with p = p(M, B), we have
(1pB — M, MM x p— X oM x (M x p)yizpy = (p, AiM X p— MM X (M X p))r2(p)
+H(P(M), MM X p— XM x (M X p)hizipy + (AM, MM x p— XM x (M X p))r2(p)

Using the vector formulae (4.4) and (4.5) we infer that the 1st term on the RHS of the
last formula satisfies

<p, )\1M X p— AQM X (M X P)>]L2(D) = A1<p,M X P>]L2(D)
—Xa{p, M x (M X p))zp) = | M % plEap)
This concludes the proof. [ |

Theorem 2.3. Suppose that an X-valued process w = (M, B, E) is a strong solution of
the stochastic Landau-Lifshitz equations (1.22), (1.23), (1.24). Denote for simplicity the
function Ecppag by . Then,

(ut)) = Eaamag(M(1), B(t), E(t)) = Eetmag(M(0), B(0), £(0))

(2.3) - )\2/ / |M(s,z) x p(M(s, ), B(s, x))|2dxds—/ / |E(s,2)|? da ds

/ / (s,x), f(s,x)) dxds+777
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Proof. By the Ito formula,

(2.4) Ou) = ¥ (u@®)(F(u(t))) dt + ¢ (wt)(G(u(t)) dw(t)
+ %th[i/J"(U(t))(F(U(t))) o (G(u(t), G(u(t)) dt
Since,
25 WwEw) = |2 mw) s 20 )+ 20 ()
and since by the definition of v, formula (1.32) and Lemmata 2.2 we have
5(;?]55) (Fi(u)) = / (M dx+/[)<AM(:U),F1(u(x)))dx— (B — M’,FQLQ(W)
_ / o(M(2))Fy(M, B, E) dx+/<AM(x),F1(M,B,E))dx

—/D<1DB—M, F\(M, B, E)) do
_ /¢ (M, B, E) dx+/<AM( ), F\(M, B, ) dz
- AQ/]MXdex—/gb N(FL(M, B, E))(x) dx

—/DAM 2)(Fy(M, B, E))(x) dx

- Ag/ M x p(M, B, E)|*dx.
D
Therefore, by Lemmata 1.4 and 2.1 we infer that
'l/f%u)(F(U)) = —)\2/ |M X p(M, B, E)|2 dl‘ + <B — ][[“ F2>]LQ(R3) + <E, F3>L2(R3)
D

_ —)\2/ M x p(M, B, B)dz+ (B — M.~V x ),
+ /RS<V><E,B—M}dw—/D|E(:1:)|2dx—/D(E(x),f(x))dx
_ —)\Q/D|M><p(M,B,E)|2d:c—/D]E(:z:)\2d:c—/D<E(x),f(x)>d:z:
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I use notation from Visinit’s paper. Let M € L?(D, R?). Then we denote by M the
extension of M by 0 in D°. The map L*(D,R?) > M — M € L*(R? R®) is obviously
linear and bounded. Then we put H = —7(M), where 7 is defiend in definition 10. So we
put

Y L*(D,R*) > M — —7m(M) € L*(R* R®).
Obviously # is linear and bounded. We also denote H = ¢(M).
Claims 1. H defined above satisfies (2.1) (with Vu replaced by H).
1. H defined above satisfies the three conditions listed between (2.1) and (2.2).
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3. GRADIENT FLOW
Assume that H, (-, ) is a real separable Hilbert space. Assume that
E:D(E)—R

is a ”smooth” function, where D(FE) is a subset of H. We have the following non-rigorous
result

Proposition 3.1. If u: (a,b) — H is a solution to

(3.1) % = —VE(u(t))
Then,
(3.2) E(u(t)) — B(u(s)) = — [ |VE(u(r))|*dr s <t,s,t € (a,b).

Proof. We have, on an informal level,

CBut) = (VE), %) = (VE(u(t), ~VE((1))) = [VEu(n)]*

The above result is also true in a curved space.

Assume that M is a riemannian submanifold of the Hilbert space H, (-, -). In particular,
the tangent space T,,M, m € M is a Hilbert space endowed with the inner product (-, )z,
being the restriction of (-,-) to T,, M.

Assume that

E:D(E)—R
is a "smooth” function, where D(E) is a subset of M.
Denote, for m € M, by V,,E the unique element of the tangent space T,,M such that

(3.3) (VB y)1,, = (dmE)(y), y € TLM.
We have the following non-rigorous result

Proposition 3.2. Ifu: (a,b) — M is a solution to

du
4 27
(3.4) 7 = Vunl
Then,
(3.5)
E(u(t)) — / |VE(u(r)) % i @ / IVE(u(r))|*dr, s<t,s,t€ (a,b).
Proof. We have, on an informal level,
d du
th( u(t)) = (VunE, %) = (VuE, ~Vu E) = |[Vun EI.
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Now consider the following finite dimensional example. Let H = R? endowed with the
euclidean scalar product and

M =S2
Then, a € M, the tangent space T, is equal to
T.M = {y € R*: {a,y) = 0}.
For a € M, let m, : R® — T, M ne the orthogonal projection:
T R*Sysy—(a,y) € T,M.

We have
Lemma 3.3. Fora € M, then
(3.6) To(y) = —a x (a x y), y € R?,

where x denotes the vector product in R3.
Proof. Denote
(3.7) T(y)=—ax (axy), y€R?
It is enough to show that
Tyl = (y, Ty), y€R
By (4.5) we have
(¥, Ty) = —(y,a x (axy)) = —(baxc) = (axbc)=(axy,axy)=laxyl

On the other hand,
ja x (ax y)[?

Consider now a the following result.

Proposition 3.4. Assume that f : R? — R is sufficiently reqular vector function. If
u: (a,b) — S? is a solution to

(3.8) %:—ux (ux (=Vuf)) =ux (uxV,f),
where now V, f € R. Then,
(3.9) flu(t)) — flu(s)) = —/ [u(r) x Vum fI? s <t ste(a,b).

Proof. We have, on an informal level,

SH) = (Vanf. 5 = (Tugfult) x (ult) x Vago)
(baxc) —(a x b, c)

= —(u(t) x Vum f,u(t) x Vup f) = =[ut) x Ve fI.
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If we denote by ¢ the restriction of f to S?, then since
U X (’LL X Vuf) = Ty © Vuf = vu¢>
where V,¢ € T,,S?, we infer that the equation (3.8) is just
du

and since, for u € S?
u X Vo f| = fux (ux V. f)],
we infer that the equality (3.9) becomes

(3.11) ou(t) = o(u(s) = = [ [Vundl s <tis.t (@b

Hence, we see that Proposition 3.4 is just a special case of Proposition 3.1.
Consider now the following generalisation of Proposition 3.4.

Proposition 3.5. Assume that f : R* — R is sufficiently regqular vector function.
u: (a,b) — S? is a solution to

C;_Q; =—uXx (U X (_vuf)) + )‘lu X (_vuf)7

where, as before, Vo f € R. Then?,
(3.13) flult) = flut) = = [ Julr) % Vi [ 5 < 6,5, € (a,D)
Proof. We have, on an informal level,
CIu0) = (Vuof, 50 = (Tuofu(t) % (ult) % V) = M(Vao fu(t) X Voo f
(

b,axc)=—(axbc), (a,bxa)=0
—(u(t) X Vu(t)f7u(t) X Vu(t)f) = —|u(t) X Vu(t)f|2.

(3.12)

3Note that the identity (3.13) below is the same sa the equality (3.9)

If
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4. APPENDIX

In this Appendix we will list all algebraic identities used in this paper.
Assume that a,b,c,d € R3. Then

(4.1) axb = —bxa

(4.2) (ax (bxc),d) = (c(dxa)xb)
(4.3) (a xb,c)y = (bcxa)

(4.4) (a xbby = 0,

(4.5) —(axbyc)y = (bjaxc)

(4.6) ax(bxc) = {a,c)b—{a,b)c
(4.7) jax bl < lal|b].

(4.8) (axb)xb = —|bJa,if(a,b) =0
(4.9) ax(axb) = —la|*b,if{a,b) =0

Proof of (4.8) and (4.9). If (a,b) = 0, then
(axb)xb=>bx(bxa)=(ba)b— (bba=—|ba

and
ax (axb)={a,ba— (a,a)b = —|al*b

|
Corollary 4.1.
(4.10) {ax (axb),b) = —|axbf
Proof. Apply, (4.3) and then (4.1).

|

5. STOCHASTIC INTEGRATION IN M-TYPE 2 BANACH SPACES
We begin with recalling one of the most fundamental notions in our work.

Definition 5.1. A Banach space X is called M-type 2 iff there exists a constant C' =
Cy(X) > 0 such that for any X -valued finite martingale { My} the following holds

(5.1) sup B|M|* < C Y E|M; — My
F k
For a definition of a Banach space valued martingale see [49] section 8.3 (p.41).

It is known, see [106], that X is of M-type 2 if and only if one of the following two conditions
holds.
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e There exists an equivalent norm ||-|| and £ > 0 on X such that its modulus of smoothness
px(t) satisfies
(5.2) px(t) < kt? t € (0,1],
where
1
x(t) = sup o ([lz+tyll+]lz —tyll = 1).
zll=llyll=1

ee There exists a constant A > 0 such that

(5.3) lz+yl>+]z—y® < |2+ Ayl z,y € X.

The following is based on [51].
Definition 5.2. For separable Hilbert and Banach spaces H and X we put
(5.4) M(H,X):={L:H — X : L is linear bounded and y-radonifying }.

Thus, a bounded linear operator L : H — X belongs to M(H, X) iff the image L(vy) of
the canonical finitely additive gaussian function yg on H by L is o-additive on the algebra
of cylindrical sets in X. This measure will be denoted by vy,.

For L € M(H,X) we put

(5.5) L[ x) = {/X \iUIQdVL(ZE)}é,

In view of the Landau-Shepp-Fernique Theorem, ||L|| is a finite number.
We have, see Neidhard [51], the following

Theorem 5.3.1. M(H,X) is a separable Banach space.
2. Ifi: H— FE is an abstract Wiener space (AWS) and

i : L(E,X)>Ar Aoic M(H,X),
then the map i is continuous, i.e. there is C' > 0 such that for any A € L(E, X)
i Almrxy < CllAllx),
the range of 1 is a dense subspace of M(H,X), and, for A € L(E,X),
where 16 A is the image by A of the canonical Gaussian measure j on E.

Remark 5.4. Note the following trivial fact. If Y is another separable Banach space then
there exists C' > 0 such that for any A € M(H,X) and B € L(E,Y), BA € M(H, X) and
HBAHM(H,X) < CHBﬂL(E,Y)HAHM(H,X) In particular, Aoi € M(H, X) if A€ £(E,X)
so that the range of 7 is indeed contained in M(H, X) (and not only in L(H, X)), as we
tacitly assumed in part 2. of the above Theorem.

Baxendale in [3] proved that if L € M(H,X) and T" € L(G, H) (where G is another
separable Hilbert space) then also Lo T € M (G, X).
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From now on we shall assume that ¢ : H — E is an AWS. By p we will denote the
canonical Gaussian (and centred) probability measure on E and by {w(t)}:>o an E-valued
Wiener process defined on some complete probability space (2, F, P). Let F;, t > 0 be
the standard augmented filtration induced by w(t), ¢ > 0. Note that, in particular p is the

law of t_%w(t), for each ¢t > 0. If S is a normed vector space endowed with some o-algebra
p, then for 0 < a < b < oo, N(a,b; S) denotes the set of all progressively measurable

S-valued processes 1 : [a,b) x Q@ — S. If p € [1,00), then we set M

(5.6) MP(a,b;5) = {£eN(a,b;S): E/b 1E(t)[% dt < oo},

67)  NP@bS) = {£cN(abS): / €O dt < 0o as.),

Niep(a,0;8) = {£€eN(a,b;S):Im={a=1ty<t; <...<t,=0b}:
(58) é-(t) :g(tk>7 te [tkatk-i-l)J k= 17”'7”’_ 1}
Then, we define MP(a,b;S) to be the space of all equivalence classes of elements of
MP(a,b; S) with respect to a natural equivalence relation, £ ~ n iff E f; |€(t)—n(t)[Pdt = 0.
Note that MP?(a,b; S) is complete if S is. Analogously we define N?(a,b; S) with the only
difference that now £ ~ n iff fab |€(t) — n(t)|Pdt =0 as..

Two typical examples of S are S = M(H,X) or S = L(E, X). In the former case one
considers p = Tar(m,x), the Borel o-algebra B(M(H, X)) on M(H, X). One can prove, see
Lemma 44 in [51], that B(M (H, X)) is generated by sets of the form

{Ae M(H,X): pAh e U}, he€ H, p € X*, U C R open.
It follows that if 7,(x x) denotes the o-algebra on L(E, X)) generated by sets of the form
{Ae L(E,X): pAye U}, ye B, p € X*, U C R open.
then
Proposition 5.5. (Neidhardt) Assume thati: H — E is an AWS. Then the natural
imbedding map
it L(E,X) — M(H, X)
is (Tz(e,x); B(M(H, X)))-measurable.

For simplicity of notation let M%, (a,b;S) be the space of equivalence classes (in

MP?(a,b; S)) of elements of MP(a,b; S) N Mgep(a,b; S).
For £ € M2, (a,b; L(E, X)) (with partition 7 = {a =ty <11 < ... <t, = b}) let I(£) be
a measurable map from 2 into X defined by

n—1

(5.9) 1(€) =Y &(t) (wltys) — w(ty)).

k=0

We have
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Lemma 5.6. Assume that X is an M-type 2 Banach space and i : H — E is an AWS.
Then for any & € M2, (a,b; L(E, X))

1) € LAQ.X),
EI(E) = 0
and
b
(5.10) BHOP < CVE [ 160 By .

Remark 5.7. Neidhard proved Lemma 5.6 by using property ee) of X. An alternative ap-
proach based on using the M-type 2 property of X (i.e. (5.1)) was proposed independently
in [69]. In both approaches one uses the standard properties of the conditional expectation
and the following

Lemma 5.8. If ¢ is L(E, X) and t > s, then

(5.11) Elg(w(t) —w(s))* = (t—S)/X\ZPdW(a)(Z)-

Lemma 5.8 is a simple consequence of part 2. of Theorem 5.3. See also Lemma III.2 in

[36] and the remarks following its proof.
U

The fundamental property of the mapping I is that it extends uniquely to a bounded
linear map from M?(a,b; M(H,X) into L?(Q, X). This follows easily from (5.10) and the
fact (proven in [51]) that M2, (a,b; L(E, X)) is dense in M?(a,b; M(H, X). The value of

step
this extension at £ € M?(a,b; M (H, X) will be denoted by fabf(s) dw(s).

If m < 75 are two stopping times (with respect to the filtration {F;};>¢) such that
Ty — 71 is accessible and Q x [11,7) = {(w,t) € Q x [0,00] : Ty (w) < t < Tp(w)} then
by MP(7,73;S) we denote the space of classes of all progressively measurable processes

€:Q x [r, ) — S for which

T2
E/|mmmmmﬁ<w-
T1

We denote by MJ, (71, 72; S) the space of classes of all S-valued progressively measurable
processes £(t), 71 < t < 7o for which there exists an increasing sequence (75,)32 ; of stopping
times such that a.s. < T}, < 75 and lim,, T,, = 7, and, for any n € N,

Th
E/ ()P dt < oo

T1

Analogously, one defines N (71, 72; S) to be the space of classes of all S-valued progres-
sively measurable processes £(t), 71 < t < 7 for which there exists a sequence (7,,)%; of
stopping times such that 7T,, /7 a.s. and, for any n € N, a.s.

Tn
/ €@ dt < oo

T1
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Remark 5.9. Our notation differs slightly from the one used by Revuz & Yor [57]. The
reason for this difference is that while these authors treat a whole family of martingales
we are mostly interested in the F-valued Wiener process (or, maybe more precise, H-
cylindrical Wiener process) w(t). Thus, for example, what we denote MP(0, 0c0;R), Yor
& Revuz denote by LP(w) (with w(t), ¢ > 0 being the standard 1-dimensional Wiener
process). Note however, that in [57] only real valued martingales are studied.

For a careful discussion of cylindrical Wiener processes see [65]. One should point out that
for purposes of Ito integration the use of H-cylindrical Wiener process is more natural
than the use of E-valued canonical Wiener process. Indeed, E plays in this setting only
an auxiliary role. This approach has been adopted in e.g. [19]. However in the case of
Stratonovich integral the space E plays a more specific role and we have decided to use
this approach throughout the whole paper.

With all this, one can define [ &(s) dw(s) € L*(Q,X) for £ € M?(m,mo; M(H, X)),

having the following properties

T2

E Edw(s) = 0,

T1
T2

§(s) dw(s)

(5.12) E 2

< G(X)E / ol

T1 T1

We have, see [25] and Proposition 3.4 in [69], the following Burkholder inequality

Theorem 5.10. Assume thati: H — E is an AWS and X is (m M -type 2 Banach space.
Assume that &€ € M3 (0,00, M(H, X)) and I(t) := [ &(

Then, 1(t) is a continuous X -valued martmgale and for any r € (1,00) there exists a
constant C, > 0 such that for any finite stopping time* T > 0

(5.13) E sup 11O < O | [T 160 B s

0<s<t
We have also the following localization property of the It6 integral introduced above, see
also [36] and [32]

Proposition 5.11. Assume that i : H — E is an AWS and X is an M-type 2 Banach
space. Assume that & € MZE (0,00; M(H, X)), k = 1,2. Assume that Q° € F with
P(Q°% > 0 and T is a stopping time such that 7 > 0 on QY. Assume that the process
&(t) = &(t) a.s. on (1) ={w e Q0 :t < 7(w)}. Then, for any stoppmg time o s.th.
o <T as. onQ and & € M?(0,0; M(H,X), k = 1,2 one has, a.s. on Q°.

(5.14) / & () du(t / &(t) du(t

Remark 5.12. In view of Remark 5.4 one may replace M(H, X ) by L(E, X). In particular,
fo s) dw(s) exists for any £ € M2 (0,00; L(E, X)) and satisfies, for any finite stopping

4A stopping time 7 on a probability space (Q, F,P) is finite iff 7 < oo a.s.
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time T,

(5.15) B o | [ ctwdutor <] [ e

0<s<t Jo

Returning to the discussion from before the formula (5.10) we consider a measurable
semiflow (©;);>0 on €, i.e. a semigroup of measurable mappings 6, : 2 — 2. We assume
that for all £,s > 0 one has w(t) o O, = w(t + s) — w(s) a.s. Assume that (0;);>¢ is
jointly measurable, i.e. the map O : [0,00) X Q 3 (t,w) — ©O;(w) is measurable. Before we
formulate our next result we need to spend some time on explaining the notation in (5.16)
below. Since O is jointly measurable, O, := © o (7,idg) : @ — € is measurable. As we
already know [ is a continuous process and so is also progressively measurable. Hence the
LHS map o (n,0,) : 2 — Q is also measurable. On the other hand, f € M?(0,7;S) and
thus f(- — 7,0,) is progressively measurable and in addition belongs to M?(a,7 + ;5.
This explains the meaning of the RHS.

We have, see also Remark II1.7D from [36].

Proposition 5.13. Assume that f € M2 _(0,00; M(H, X)) and let 1(t), t > 0 be the con-

loc
tinuous version of the stochastic integral fg f(s)dw(s). Then, for any two finite stopping

times o and T the following holds a.s.

(5.16) [(0,0,) = /T+gf(5—7,@T)dw(s).

PROOF. First we assume that o = t a.s. for some fixed t € [0,00). It is sufficient to
consider f of the form

N
f(S,CU) = Z f(ti7w)1[ti,ti+1)(8)7 S Z 07
i=0
where 0 < ty < t; < ... < ty < tyy1 < o0, and f(t;,-) is (.Ei,TE(E’X)) measurable,

1=20,...,N —1. Then, a.s.
I(t) = Y ft)[w(tin At) —w(t A)].

By approximating 7 by finite valued stopping times we see that w(t)o©, = w(r+t) —w(7)
a.s. Thus

I(t,©;) = I(t)o®, =Y f(t:)ob [w(tips At +7)—w(t; At +7)]

= > ftitT=7)ob [w((tia+T)A(t+7) —w((ti +7)A(E+T))]

= /:thf(s —7) 00, dw(s).

The proof in the general case remains practically the same.
[ |
A more general class of processes for which one can introduce a reasonably defined Ito
integral is N2(7y, m9; M(H, X), see also [9]. One can prove, see [51] Lemma 18 and [9)
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Lemma 2.6 for the case 7y = 0 and 7» a constant, that for £ € N?(0,T; M(H, X)) there
exists a sequence of (classes of) processes {&,} € M?(7, 79; M(H, X)) such that

T2 T2
(5.17) [ la@lhnds < [ IR ds. as.

T1 T1

(5.18) / |]§(s)—§n(s)||?\/[(H7X)ds — 0, as.

T1

With this, see Lemmata 34, 51, 54 and 56 in [51] and Theorem 2.7 in [9] for the particular
case mentioned above, we have

Theorem 5.14. Assume that 71 < 75 are two stopping times such that 7o — T is accessible
and & € N?(1,79; M(H, X)) and a sequence of processes {&,} € N?(m,m9; M(H, X))
satisfies the conditions (5.17)—(5.17) above. Then the sequence of processes

x,(t) = /t En(s)dw(s), 11 <t < o,

converges, locally-uniformly w.r.t. t € [11,T2), in probability, to some admissible X ~valued
process x(t), 1 <t < 1y. The latter process will denoted by

/ E(s)dw(s) == x(t), t € [T, T2).

The process z(t), 71 < t < T, is independent of the approzimating sequence &,: if &,
is another sequence satisfying the above conditions and if 2'(t) is the corresponding limit
process, then the processes x and x' are equivalent.

Moreover, the process x(t), 71 <t < Ty is a.s. bounded, i.e.

sup |z(t)| < oo, a.s.
T1<t<T2

Remark 5.15. Theorem 5.14 can be generalized so that the space N?(7y, 79; M (H, X)) can
be replaced by N2 (71, T2; M(H, X)). Take for example 7, = 0 and 75 = 7.

If € € N2.(0,7; M(H,X)) and T, is an increasing sequence of stopping times such that
as. T, < 7and T, — 7 then 1j7,0§ € N?(0,7; M(H, X)) and so z,(t), t < 7 is an
admissible X-valued process. There exists an admissible X-valued process z(t), t < 7 such
that x(t AT,) = z,(t) a.s. for any n € N. In particular, z,, converges in probability to x,
locally-uniformly w.r.t. ¢t € [0, 7).

Note however, that now we cannot claim that the process z(t), 0 <t < 7 is a.s. bounded.

Our next aim is to state the It0 Lemma. For this we need to introduce some additional
notation.

Definition 5.16. Assume that L € M(H, X) is fized and let v;, be the Gaussian measure
on X related to L, see Definition 5.2. Then for any bounded bilinear bounded map A :
X x X =Y, wewrite A € L(X, X;Y), let us define

(5.19) tr, A ::/XA(x,a;) dv(z).
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In the special case of an AWS i: H — E we will simply write trA instead of tr; A.

Let us note that in view of the Landau-Shepp-Fernique Theorem, try : L(E, E;Y) —» Y
is a bounded linear map:

(5.20) [trr Al < (1Al |2 x)-

Theorem 5.17. (Ité Formula) Assume thati: H — E is an AWS and X,Y are two
M -type 2 Banach spaces. Let 0 < ¢ < d < oo. Assume that a function f :[c,d) x X =Y
is of CY? class, i.e. [ is Fréchet differentiable, the Fréchet derivative f' : [c,d) x X —
L(RxX,Y) is continuous and differentiable in the X -direction with the resulting derivative
being continuous®. Let, for a € N} (c,d; X) and b € N2 (c,d; M(H, X)),

(5.21) £(t) = &(c) —i—/ a(s)ds —|—/ b(s)dw(s), t € [c,d].
Then for allt € [c,d), a.s

(522)  f(LEW®) — fle () 5t / gf (5. £(s))als) ds

+ b(s) dw(s)

[ e
[ e

g [ >§i§< £(e))ds.

Remark 5.18. (i) If we assume that b € M2 (¢, d; L(E, X)) then the last term in 5.22 takes
the form

1 [t [0?

3 [ | Gas 60 09,0060 s,

where & o S fe,d) x X — L(X,L(X,Y)) =2 L(X,X;Y) =L(X, X;Y).

(ii) Theorem 5.17 is proved in [51] in the case a € M!(c,d; X) and b € M?(¢,d; N(H, X)).
Our result is twofold more general. First, we allow processes defined up to a stopping
time. Secondly, we allow processes belonging to the class N2 and not M? as Neidhard
does. These generalizations are essential for constructing a satisfactory theory of stochastic
differential equations on (Banach) manifolds.

We will conclude this section with a short discussion of stochastic (ordinary!) differential
equations on M-type 2 Banach spaces. We begin by recalling a result from [51] (Theorem
144).

Theorem 5.19. Assume that i : H — E is an AWS, {w(t)}+>0 is an Wiener process on
E and X is an M-type 2 Banach space. Let T € (0,00] be fized and the functions

f 07T xX—>X
g : [0,T]xX — M(H,X)
satisfy’
5Simply, g{ , % and 2 exist and are continuous on [¢,d) x X with values in the appropriate space.
6Tn the case T = oo We will understand the interval [0, 7] to be equal the interval [0, 00).
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1. (LINEAR GROWTH CONDITION ) there exists K > 0 such that

(5:23)  max{|f(t.2)], lot.Dllmex} < KO+ 2], te(0.7], € X;
2. (“LOCAL” LIPSCHITZ CONDITION) for any R > 0 there exists Cr > 0 such that
(5.24) max{|f(t,z) = f(t.y)l, ll9(t,z) = g, Y)lax)} < Crlz —yl,

for allt € [0,T] and all x,y € X such that |z|,|y| < R.

Then, for any Fo measurable & : Q@ — X, there exists a unique solution &(t), t € [0,T], to
the (stochastic) initial value problem

' 5(0) = &o.
Moreover, £ is a continuous process and for any r > 1 there exists C, > 0 such that for all
tel0,7)
(5.26) E sup |£(t)]" < C,t".

s€0,t]

Remark 5.20. The notion of a (strong) solution referred to in the previous Theorem (as
in the Theorem which follows) is standard; for the Hilbert case one can see [36], for the
Banach [51].

An admissible process £(t), t € [0,T] is a (strong) solution to the problem (5.26) iff for
all t € (0,7,

(5.27) f0 =6+ [ s [ g(t.£) dut), as.

One can extend the above result to the case when not only the coefficients a and b are
random functions but also to the case when their Lipschitz constants K and Cg above are
random as well.

Theorem 5.21. Assume thati: H — E is an AWS and {w(t) }+>0 is an E-valued Wiener
process. Suppose also that X is an M-type 2 Banach space. Let T € (0,00] be fized and
the adapted random functions

f o 0,T]xXxQ—X

g : [0,T]x X xQ— M(H,X)
satisfy (see the footnote on 20)
1. (LINEAR GROWTH CONDITION ) there exists a random variable K : Q@ — [0, 00) such that
(5:28) max{|f(t. 2., lg(t.2,0) i} < K@)+ ]al), ¢ €0.T], 2 € Xowe

2. (“LOCAL” LIPSCHITZ CONDITION) for any R > 0 there exists a random variable Cp :
Q2 — [0,00) such that a.s in w € ,

(529) max{|f(t,a:,w) - f(tvyaw)la “g<t7$7w) - g(t,y,w)HM(H,X)} < CR<w)‘x - y‘v
for allt € [0,T] and all x,y € X such that |z|, |y| < R.

Then, for any Fo measurable &y : Q@ — X, there exists a unique solution £(t), t € [0,T], to
the (stochastic) initial value problem (5.25).
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In what follows we will pay some attention to the case when the coefficients a, b no longer
satisfy the linear growth condition.

Definition 5.22. Let 7 < oo be an accessible stopping time. An admissible stochastic
process &(t), t < T, is a local solution to equation (5.25) iff there exists an increasing
sequence o, of stopping times such that a.s. o, < 7, 0, — 7 and for anyt > 0, anyn € N,

a.s.

(530)  Eount) = &+ / F(s,€(s)) ds + / 9(5, £(5)) dun(s).

A local solution &(t), t < 7 is called global iff T =T a.s. Thus, in particular, if ¢ = 00 a
local solution &(t), t < T is called global iff T = 00 a.s.

Remark 5.23. The Definition 5.22 of a local solution is independent of the sequence o,,.
A proof of this fact follows from continuity of the process £(t), ¢ < 7 and is based on the
following three principles.

(i) If 7 is an accessible stopping time then there exist an increasing sequence 7,, of discrete
stopping times such that a.s. 7, < 7 and 7, = 7;

(ii) if 7 is an accessible stopping time and o < 7 is a stopping time then o is also accessible.
(ii) if £(¢), t < 7 is a local solution to then (5.30) holds with ¢ being any discrete stopping
time.

It follows, that that the following is an equivalent definition of a local solution.

An admissible stochastic process £(t), t < 7, where 7 be an accessible stopping time, is a
local solution to equation (5.25) iff for every accessible stopping time o such that o < 7,
for every t > 0, a.s.

(5.31) E(oNnt) = £o+/00 f(s,f(s))ds+/oa g(s,&(s)) dw(s).

Definition 5.24. Let 7 < oo be an accessible stopping time. A local solution &(t), t < T

to (5.25), is a mazimal solution to equation (5.25) iff for any other local solution &(t),
t <7, 7 <00 being a stopping time such that P{7 > 7} > 0 there exists a measurable set

Q C {7 > 7} such that P(Q) > 0 and &(7) # £(7) on Q. Thus, a local solution &(t), t < T

is not a mazximal one iff there exists another local solution &(t), t < 7, such that
P(7>m1,&(1)=¢&(7)) > 0.

If £(t), t < 7 to (5.25), is a mazimal solution to equation (5.25), the stopping time T is

called the explosion time of £.

Definition 5.25. A local solution £(t), t < T to problem (5.25) is unique iff for any other

local solution &(t), t < 7 to (5.25) the restricted processes §o,rri)xq and Eoasyxq are

equivalent.

Remark 5.26. In the Definition 5.22 £(¢), t < 7 is an admissible (so that a continuous)
process. Thus, the process g(s,£(s), 0 < s < 7 belongs to N2_(0,7; M(H, X)) and so, in
view of Remark 5.15 the Ito integral

/ " g5, €(5)) dus)
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makes sense, for any stopping time o < 7 and any t > 0.

In the following generalization of Theorem 5.19 the assumption of Lipschitz continuity
of the coefficients on all bounded balls is replaced by a weaker one: a true local Lipschitz
condition.

Theorem 5.27. Assume thati: H — E is an AWS and {w(t) }1>0 is an E-valued Wiener
process. Assume that X is an M-type 2 Banach space, T € (0, 00| is fized and the functions

fi0,T)xX = X,
g ¢ [0,T)x X — M(H,X)

satisfy the local Lipschitz condition: -
for any xo € X there exists ro > 0 and Lo > 0 such that for any x1, x5 € B(xo,10) := {2z €
X |z —xo| <1} and allt € [0,T)

(5.32) max{|f(t,z2) — f(t, z1)], llg(t,v2) — g(t, x1)|mr(arx)} < Lolza — 21|

Then, for any Fo measurable & : Q — X there exists a unique process {£(t)}, t < 7 (with
an accessible stopping time T > 0) which is a mazimal solution to (5.25).

Moreover, if the Linear Growth Condition from Theorem 5.19 holds, then the solution £(t),
t <7 is global, i.e. T="T a.s. and

(5.33) EIE(1)* < 8D BIG|” + K*T(Co +T)), ¢ € [0,T].

Remark 5.28. It follows from the Definition of uniqueness, see Definition 5.25, that ¢ is a
unique maximal solution to (5.25) iff for any local solution £(t), t < 7 to (5.25),

7 < T, as.,

& = Eas. on[0,7TAT) X Q.

Before we embark on prove of Theorem 5.27 we present some discussion needed later on.

One can also replace the initial condition in (5.25), deterministic in the sense that initial
time is 0, by a random one in the following sense. Let T" be a finite stopping time and let
h: © — X be Fr measurable. Then one seeks a stopping time 7 > T" and an admissible
X-valued process £(t), T' < t < 7 which is a solution to

(5.34) dg(t) = f(E(t))dt + g(£(t)) dw(?),
&T) = h, as..

Local, resp. maximal solution to the problem (5.34) we define analogously as the corre-
sponding notions with respect to problem (5.25), see Definitions 5.22 and 5.24. In particu-
lar, in the definition of local solution we require the existence of an increasing sequence of
{on}n of stopping times such that T' < o,, < 7 a.s., 0,, — 7 and for any ¢ > 0, any n € N,
a.s. on {t > T},

(5.35) &%m)=h+/%f@am@+/%g@am@@y

T T

Existence and uniqueness of maximal solutions to problem (5.34) holds as in Theorem
5.27. We have the following
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Corollary 5.29. Assume that £(t), t < T is a solution to (5.25) and T is an accessible

stopping time such that T < T a.s.. Let h(w) == &(T(w),w), w € Qand let n(t), T <t <7
be a solution to (5.34).
Then the process x(t), t < T defined by

P (S )
’ ' n(t,w), ifT(w)<t<t(w),

is a solution to (5.34)

PRrROOF. First of all we notice h is Fr-measurable, see e.g. [47] Proposition 2.18, ch. 1.

To prove that the process z(t), 0 <t < 7, is a solution, we need to prove that, firstly, it
is admissible and, secondly, that the integral identities (5.35) hold true for an appropriate
choice of stopping times. To prove the first property we observe that since obviously the
paths of the process x are continuous, we only need to show that for each ¢t > 0, the
function z(t) = z(¢,-) : {t < 7} — X is F; measurable. To prove the latter we observe
that

z(t) = &(t)1a + n(t)1s,

where A ={T >t}, B={T <t, t <7} ={T <t}Nn{t <7} Since 7 and T are
stopping times, the sets A and B belong to the o-algebra F;. Since moreover £(t) and n(t)
are Fi-measurable, we infer F;-measurability of z(t).

We finish by observing that by using the additivity of the It6 and the Riemann integrals
with respect to limits of integration we infer that the process x(t), 0 <t < 7 is a (local)
solution.

U
Corollary 5.30. If&(t), 0 <t < 7 is the mazimal solution to (5.25) then

P{w €eN:7(w) < oo,ﬂt/ljrl(fl)g(t)(w) € X} = 0.

PrROOF OF COROLLARY 5.30. We argue by contradiction. Assume that there exists
Qy C Q such that P(€;) > 0 and such that for any w € € we have 7(w) < oo and
limg qr () €(8) (w) = 7(w) € X.

Take an increasing sequence {0, }°, of stopping times such that o, < 7 a.s. and o, /' 7T
a.s. Since the function f,(w) = {(o,(w))(w), w € Q is F, —measurable, see e.g. [47]
Proposition 2.18, ch. I, and hence F,—measurable, the set Qs := {w € Q : 7(w) <
oo and lim, f,(w) := 7j(w)exists} belongs to the o-algebra F, and the function 7 is F,—
measurable. Note that obviously ; C €25 so that P(£23) > 0.

Let n(t), 7(w) < t < 7o(w), be the solution to (5.25) with initial condition 7y, (w) =

7i(w)1g,(w). Then, by Corollary 5.29 the process &(t) defined by
£ ) = {f(t)(w), if ¢ < 7(w),

n(t)(w), fweandte [r(w),n(w))

is a solution to (5.25). Obviously this contradicts the maximality of the solution &(¢).
U
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PROOF OF THEOREM 5.27. Emistence Let Uy and U be two open and bounded subsets
of X such that Uy C Uy C U and both f and g satisfy the condition (5.32) in U. For
each such a pair of sets there exist functions fy : X — X and gy : [0,7) x X — L(E, X)
which satisfy the conditions of Theorem 5.19 and coincide on [0,7") x Uy with f and ¢
respectively. There exists a global solution & () to the problem

dsy(t) = fu(€u(t))dt + gu(€u(t)) dw(t),
(5:36) { &v(0) = Solfgevo).

Let 7y be the exit time of the process &y (t) from Uj. Note that 7y = 0 if {& ¢ Up}. If
P(& € Up) > 0, then the process £(t), t < 7y is a solution to (5.25).

Let = denote the set of all solutions £(t), ¢t < 7 to (5.25). We have just seen = to be a
nonempty set. Let D be the set of all stopping times 7, with £(¢), t < 7 belonging to =.
Next we need the following result, see Lemma II1.B in [36].

Lemma 5.31. Let A be a family of stopping times, each with values in [0,00]. Assume
that 7 := sup{a : a € A} is > 0 a.s. Assume that for each o € A, 1, : [0,) x Q@ — X s
an adapted process. Assume that for any t < oo and any o, 5 € A

PHwe: t<aw)ApB(w) and I,(t,w) # I5(t,w)}) = 0.
Then there ezists an adapted process I :[0,7) x Q — X such that for allt < 0o, a € A
(5.37) PH{weQ:t<aw), I,(t,w) # I(t,w)}) = 0.
Moreover,

(1) If I : [0,7) x Q — X is any process satisfying (5.37) then the process I is a version of
the process 1, i.e. for anyt € [0, 00)

P({w eN:t<7(w), I(t,w) #f(t,w)}) = 0.

(i) If each element of A is an accessible stopping time then also T is an accessible stopping
time.
(iii) If also each I, is admissible, then I can be chosen to be admissible as well.

Proor orF LEMMA 5.31. We simply repeat the arguments of the corresponding proof
from [36].

O

Using the above result we find a stopping time 7 :  — [0, T] and an admissible X-valued

process f(t), t < 7 such that for each 7 € D a.s. on (1),

) = &@).

We need to prove that £(t), t < 7 is a solution to (5.25) with 7 > 0 an accessible stopping
time. We begin with the latter. For this let {B,} be a sequence of balls in X such that, if
B, = B(zy, 1), U, (2n, ) = X and the condition (5.32) is satisfied in each ball B,,. Let
Q= {& € B(zn, %)}, Then P(U, %) = 1. If &,(t), t < 7, is a local solution to (5.25)
constructed as above (with U = B,,, Uy = B(x,, %) then 7 > 7,. Since 7, > 0 a.s. on {,
if P(Q,,) > 0 it follows (as P(J, ,) = 1) that 7 > 0 as.

Now we shall prove that £(t), t < 7 is a solution to (5.25).
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Denote

(538)  n(t)=£0) + / f(s.6(5)) ds + / 9(5.€()) du(s), 0<1t< 7.

If a process £(t), t < 7 belongs to =, then a process 7 defined by (5.38) by replacing

€ by &, is a version of £(t), 0 < t < 7. Indeed, £(t), 0 < t < 7 is a solution to (5.25).
Therefore by the uniqueness part (i) of Lemma 5.31 we infer that 7, 0 < ¢ < 7 is a version

of £, 0 <t < 7. This proves that £(t), 0 < ¢ < 7 is a solution to (5.25) and thus the proof
of the first part of Theorem 5.27 is finished.

Our aim is to show that in the presence of the Linear Growth Condition 7 =T a.s. By
localization we may assume that & is bounded. In particular, E||? < oo for all p > 1.
For simplicity we assume that f = 0.

Lemma 5.32. Suppose that a.s. on a measurable set )y,

(5.39) T<T,
(5.40) lim sup [£(¢)| < oo.
t /T

Then P(§);) = 0.

ProoOr or LEMMA 5.32. By localization we may suppose that 7' is finite, a.s. on {2y,
7 < T and |{(t)] < R, 0 <t < 7 for some R € (0,00). We shall prove that this implies
that £(¢) has a limit as ¢t * 7, what in view of Corollary 5.30 implies that P(€;) = 0.
In what follows we suppose that €2; = 2. Denote

2(t) = Lpenyg(t. (1)), ¢ € [0.7]

Then, since ||g(t,£(t))]> < K(1 + R?) (by the Linear Growth Condition) and T' < oo,
x € MP(0,T; M(H, X)) for any p > 2. Therefore the process y(t), 0 <t < T defined by

y(t) :/0 z(s)dw(s), t € [0,T],

is a.s. continuous on [0,7]. On the other hand, £(t) = y(¢) a.s. on Q. Recall that
QG =a={weQ:t<71(w)}. Hence, as £ is an admissible process, a.s. on Q, &(t) = x(t)
when t < 7. The proof of the Lemma is complete.

It follows from Lemma 5.32 that for each n € N

(5.41) o, =1nf{t <7 :|£(t)] > n}
is a well defined finite stopping time. First we shall show that
(5.42) lim o, =17

n—oo

Since £(t) is a solution to (5.25),

(5.43)  E(tAow) =&+ /0 T (5, () du(s) + /0 U s €(s)) ds, t € [0.7).
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From formula (5.15) in our paper and the Linear growth condition above we get
tAon tAon
E[§(t Aon)* < 3E[Sf* + 3021["3/ l9(s,&(s))* ds + 3T]E/ |f(s,€(s)[ ds
0 0
tAon
< 3E|GP +3(Cy + T)K?E/ (14 [¢(s)?) ds
0
tAon
< 3E|&[ +3(C, +T)K2]E/ (11 (s A o)) ds
0
t
< 3E[&] +3(Ch + T)KQ/ (1+ElE(sAan)?) ds
0

t
— 3E|g |2 + 3K2T(Ch + T) + 3K2(Ch + T)]E/ €(s A o)[2 ds
0

Hence by the Gronwall Lemma, applied to function o(t) = E|£(t A 0,)]?, t € [0,T), we
infer that

(5.44) E|E(t A o,)? < 3 (E|&)? + K2T(Cy + T)) 55D ¢ e [0, 7).
Let us fix t € [0,7"). Since

(5.45) ElE(t Ao, = /

{t>on}

o) + /{ . lewr

and [£(0,)| = n it follows that
n*P{o, <t} <C

for all n € N and some constant C' > 0. Therefore, P{c,, < t} — 0 as n — oo and hence
on T as n — o0.

Since o,, < 7 we infer that 7 =T as required.

Next we will use (5.44) again. For a fixed ¢t we take n — oo. Then from (5.44) we see
that (5.33) holds.
Uniqueness. We return to the consideration from the beginning of the Ezxistence part of the
proof. Thus, Uy and U are be two open and bounded subsets of X such that Uy C Uy C U
and both f and g satisfy the condition (5.32) in U. Moreover, both fy : X — X and
gu : [0,T) x X — L(E, X) satisfy the conditions of Theorem 5.19 and both coincide on
[0,T) x Uy with f and g respectively. Let £(t), ¢ < 7 be a local solution to problem (5.25).
Let 77 be the exit time of the process £(t) from Uy. Then £(t), t < 7 A 7y is also a local
solution to problem (5.25). By the properties of fy and gy we infer that £(¢), t < 7 A7y
is also a local solution to problem (5.36). Since the latter problem has a unique global
solution, we infer that the processes £(t), t < 7 A 7y and &y (t), t < 7 A 7y are equivalent.
This proves the following

Lemma 5.33. Let & (t), t <11 and &(t), t < 12 be two local solutions to problem (5.25).
Set T = 7 N 1o. Then there exists a positive accessible stopping time o such that the
processes & (t), t < T Ao and &(t), t < T Ao are equivalent.

Let now &, & and 7 be as in Lemma 5.33. We need to show that the processes & (t),
t < 7 and &(t), t < 7 are equivalent. Define o := inf{t € [0,7) : & (t) # &(t)}. Since
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the diagonal is a closed subset of X2, ¢ is an accessible stopping time. We need to show
that o = 7 a.s. Suppose the set Q= {o < 7} has positive measure. Since obviously
Q e F, and & (0) = &(0) as. on Q are F, measurable, by employing a random initial
value modification of Lemma 5.33, we find out that there exist a stopping time ¢ such that

& > o a.s. on 2 and the processes &(t), t < 7 A& and &(t), t < T A& are equivalent. This
contradicts the definition of ¢ and thus the uniqueness part of the proof of Theorem 5.27
is also completed.

[ |

Corollary 5.34. In addition to the assumptions of Theorem 5.27 let us assume that the
coefficients a and b do not depend on time, i.e.

a:X—->X, b:X—>MUHX)
are such that for any R > there exists C' = Cgr > 0 such that
(546) max{|a(x2) — a(m1)|X, |b<$2) — b<xl)‘M(H,X)} S CR‘IQ - .CL’l|, fOT ’1’1|, ’.Z’2| S R.

Then the mazimal solution &(t), t < 7 to the following homogeneous in time version of the
problem (5.25)

(5.47) { dg((ég - go(é(t)) dt + g(&(1) dw(t), =0
satisfies a.s. on {T < 00},
(5.48) 1E(t)] = o0 ast ST

PROOF OF COROLLARY 5.34. Since both f and g are uniformly Lipschitz continuous
on every ball in X, the proof is completely analogous to the finite dimensional case, see
e.g. the proof of Theorem 3.4.5 in [48].

|

Remark 5.35. It follows from the proof of Theorem 5.27 that if ¢ < oo and the linear
growth condition holds, the maximal solution £(t), t € [0,T) has a.s. a limit as ¢t /T

The following result has already been used in [12], see Proposition 4.6 therein. We use
notation from Theorem 5.19

Proposition 5.36. Suppose that a(t) and B(t) are two progressively measurable, locally
bounded L(X;M(H; X)) and respectively M (H; X)-valued stochastic processes. Assume
that vy is an Fy measurable, X —valued random variable. Assume finally that for some fized
qg=>2andT >0

(5.49) Elvgl? < o0,

(5.50) E/O 1B@I7dt < oo

Suppose that an admissible X —valued process v(t), t € [0,T], is a solution to the following
problem

(5.51) du(t) = a(t)v(t)dw(t) + B(t)dw(t), t >0
v(0) = wp.
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If n >0 and 7, := inf{t € (0,7] : |a(t)| > n}, then
(5.52) E sup |v(t A 7,)|?

0<t<T
TATy, q_
<37 (Bl + CR([ Ia P ) o
0

Remark 5.37. An admissible X—valued process v(t), t € [0, 7], is a solution to the problem
(5.51-5.52) iff for every n € N and all ¢ € [0, 7],

o(t A ) = 0(0) + /0 T als)(s) + B(s) du(s), as.

Under the conditions of Proposition 5.36 one can show existence of a unique solution to
the problem (5.51-5.52).

PROOF. As in the proof of Lemma 5.32 we apply the Gronwall Lemma to the L?-norm
of the stopped process v(t A 7,), t € [0,T]. We make an essential use of the Burkholder
inequality (5.13).

[l

Remark 5.38. The main differences between our treatment and that given in [5] are first
that Belopolskaja and Daletskii considered Banach spaces with strong differentiability con-
ditions on their norms. Whereas we use the more general class of M-type 2 spaces (we
need to do this since the W¥? spaces we need to use in section ?? below are M-type 2 but
do not have an equivalent norm satisfying the conditions of [5]). In fact a Banach space
with norm twice differential with both derivatives bounded is a Hilbert Space, see Fact
1.0 p. 184 in [27], so caution is needed in such differential assumptions. Secondly we use
Stratonovich calculus and our noise for Stratonovich equations has to be a genuine Wiener
process rather than a cylindrical process as used in [5], or for It6 equations in, for example,
Theorem 5.21 above. In other words our noise coefficients b takes values in L(E, X) rather
than M (H, X). This is discussed in more detail in the Appendix below.

6. STOCHASTIC INTEGRATION IN M-TYPE 2 BANACH SPACES
The following definition is fundamental for our work.

Definition 6.1. A Banach space X is called M-type 2 if and only if there exists a constant
C(X) > 0 such that for any X -valued martingale { My} the following inequality holds

(6.1) sipE“Mkﬂ < C(X)) E[|My — My ]

Any Hilbert space is an M-type 2 Banach space. In such a case we then have equality in
(6.1) with C(X) = 1. The Lebesgue Function spaces LP, p > 2, are examples of M-type 2
Banach spaces which are not Hilbert spaces.

The theory of stochastic integration in infinite dimensional Hilbert spaces has been
developed and is well understood. However, for general separable Banach spaces there are
difficulties in defining a meaningful It6 integral. In an unpublished thesis by Neidhardt,
[51], a theory of stochastic integration was developed for a certain class of Banach spaces
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known as 2-uniformly smooth Banach spaces. A Banach space X is said to be 2-uniformly
smooth if and only if for each z, y € X

1
(6.2) §(|:L‘+y|§<+ z—yl%) <zl + Alylk,

for some constant A > 0. If X is a Hilbert space then equality holds in (6.2) with A = 1,
i.e., the norm |.|x satisfies the parallelogram law. Independently of Neidhardt, similar
work on stochastic integrals was carried out by Dettweiler, see [83] and references therein.
It is known, see [106], that a Banach space is 2-uniformly smooth if and only if it is M-
type 2. Either of the above two inequalities make it possible to define a meaningful It
integral for this class of Banach spaces. However, the M-type 2 inequality (6.1) will prove
to be the most useful for our needs. We briefly outline the construction of the It6 integral in
M-type 2 Banach spaces and refer the reader to [73] and [77] for a more detailed summary
and further references.

Definition 6.2. For separable Hilbert and Banach spaces H and X we set
(6.3) RH,X):={T:H— X:TeL(H X) and T is vy-radonifying},

where L(H,X) denotes the Banach space of bounded linear operators between H and X.
By T being y-radonifying we mean that the image T(yy) = vy o T~' of the canonical
finitely additive Gaussian measure yg on H is o-additive on the algebra of cylindrical sets
mn X.

Remark 6.3. The algebra of cylindrical sets in X generates the Borel o-algebra, B(X) on
X, see [42]. Thus T'(vy) extends to a Borel measure on B(X) which we denote by vr.
In particular, vr is a Gaussian measure on B(X), i.e., for each A € X* (the dual of X),

the image measure A\(vr) is a Gaussian measure on B(R). The covariance operator of vy
equals TT* : E* — FE.

For T' € R(H, X) we put

(6.4) 171200 == /X 2 dur(x).

As vy is Gaussian, then by the Fernique-Landau-Shepp Theorem, see [42], ||T'||r(a,x) is

finite. Furthermore, see [51], R(H, X) is a separable Banach space endowed with the norm
(6.4).

Definition 6.4. Let E be a separable Banach space. We say that i : H — E is an Abstract
Wiener Space, AWS, if and only if i is a linear, one-to-one map and i € R(H,E). If
1: H— Eis an AWS, then the Gaussian measure v; on E will be denoted by p and called
the canonical Gaussian measure on E.

Remark 6.5. Many authors require i(H) to be dense in F in the definition of an AWS.
This is an unnecessary restriction for us. In fact, Sato, [107], proved that given a separable
Banach space with Gaussian measure p, then there always exists a Hilbert subspace H C F
such that ¢ : H — FE is an AWS, with u = v;, where 7 is the inclusion mapping. The
imbedding ¢ is not dense in general.

Remark 6.6. The Hilbert space H appearing in the above definition is often referred to as
the reproducing kernel Hilbert space, RKHS, of (FE, u).
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Suppose that a triple (€2, F,P) is a complete probability space and let i : H < FE be an
AWS. Let w(t), t > 0, denote the corresponding F-valued Wiener process, i.e., a continuous
process on E such that:

(i) w(0) =0 a.s,;
(ii) the law of the random function t='/#w(t) : Q@ — E equals p, for any ¢ > 0;
(iii) if F5 is the o-algebra generated by w(r), r € [0, s], then w(t) —w(s) is independent
of F; for any t > s > 0.

Remark 6.7. In view of (ii) it is not difficult to show that for p > 0,

2 - el } = [t ant).

Furthermore by the Fernique-Landau-Shepp Theorem, see [42], m, < oo for each p > 0.

Let X be an M-type 2 Banach space and T' € (0,00). For p > 1, let M?(0,T; L(FE, X))
be the space of (equivalence classes of) progressively measurable functions £ : [0,7] x Q —

L(E, X) which satisfy
T
| [ 60t o

(with an analogous definition for the space M?(0,7; R(H, X))).

Let M%,,(0,T; L(E, X)) be the subspace of those £ € M?(0,T; L(E, X)) for which there
exists a partition 0 = ¢y < t; < -+ < t,, = T such that £(t) = &(t) for t € [ty,tri1),
0<k<n- 1 ke N.

For £ € MZ,,(0,T; L(E, X)) define a measurable map 1(§) : 2 — X by

—-1/2

(6.5) my, = E[

< 00

step

(6.6) Z () (w(tp1) — w(ty)).

The following lemma is crucial for the successful construction of the Ito integral.

Lemma 6.8. Suppose i : H — E is an AWS with canonical E-valued Wiener process w(t),
t > 0, X is an M-type 2 Banach space and T € (0,00). Then  for
€ € M1, (0.T: L(E, X)), 1(€) € L*(Q: X), E[I(€)] = 0 and

(6.7) E[HOR]) < € [ B[l oilmn) d

Remark 6.9. Lemma 6.8 may be proved using either the inequality (6.1) or the inequality
(6.2), along with the fact that L(E, X) is contained in R(H, X) via the continuous map

L(E,X)> ¢ €oi € R(H, X).
Remark 6.10. In the case when X is a Hilbert space (6.7) reads

E[[1(€)] =E[ | 1€y o il e,

which, of course, is the well-known [to Isometry. The existence of the It6 Isometry is due
to the ‘nice’ geometrical properties of the Hilbert space, i.e., the existence of an inner
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product. In general Banach spaces we lose the notion of ‘geometry’ and this is where the
difficulty lies when one wishes to construct an It6 Integral. Although we do not have the
It6 Isometry, the inequality (6.7) is enough to ensure that we can control the ‘size’ of the
random variable I(&) given by (6.6).

The fundamental property of the map [ is that it extends uniquely to a bounded
linear map from M?(0,T; R(H, X)) into L*(Q; X). This is a consequence of (6.7) and
the fact, proven in [51], that MZ. (0,7 L(E, X)) is dense in M?(0,T; R(H,X)). For

£ € M?*0,T; R(H, X)), the value of this extension will be denoted by fOTf(t) dw(t). Fur-
thermore, we have

Theorem 6.11. Suppose 1 : H — E is an AWS with corresponding FE-valued Wiener
process w(t), t > 0, and X 1is an Mtype 2 Banach space. Assume that for T > 0,
£ e M*(0,T; R(H, X)) and let I(r) := [ &( t) for r > 0. Then, I(r) is a continuous

X-valued martingale and for any p € (1, oo) there exists a constant C, > 0, independent
of T and &, such that

2

(63) | s 10k <6 ( [ CE[E) By dt)p/ .

0<r<T

The inequality (6.8) is the Burkholder inequality. The case p = 2 was proved in [51] and
later, using the M-type 2 inequality, was proved in [83] for any p € (1, 00).

Remark 6.12. In the above we may replace R(H,X) by L(FE,X), see Remark 6.9. In
particular, fo t) dw(t) exists for any ¢ € M?(0,T; L(FE, X)) and satisfies
2

T p/
[ etant| | < [ B ar)

For suitable maps f: X — X and g : X — R(H, X) we consider the following problem

(6.9) E| sup

o<r<T

610 dglt) = £(¢(0)) dt,+9(€() dut)

§00) =,
where & Q — X is JFp-measurable. A continuous and adapted process
€ :]0,T] x 2 — X is said to be a solution to the It6 equation (6.10) if and only if

Q
for all t € [0, 7]

(6.11) E(t) = £(0) + /0 f(&(r))dr —I—/O g(&(r)) dw(r) a.s.

We have the following existence and uniqueness theorem (see Theorem 2.26 in [73], where
only the case p = 2 was studied; however, the proof carries over to any p € [1, 00) without
any substantial difference).

Theorem 6.13. Assume that i : H — E is an AWS, {w(t)}+>0 the corresponding Wiener
process on E and X is an M-type 2 Banach space. Let T > 0 be fized. Suppose the
maps f: X — X and g: X — R(H,X) satisfy the following linear growth and Lipschitz
conditions:
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(i) (Linear Growth Condition) there exists K > 0 such that for each v € X

max{|f(z)|x, lg(@)llrurx) } < K1+ |2]x);

(ii) (local Lipschitz continuity) for any xo € X there exists an ro > 0 and Loy > 0 such
that for any x, y € B(xg,10) :={x € X : |[x — x| <10}

max{|f(z) — f(y)|x. lg(z) = 9W)lrar.x)} < Lolz — ylx-

Let p>1 and & : Q — X be Fy-measurable such that E[|&]%] < oo.
Then there ezists a unique & € MP(0,T; X)) which is the solution to the problem (6.10).
Moreover, the following estimate holds:

(6.12) E| sup 60| < Cy(Elk] + 1)

t€[0,T
Remark 6.14. One should point out that the local Lipschitz condition (ii) above is weaker
than the usual one:
(ii") (Lipschitz continuity on balls) for any R > 0 there exists Cr > 0 such that

max{|f() = f(y)|x. l9(x) = 9@)lrrx) } < Crlz —ylx
for all z, y € X with |z|x, |y|x < R.

The condition (ii) is more suitable for studying equations on Banach manifolds. Both
conditions are equivalent if dim X < oo.

So far we have introduced the It6 integral and defined what we mean by a solution to an
It0 equation. We now turn to Stratonovitch integrals and Stratonovitch equations. We first
need to introduce some notation. By Ly(F; X) we denote the space of bounded bilinear
maps, A : ExX E — X. Let i : H— E be an AWS. We define the map tr: Ly(E; X) - X
by

(6.13) trA::/EA(e,e)d,u(e),

where p is the canonical Gaussian measure on E. In view of the Fernique-Landau-Shepp
Theorem, tr is a bounded linear map. Note that the tr map depends on the choice of AWS.
The following two definitions are taken from [73].

Definition 6.15. Suppose i : H — E is an AWS with canonical E-valued Wiener process
w(t), t >0, and X is an M-type 2 Banach space. Let T € (0,00) and £(t), t € [0,T] be a
stochastic process such that for any t > 0

£(t) = £(0) +/0 a(r)dr —I—/O b(r) dw(r) a.s.,

where a € M*(0,T; X) and b € M?*(0,T; L(E, X)). For a C* map g: X — L(E,X) we
define the Stratonovitch Integral of g(£(t)) as
t

(6.14) /0 g({(r)) odw(r) := g(ﬁ(r)) dw(r) + 1/0 tr [g’({(r)) b(r)} dr.

0 2
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Remark 6.16. By a C' map we mean that g : X — L(FE, X) is Fréchet differentiable with
continuous Fréchet derivative ¢’ : X — L(X, L(E, X)). Furthermore, note that

g'(f(r)) b(r) € L(E,L(E,X)) ~ [4(E; X)
so that tr[g/(&(r)) b(r)] appearing in (6.14) is well defined.

Remark 6.17. In the definition of the Stratonovitch Integral, it is not acci-
dental that we have chosen

be M*(0,T;L(E,X))  rather than  be M*(0,T; R(H,X)).

For a discussion why one needs to consider processes in M?(0,T; L(E, X)) and not in the
larger space M?(0,T; R(H, X)), see [73], Appendix A.

Definition 6.18. Suppose i : H — E is an AWS with canonical E-valued Wiener process
w(t), t >0, and X is an M-type 2 Banach space. Let T € (0,00). Let g be as above and
let f: X — X be a continuous function. We say that an adapted and continuous X -valued
process £(t), t € [0,T], is a solution to the Stratonovitch equation

(6.15) dé(t) = f(&(8)) dt + g(&(t)) o dw(t)
if and only if it 1s a solution to the Ito equation
616) det) = (F(E) + 5 g (60) a(e)] ) dt + (1) du(s)

Thus £(t) is a solution to (6.15) if and only if it satisfies for each t > 0

(6.17) €(t) = £(0) + /0 F ) dr

+%/0 tr[g’(f(?"))g(f(r))]dwr/o g(6() dw(r)  as.

6.1. From Brz+Elw paper. It follows from the discussion in Remark 6.16 that tr(¢’'(£(¢))g(£(%)))
is an element of the Banach space X.

Remark 6.19. If g: X — L(E,Y), ¢'(z)g(x) is meaningless unless Y C X.

We have introduced two different notions: Stratonovich integral and a solution to a
stochastic Stratonovich equation. They have been defined independently although one can
suspect they are intimately related. The following result shows that it is the case indeed.

Theorem 6.20. Assume that the functions f : X — X and g : X — L(E,X) are,
respectively, continuous and continuously differentiable. Let a function p : X — Y be of
C? class. Assume that an admissible X -valued process £(t), 0 <t < 7 is a local solution to
(6.14). Then the process n(t) = @(&(t)), t < T is representable via a Stratonovich equation
as below

(6.18) n(t) —no = /Ow’(f(S))f(i(S))d8+/0 #'(§(s))g(&(s)) o duw(s).
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Here, using the notation (6.20) below, the last term in (6.18) is the Stratonovich integral,
i.€.

/0 & (E5)g(€(s)) o du(s) = / 9(€(s)) o du(s)
= / CE(s)) du(s) + / (G (€())g(E(5))] ds.

0

Taking X =Y and ¢ = id we get
Corollary 6.21. If£(t), t < 7T is a local solution to the Stratonovich equation (6.15) then

E(tA0) / F(E(s)) ds + / " g(€(s)) o duls)

for any t € [0,00) and for any stopping time o < T, where the last term is the Stratonovich
integral

| st e ants) = [ cledut g [ el ee)ate) s

Proof of Theorem 6.20. Since &(t), t < 7 is a (local) solution to the Stratonovich equation
(6.16) by using the It6 formula (Theorem 5.17) we see that n(t), t < 7 is a (local) solution
to the It6 equation

dlt) = S (EO[FEW) + 5rlg €@aED))] dt + o €Dl du)

(6.19) + %tr[w”(ﬁ(t))(g(f(t)), g(&(t)))] dt

Having in mind that ¢'(z) € L(X,Y) for z € X, we set
G : X2z ¢(x)g(x) € LIE,Y),
(6.20) F : X2z ¢(x)f(z) €Y.
Then,
G(z) = ¢()o(d(z))+ (¢"(x))oglx) € LIX,L(EY)), weX
and so identifying L(E, L(E,Y)) with L(E, E;Y),
G'(x)g(x) € L(E, E;Y), z e X.

Since also

G'(x)g(x) = ¢'(x)o (g (x)g(x)) + (¢"(x)g(x)) 0 g(x)
= )

we find out that
(6.21) tr{¢'(2)[g'(2)] + " (2)(9(2), g(2))} = &[G (z)g(2)], 2 €X.
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From (6.19), (6.20) and (6.21), by taking into account Definition 6.15 we infer that 7(t)
satisfies

dnft) = F(E) dt + CED) dult) + el €(0)gle(r))] di
(6.22) = F(&(t))dt + G(E(t)) o dw(t).

We have the following immediate and important

Corollary 6.22. Assume in addition that ¢ : X — Y is a diffeomorphism of class C2.
Then an admissible X -valued process &(t), t < T is a local solution to (6.15) iff the process
n(t) := @(&(t)), t < T is a local solution to

~

(6.23) dn(t) = f(n(t)) dt + §(n(t)) o dw(t),
where

fi Yoysdelyflety ey,
(6.24) g: Yoy lyglely) € LIEY).

Proof of Corollary 6.22. It’s enough to consider only the ”only if” part of the Corollary.
With G, F' defined in (6.20) we have

(6.25) f=Hop', §G=Fop
Therefore (6.23) follows from (6.18). [

We will find useful the following
Lemma 6.23. In the framework from Corollary 6.22
(6.26) tr[G'(z)g(x)] = g (¥)gW)l, y = e(z) €Y.
Proof of Lemma 6.23. Since for x € X ¢'(y)G' (¢~ y) odyo~t and dyp~' o ¢’ (¢~ 1y) = idy,
we have, for y = p(z),
JWaly) = G y)odyw o (v )G (0 y)gle™'y).

This proves the Lemma. [ |

We have the following variation on Theorem 6.20.

Theorem 6.24. Assume that a,b satisfy (7?7) and & satisfies (7?). Let Z be an M-type 2
Banach space and o : X — Z and g : Z — L(E,Y) be respectively functions of C* and C!

class. Put n(t) = ¢(&(t)). Then the Stratonovich integrals fotg(n(s)) o dw(s), t <1 and
f(f(g 0 p)(&(s)) o dw(s), t < T are equivalent processes.
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Proof of Theorem 6.24. As in the proof of Theorem 6.20 7(t) satisfies
1
dn(t) = {w’(é(t)) + 5" () (0(1), b(t))]} dt + ¢ (£(2))b(t) duw(t).
Therefore, by Definition 6.15

[ atnenoantsy = [ atweavi)«5 [l @eeeene s

in the sense that the processes on the LHS is a version of RHS. On the other hand,
goyp: X — L(E,Y) is of C! class and so by Definition 6.15

[@oaieno aus) = [wopenau +3 [ ulgoe el

in the sense, as before, that the processes on the LHS and RHS are equivalent. Since
(90¢)(E(s)) = g(n(s)) and (g0 ¢)'(£(s)) = g'(n(s))¢'(§(s)) the proof is complete. u

It is obvious how to reformulate Definition 6.15, Theorem 6.24 and Corollary 6.22 in
terms of processes defined up to a stopping times and local diffeomorphisms.

7. APPROXIMATIONS OF SDES WITH LIPSCHITZ AND BOUNDED COEFFICIENTS

Let X be an M-type 2 Banach space and ¢ : H — E an AWS with corresponding F-
valued Wiener process w(t), t > 0. We impose the following conditions on the coefficients
f and g.

(A1) f: X — X is a C'-map which is Lipschitz and bounded.

(B1) g : X — L(E,X) is a C' map such that the maps g and ¢’ are Lipschitz and

bounded.

We should point out that as a consequence of (B1), the map tr(¢'g) : X — X is Lipschitz
and bounded, where tr(¢'g)(z) = tr[¢’(z) g(z)], * € X, see (6.13). Let zy € LP(Q, X),
p>2and T > 0, be fixed but arbitrary. In view of Theorem 6.13 there exists a unique
continuous progressively measurable process z : [0, 7] x Q2 — X such that for each ¢ € [0, 7],

(7.1) x(t):x(0)+/0 F(a(r)) dr
+%/0 tr[g’(x(r))g($(r))]dr+/0 g(z(r)) dw(r), s,

Moreover, we have the estimate

(7.2) E{ sup |x(t)\§(} < Cp(E[|zol?] +17).

0<t<T

Note x is a solution to the Stratonovitch equation

(7.3) dz(t) = f(z(t)) + g(z(t)) o dw(?)
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and x may be written as
t

t
(7.4) x(t) = z(0) + / f(z(r))dr +/ g(z(r)) o dw(r),
0 0
where the last integral on the RHS of (7.4) is the Stratonovitch integral.
For each n € N, let m, be a partition of [0, 77, i.e.,
0=ty <ty <tlo <+ <inm=T.

We assume that each partition satisfies

C
7.5 hr, = tpar — te| < —,
( ) mesh OSkISIl]\E}é)_J k+1 k:| =,
(7.6) N(n) < Cyn,

where (' and C5 are constants independent of n. For each partition 7,,, n € N, we consider
the following piece-wise linear approximation of the E-valued Wiener process w(t):

— :
wﬂ—n<t) = w(t,) + ; ; (U}(tﬁ_l) — w(tz)), t e [ti,ti+1], 0<1< N(’I’L)
i+1 — i
Let x, : [0,7] x © — X be the solutions to the family of ODEs (indexed by w € 2)
dz,, (t) dw,, (t)
., (0) = xo.

The family of equations (7.7) may sometimes be written
dr, (1) = f(2x, (1)) At + g(2r, (1)) dwn, (1)
., (0) =

In particular, for t € (¢;,t;41),7=0,...,N(n) — 1, x,, takes the form

o (1) = 22 (1) + /t (i, (5)) ds + /t g (@n(s)) (w(t’“) - w(’”’)) ds.

tiv1 —

Using the above notation, we now state our first result.

Theorem 7.1. For p > 2 and n € N

(7.8) E{ sup |z(t) — @, (t)]ﬂ’(} < Cp' P = ¢

- 2—-17
t€[0,7] np/

where C' is a constant independent of n and depending only on the space X, p, T', m, (see
(6.5)), C1, Cy and the bounds and Lipschitz constants of f, g, ¢ and tr(¢'g).

Corollary 7.2. For each T >0z, (.) — z(.) in C(0,T; X) in probability, i.e., for each
e>0

(7.9) Pl{w: |z(.,w) = 2x,(.,w)|comx) > €} — 0

as meshm, — 0. Here C(0,T;X) is the space of X walued continuous functions on the
interval [0,T].
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Corollary 7.3. For each T > 0,
(7.10) T () — () in C(0,T;X) almost surely as n — oo.

Remark 7.4. Theorem 7.1 is an extension of a result proved in the PhD thesis by Dowell,
[86]. There, the case p = 2 with X being a Hilbert space was treated. In particular, Dowell
proved the following two results (more or less independently of one another), see Theorems
5.2 and 5.7 in [86]:

e ForeachT >0

(7.11) sup E[|z(t) — ., (t)|%] — 0 as mesh m, — 0.
t€[0,T

e ForeachT >0 and e >0

(7.12) P{w D osup |z(t,w) — o, (tw)|x > e} — 0 as mesh m,, — 0.
t€[0,T]

Our result is a much stronger and more general result than Dowell’s for several reasons.
Firstly, Theorem 7.1 holds in the case when X is an M-type 2 Banach space. Secondly, we
have convergence in LP(Q; C(0,T; X)), p > 2, whereas Dowell only proved a weaker form of
convergence, i.e., uniform convergence in L?(Q; X), see (7.11). With this stronger form of
convergence, convergence in C(0,7T; X) in probability is then a simple consequence of the
Chebyshev inequality and this gives us Corollary 7.2. Finally, for p > 2 we prove estimates
which give a rate of convergence, see (7.8). Using these estimates it is straightforward
to prove almost sure convergence in C'(0,7; X) (see Corollary 7.3). Indeed, the estimates
(7.8) imply that for p > 4,

o0 o0 1
B[ Y~ o CY <0
n=1 n=1

Thus, almost surely

[o@)
Z \x - iUmV();(o,T;X) < 00,

n=1

which implies that almost surely
|z — 2, |c(o,rx) — 0 as n — 0o.

The method Dowell uses to prove (7.11), which itself is a generalization of a similar result
in [105], carries over to some extent to the case p > 2 and X is an M-type 2 Banach
space. The Burkholder inequality (6.9) is the main tool we use here. However, although
Dowell was familiar with stochastic integration in 2-uniformly smooth Banach spaces and
the Burkholder inequality (via the thesis of Neidhardt), he was not able to deal with the
Banach space case because of the term involving the tr map. There is a considerable level
of difficulty in dealing with the tr map in Banach spaces as opposed to Hilbert spaces.
We deal with this problem by making use of the M-type 2 property of our space X, in
particular, the inequality (6.1).
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Proof of Theorem 7.1. Fix a partition 7 = m, = {0 <ty < t;--- < tyw) = T} and denote
Tr by Y. Set Ty = I(tj>, Y; = y(tj) = xﬂ-(tj), A]t = tj+1 — tj and Ajw = U)(thrl) — ’IU(tj)
To simplify the notation we put f identically zero. This will not affect the result owing to
the conditions put on f. Moreover, C' will denote a generic constant depending only on
the space X, p, T, m,, Cy, Cy the bounds and Lipschitz constants of g, ¢’ and tr.

For t € [0,T], let k be the largest integer such that ¢, < ¢. Moreover, for r € [0,T], set
R(n) = max{m : t,, < r}. Then, using the triangle inequality, we have

(713) B sup lo(0) 9O | < CB| sup ({o(0) = ol + ln(0) - o))

0<t<r 0<t<r

+OB| sw Ja(t) —y(o)ly .
0<k<R(n)

Suppose, for the time being, we have the following estimates

(7.14) B sup (1) = (8 + ly(8) ~ (0 )| < Onte),
(7.15) B| s folt) ~ sl | <utm) +C [ Blate)as
where

(7.16) 1(6) = sup [+(0) = (0

and n(7) satisfies
n(r) < Cnl P2

(Note, for example, that N (n)(mesh 7)?/2 is a term of the form n(x).) From (7.13), (7.14),
(7.15) and (7.16) we may deduce that for all r € [0,7] :

B ()] = | sup 1) = w0 | < Cafm) + € [ BR(o)]as
<t<r 0
An application of Gronwall’s Lemma implies that
E[y(T)] < C'n(m) exp(CT),
ie.,
E[ sup |z(t) — y(t)|§(} < CntP2,
te[0,7

To complete the proof of Theorem 7.1 we need to prove the estimates (7.14) and (7.15).
We begin with (7.14). |

Lemma 7.5. With the above notation,

(717)  E [ sup (p:(t) — ()% + ly(te) — y(t)]’)’()] < O N(n)(mesh )2,

te[0,r]
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Proof. Note first that from (7.1) and the boundedness of the maps ¢ and tr(¢’g) we have

/t:g<a:<s>> du(s) X] |

It then follows using the Burkholder inequality and the boundedness of g that

E{ sup |x(t) — x(tk)|§{] < C (mesh )P + CE{ sup

0<t<r 0<t<r

E{ sup |x(t) — x(tk)\l)’(} < CT??*(mesh 7)P/2,

0<t<r

Recall Taylor’s formula in integral form, see [78]:

1
(7.18) y(a) —y(b) = / y'(b+r(a—10b))(a—b)dr
0
For some 0 < s < 1, we have, using (7.18), (7.7) and the boundedness of g,
ly(t) —y(to)lx = ly(te + s Axt) —y(te) %

p

= /01 Y (tr +1(s Apt)) (s Agt) dr

X
p

_ / Y (b + 1 At) (At) dr
0

X

s p
- / o(y(tn + r Axt)) (Apw) dr

0 X
(7.19) < ClAgwls,.
Using (6.5) we infer that

B[ sup [9(0) ~ (0l | < € (mesti )
te(0,r]

This completes the proof of Lemma 7.5. |

Fix an interval [t;, ¢;11] in the partition 7. We quote another form of Taylor’s formula,
see [78]:

(7.20) y(a) —y() =y'(b)(a —b) + /0 (1—s)y"(b+ s(a—1b))(a—b,a—b)ds.
Using (7.20), the chain rule and (7.7) we obtain
y(tiv) —y(ts) = y'(t;) At + /0 (1= s)y"(t; + s A1) (A58, Ajt) ds
= gly;) 4w

+ /0(1 —3) (g’(y(tj + sAjt)) g(y(tj + sAjt))(Ajw, Aﬂu)) ds.
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It then follows, denoting s; :=t; + s A;t, that

y(tr) —y(0) = Z(%’H —Y;)
= Z(g(%) Ajw + %QI@J) 9(y;)(Ajw, Aﬂ”))
£ 3 1= 96 (09) 9(u() (A Ayu) ds
- i/o (1 =5)d'(y5) 9(y;)(Ajw, Ajw) ds
Recalling that
z(ty) = z(0) + /0 ' g(x(s)) dw(s) + % /0 ' tr [g'(x(s)) g(m(s))} ds,

we may write

11— 1 1
y(tk>_$(tk):Ak+Bk+§Ck+Dk+_Ek+_Fka

2 2
where
A= X [ =90 ) a0669) = o ) 90) ) By Ay s
B, = i(g(yj) gla;)) Ajw
k—1
T = D(d ) 9(u) = o (w3) glx7)) (Aju, Ajw)
k—1 s

Do = Ygle) A= [ aelo) duts)

B = Y (o) ole) (A, Agw) — trlg () g(2)] A)

Fo = S ulga) o)) At = [ telg (ol0) olalo)] ar.

We begin with proving:
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Lemma 7.6. Using the above notation we have

E[ sup  |Ay + Dy, + By, + Fil% | < C (mesh)?/2.
1<k<R(n)

Proof. Consider first the term A = Zf;é I';, where

i [ 0= 9 (o (059) 9 (0(5) (A A = o 33) 9l05) (A, Ay0)) s

The boundedness and Lipschitz properties of ¢’ and g, along with (7.19), imply that

1
ITilx < /
0

(9 (w(s0) = 9')) 9(uls) (A0, Aw)]|_ds

X
1

*/ /(yj)<9(y(5j)) - g(yj))(Ajw,Ajw)‘de
< Clajwlg ly(s) — yilx
(7.21) < ClAjuwl3,.
Using (7.21) and Holder’s inequality for sums we have
N(n)—1
E[ sup |Ak|”} SCNm)PE| Y Al
1<k<N(n) =0
Applying (6.5) (with p replaced by 3p) gives us
N(n)—1
E| sw (] <ON@P Y A
1<k<N(n) s
It then follows, using (7.5) and (7.6), that
(7.22) El sup |Ak|§(] < C'nP~Y(mesh 7)%/2n < C(mesh 7)?/2,
1<k<N(n)
Consider then the term Dy = Z?;O gla;) Ajw — [* g w(s). Define
3 g(z;)  fort; <s <tj,
9(s) = .
0 if s > t.

g(s) is well-defined, adapted to the filtration { %}, and moreover, the integral fo s) dw(s)
makes sense for all ¢ € [0,7]. We may write

D= [ (369 = o(o)) awo.
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Using the Burkholder inequality, the Lipschitz property of g and the properties (7.5) and
(7.6), it follows that

§

X

[ (56 a6 ot

E{ sup |Dk]§(] < E[sup

1<k<R(n) O<t=<r
_ , ) p/2
< CE (/0 }é(s)—g(ﬂS))}L(E,X)dS) 1
_ R-1 4 p/2
2
= CE (Z /t |9($j)_9($(3))|L(E,X)dS> ]
L\ G=0 /b
- R(M)-1 p/2
< CE (Z/ |mj—x(s)|§(ds> ]
j=0 7t
< CE| sup |$(tz)—$(t)|§(}
L0<t<r

where [ is such that t € [t;,;41). Using Lemma 7.5 we deduce that

(7.23) E{ sup |Dk|§(] < C(mesh 7)?/2.
1<k<R(n)

Consider next the term Fj,. We have

Filx = Z / " (wld e ate)) - ol (000 o)) ]|
< / e lg @) at) - o (@) 9 (0]
< C: /:H J'(x5) 9(x;) = g'(2(t)) g (2()) |, x) A
< / T (19 @) o) = ) 9 (@)

Using the boundedness and the Lipschitz properties of functions g and ¢’, we deduce that

ol ptjn
Flx < O3 [ - alt)lx at
j=0 71t

< CT sup |z(t;) — z(t)|x,

0<t<r
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where [ is such that t € [t;,t;,1). Again, using Lemma 7.5, we conclude that

(7.24) E[ sup |Fk\§(} < C(mesh 7)P/2,
1<k<R(n)

Finally, we deal with the term £} and we will prove

(7.25) E[ sup \Ek|§(] < C(mesh )P/2.
1<k<R(n)

This part of the proof differs considerably from [86]. Dowell proves (7.25) using the prop-
erties of the inner product on a Hilbert space and the proof is quite straightforward. We do
not have an inner product to work with and instead we make use of the M-type 2 property

of our space X. Let E} = Zf;é A;, where

(7.26) Aj = g'(x;) g(x)(Ajw, Ajw) — tr (g (x;) g(x5)) Azt

We first show that Ej is an X-valued martingale with respect to the discrete filtration
{Fo.hi<k<rm). For 0 < j <k —1, 2;: Q = X is F;,-measurable and w(t;;1) — w(t;) :
Q0 — Eis F;, ,-measurable. Using the continuity of the maps g, ¢’ and tr(g’g) it follows
that each A; is Fi,.,-measurable. We deduce that Ej is Jy, -measurable. To prove Fy is a
martingale we are left with showing that E[E) | F;, ] = Ex—1. For this it suffices to prove
that E[Ag_1 | Ft,_,] = 0.

Denote

Uiy = g (z-1) g(2h-1) (Ap1w, Apqw).
Then
EWi1 | Fi1] = Elg'(zr-1) 9(2p-1)(Ap—1w, Aprw) | F, ]
= g'(ze-1) 9(zr 1) E[(Ap1w, Ay qw)]

= (tp — ty) /E (251 9(ze1) (e, €) du(e)

= (A1) tr(g' (ze-1) 9(zp-1))
(7.27) = E[(Aat) tr(g (ze-1) 9(xr-1)) | Fo ]
As xy_; is Fy,_,-measurable, then so is tr(¢'(zx—1) g(xk—1)), which explains the final step.

Thus (7.26) and (7.27) imply that E[Az_y | F:,_,] = 0. We conclude that {Ek}?g) is an
X-valued martingale with respect to the discrete filtration {F;, }1<r< R(n)- Since X is an
M-type 2 Banach space it follows that, see (6.1),

R(n)—1 p/2
( |Ej — Ej1|§c> ]
j=1

E[ sup |Ek|§(] <CE

1<k<R(n)
Thus
k—1 p R(n) p/2
E| sup A, 1 <CE A3 :
LSkSR(n) ;0 "lx (;’ il
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Applying the Hélder inequality for sums gives

k—1 D R(n)
E A; < CR(n)P*'E Aj %
L;gg(n); j X] < CR(n) ;\ . 1&]
N(n)
(7.28) < ONmPPt Y E[IA k],
j=1
Note that
p
E[0] < E[(Jg/ () gla)(Aw, A + [ex(g(25) () (A50) ) |
(7.29) < (AP

It follows from (7.28) and (7.29) that

N(n)
Bl sw |Bl] < oN@rE Y A
1<k<R(n) o
N(n)
< CN(n)P/*! Z(mesh )P
j=1
(7.30) < CN(n)??(mesh7)? < C(meshr)P/2.
Lemma 7.6 now follows from (7.22), (7.23), (7.24) and (7.30). [

Lemma 7.7. For a constant C independent of k and r,

(7.31) IE[ sup }Bk+5k\‘§(} < C/()T]E[fy(s)] ds

1<k<R(n)

Proof. As in the proof of Lemma 7.6, define

Y( ) g(y]) — g(ll,’]) if tj <s< t]’+1, where 0 S] <k-— 1,
S) =
0 if s > 1.

Y (s) is well-defined, adapted to the filtration {%},, and ng(s) dw(s) makes sense for
all t € [0,T]. Moreover,
p

Byff, = / Y (s) du(s)

X



Using the Burkholder inequality and the Lipschitz properties of g, it follows that

/tY<>dw<>i]
CE (/ V() ) ]

IR p/2
= CE (2; /t.J+ l9(y;) — (%)@(E,X)ds) ]

Jj= J

I /R(n)—1 p/2
CE ( ly; — z5l% Aﬂ) ]
L\ j=0
r /R(n)—1 p/2
< CE ( y(t;)*” Aﬂ) ]
L\ j=0

Applying the Holder inequality for sums gives

IE[ sup |Bk]§<] = E[sup

1<k<R(n) 0<t<r

IN

IA

R(n)—1
E[ sup IBkIS’(] < ny? 'K V(t;)(At)P?
1<k<R(n) s
R(n)-1
< CN(n)P* Y(mesh)P/*>~! Z E[y
7=0

< ¢ / "Efy(s)] ds,

which constitutes the first in proving Lemma 7.7. Consider the final term C}. Then
k-1
> (9 W)9(y;) — ' (x3)g(x))) (Ajw, Ajw)
=0
k-1
(16 w) = 9'(@) 9(as) (A, )]
=0
g ) (9(w5) = 9(21)) (A0, Aw)| )
k-1

< Ol —yjlx 1Al

J=0

‘ak‘x

X

IN

Applying the Holder inequality gives

k—1
[Cul” < ONMPL Yy =yl 1Al
7=0
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On taking supremum over k and then expectations we get

R(n)—1
E[ sup \Ck\ ]<CN i Z E[lz; -yl 145w]F]-

1<k<R(n) o

Since both w; and y; are F;-measurable and Ajw is independent of F;, then using the
properties of conditional expectation and (6.5) we have

Ellz; — yilx|Awlz] = ]E:EU%‘ — il |Aw[F | ftj]]
= E:|33'j — il E[|4;w|F | ]:tj]]

E:!%’ - yj|§<EUAjw\?]]

(7.32) < ClAHPE[|lz; — yilk]-

It then follows using (7.32), (7.5) and (7.6) that

R(n)—1

]E[ sup ‘Ck}p} < CN(n)P! Z Ellz; — y,l% ] 145t
1<k<R(n) j=0
R(n)—1
< ONP ek Y (ANE] s [0 -yl
0<r<t;

7=0
R(n)—1

< €Y Ellit) Ayt

Since v(s) is non-decreasing we can conclude that

IE[ sup ’Ck ]<C’/
1<k<R(n

which concludes the proof of Lemma 7.7. The proof of Theorem 7.1 is now complete. R

Remark 7.8. In a very recent preprint [94] by M. Ledoux, T. Lyons and Z.Qian, the authors
extend the main results of [95] to a wide class of Banach spaces. The finite dimensional
case of the rough path theory, see [95], gives deep understanding of what approximation
procedure leads to Stratonovitch stochastic differential equations. The infinite dimensional
case discussed in the above cited preprint should give greater understanding of Corollary
7.3. On the other hand, our results could be used to show that the rough path theory
agrees with classical theory of stochastic differential equations in M-type 2 Banach spaces.
One can point out a difference concerning regularity assumptions between our paper and
[95], [94]. While we assume that the coefficient g is of C%-class (i.e., ¢’ is Lipschitz), the
assumption in the above two papers is that ¢ is of C***-class for some £ > 0 depending on
the roughness of the driving rough path.
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In another recent work [82] the author employs the Euler method to prove local existence
of solutions to differential equations in finite dimensional spaces driven by a finite dimen-
sional rough path. It would be interesting to extend his result to an infinite dimensional
case and to also consider the global existence of solutions when the input is a p-rough path
with p > 2. Such results would help to give a better understanding of the relationship be-
tween our paper and the T. Lyons theory, in particular with the above mentioned preprint
[94]. The authors would like to thank the anonymous referee for informing them about the
interesting paper by A.M. Davie [82].

8. STOCHASTIC DIFFERENTIAL EQUATIONS ON BANACH MANIFOLDS

Let us give a list of basic assumptions valid throughout the whole section. Assume that
i:H— Eisan AWS, w(t), t > 0is an E-valued Wiener process on a complete probability
space (€, F,P) and X is an M-type 2 Banach space.

Assume that M is a metrizable differentiable manifold modelled on the Banach space X.
Let F denote the vector bundle L(E,TM) over M with fibres F, = L(E, T, M), x € M.
Assume that

f:M—TM,
where T'M denotes the tangent vector bundle, is of C'? class, i.e. f is (Fréchet) differen-
tiable and its derivative f’ : TM — T?M is locally Lipschitz continuous. Assume also
that

g: M —F

is of C?Y class, i.e. the second Frechet derivative ¢” : T?M — T?F is locally Lipschitz
continuous.
Our aim is to study the following stochastic differential equation on M

(8.1) d§(t) = f(&(1)) dt + g(&()) o duw(t)

Definition 8.1. Let 7 : Q — (0,00] be an accessible stopping time. An admissible M -
valued process {£(t)}, t < 7, is a local solution to equation (8.1) iff for any M-type 2
Banach space Y and for any C* function ) : U — Y, where U is an open subset of M, the
process ((t) == P(&(t)), 0 < t < 7, where 7 := inf{t € [0,7) : £(t) ¢ U} is the first exit
time of £(t) from U, satisfies the following

(8.2) dC(t) = ¢/ (E) F(E()) dt + ' (E()g(£(t)) o duw(t),
where o denotes the Stratonovich differential.

The main result of this section is the existence of maximal local solutions to SDE (8.2).
The proof of this result will be preceded by a discussion concerning the meaning of a
solution.

Theorem 8.2. In the framework described at the beginning of the section 8, if &y is an Fy
measurable M —valued random variable, then there exists a unique mazimal solution £(t),
t <1 to the problem (8.1).

Remark 8.3. Taking into account Definition 6.15 we see that () satisfies (8.2) iff it satisfies

83 dcle) = (EO)ale) dult) + {EOAE) + Fuldeale)] |
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where
(8.4) Gy M > x— Y (x)g(x) € LIEY)
so that
g (x)g(x) € L(T,M,L(E,Y))o L(E,T,M) — L(E,L(E,Y)) 2 L(E,E;Y).
We have first

Proposition 8.4. Assume that 7 is an accessible stopping time and £(t), t < T is an
M -valued admissible process. Then the following three conditions are equivalent.

(1) The process £(t), t < T is a local solution to (8.1);
(i) for any open subset U of M and any diffeomorphism ¢ : U — V', where V is an open
subset of X, the process ((t) := p(&(t)), t < T is a solution to

(8.5) dC(t) = f(n(t)) dt + g(n(t)) o dw(t),
where
FiVoy = Py fleTy) € X,
(8.6) §:Vay = ¢l yaley) € LB, X).
(iii) There exists an atlas {(Ua, pa)} on M consisting of C* diffeomorphisms pq : Uy — Vj,

onto some open subset V,, of X, such that for each «, the process no(t) = va(&(t)), t < v,
is a solution to (8.5).

Corollary 8.5. An admissible M -valued process £(t), t < T, where T is an accessible
stopping time, is a local solution to (8.1) iff for any coordinate system ¢ : U — V C X
and for any stopping time S < T, there exists a stopping time T such that

{T > S, ife&S) e,

T=.S5, otherwise

and such that the process n(t) == ¢(&(t)), S < T < 7, is a solution to (8.5), with (random)

itial condition at time S':
n(S) = ©(&(9))1ig(s)evy-

Remark 8.6. The characterization of a solution to (8.1) as given in Corollary 8.5 is the
definition of a solution suggested first by Clark in [21].

PROOF OF PROPOSITION 8.4. (i) = (ii). We observe first that for x € M

f(e(@) = ¢ (2)g(), 3(p(x)) = ¢'(x)g(x)
and hence (with g(x) = ¢'(z)g(x) € L(E, X), x € M) by (6.26)

rlg'9)(p(z)) = tr[g'(x)g(x)].
Thus by using Definition 8.1 and (the second part of) Definition 6.15 we infer that (i7)
holds.
(1) = (uii). Obvious.
(ii1) = (7). Let us fix ¢ as in (iii) and let ¢ : M — Y be of C? class where Y is an M-type
2 Banach space. We want to show that ((t) := ¥(&(t)), t < 7 satisfies (8.3) (with g as
before). Since n(t) = p(£(1)), n(t) = (b o ) (n(t), t <.
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Since n(t) is a solution to (8.5), by applying Theorem 6.20 to n(t) and ¥ o p~! we see

that
(n(t)) dt + (o ™) (n(t)g(n(t)) o duw(t).

QL
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and similarly

Therefore, as 1 (n(t)) = £(t
dn(t) = ¢'(E®))FER)) dt + ' (E(8)g(&(t)) o dw(t),

what concludes the proof.

~—

Proor or THEOREM 8.2. We practically repeat the proof of Theorem 5.27.

The following is a manifold version of Corollary 5.30 and is of some importance.

Corollary 8.7. If£(t),t < 7 is the mazimal solution to the SDE (8.2) on the manifold M
then
IP’{w €N:7(w) <o0,3 /lir?)f(t)(w) € M} = 0.
t A T(w
The next result deals with problems related to submanifolds. Suppose that N C M is

a submanifold and the vector fields f and g defined on M are tangent (in an appropriate
sense) to N. One may ask then if a solution to (8.1) with £, € N a.s. is also a solution to

(8.7) d§(t) = fn(E(t)) dt + gn(E(F)) © duw(t),

with fy and gy being restrictions of f and g to N? One may also ask if £(¢) is a solution
to (8.1) when it is a solution to (8.7). For the Hilbert manifold case see section VIIL.3 in
[36]. In our case we have

Theorem 8.8. Assume thati: H < E is an AWS and {w(t)}i>o is an E-valued Wiener
process. Assume that Y,Ys and X are Banach spaces such that Y & Yy = X (topological
direct sum). Suppose that all three spaces are of M-type 2. Let M and N be Banach
manifolds modelled respectively on X and Y. Suppose that N is a split closed submanifold
of M. Let f: M — TM be a C' vector field such that h(z) € T,N for any v € N and
denote

fv: N>z f(x) € T,N.
Let IF be the vector bundle L(E,TM) over M with a fibres L(E, T, M), x € M and let Fy
be a vector bundle L(E,TN) over N with fibres L(E,T,N), x € N.
Assume that a C* section g of the vector bundle F, g : M — T, is such that g(x) €
L(E,T,N), x € N, thus giving rise to a C* section gy of the vector bundle Fy:

gy : N3 xw— g(z) € Fy(x).
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Denote by j : N < M the natural imbedding. Let £(t), t < T be an admissible N -valued
process.
Then

(1) if £(t), t < T is a local solution to (8.7), the M -valued process j€(t), t < T is a solution
to (8.1);

(ii) if the M -valued process jE(t), t < 7 is a solution to (8.1), then the process £(t), t < T
is equivalent to a solution £(t), t < 7 of (8.7).

PROOF. First we shall prove (i). Let Z is an M-type 2 Banach space, U open subset of
M and let ¢ : U — Z be of C? class. Then the process n(t) := (10 7)(£(t)), t < 7 satisfies

dn(t) = (1 od) () n(E() + (1o d) (§(t))gn (£(1)) o dw(t).

However, for z € N
(¢ od) (x)hn(z) =
(¥ od) (z)gn(z) =

Hence, for z € N,

(9n)yoi(@)gn (@) = Gyliz) oiog(x) = gy(z)g(z).
In particular
tr((gn)yoi (@) gn (7)) = tr(gy(z)g(z)).
Hence, j&(t) is a solution to (8.1).

Now we are ready to prove (ii). Let £(t), ¢ < T be the maximal solution to (8.7). Then

by (i) the process j&(t), t < T is a solution to (8.1). Moreover, since the embedding
J N — M is closed, employing the same argument as in the proof of Theorem VII.3 in
[36], the latter is in fact a maximal solution. Hence, by uniqueness 7 < T a.s. and j¢ is
equivalent to j&|o,r)xq. This proves (ii) as j is one-to-one.
[ |
As usual solutions can be started at time r > 0. Also to deal with explosion times it is
convenient to add a ‘coffin’ state A to M and topologise M := M U {A} as a disjoint
union. For F,-measurable u : Q@ — M+ we let FI(u) : @ — MT, 0 < s < oo be the
maximal solution with F(u) = u; A being treated as trap. When wu is constant say
u(w) = z for all w we will write F7(u) as FI(zg) to get F : MT x Q@ — M™. For 0 <
r <t < oo let G} be the g-algebra generated by the increments {w(s) —w(r) : r < s < t},
with G" = \/,., G}. Then F, is independent of G". The following is sometimes called the
“flow Markov property”. From it follows easily the semigroup property for the associated
diffusion semigroup and the Markov property of the solutions to our s.d.e.. Its proof is
just as that of the corresponding result for Hilbert manifolds, Theorem 3B of Chapter IX,
in [36]. We have

Proposition 8.9. For each r > 0 there is a version of FJ : MT x Q — Q, r <t < oo,
which is Borel(M™)xG"-measurable and adapted to {G} : r <t < oo}. For such versions,
for each s >r >0 and x € M

F (Fl(z,w),w) = F/ (z,w) for all t> s a.s.
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9. STOCHASTIC GEOMETRIC HEAT FLOW ON S! x R,

In this section we assume that M is a compact riemannian manifold that is isometri-
cally embedded into an Euclidean space R?. We consider the following one-dimensional
stochastic geometric heat flow equation

(9.1) ou=D,0,u+Y, o W,
with initial data

where S! is the unit circle (usually identified with the interval [0, 27), Y is a C''-class section
of a certain vector bundle M over M, see Theorem 9.6, and & : S! — M is a continuous
map. We assume that (2, F, (Ft)i>0, P) is a filtered probability space where F = (F})¢>q is
a filtration such that F, contains all P-negligible sets. Let us denote by & = (e~4);5¢ the
Cp analytic semigroup of bounded linear operators on the space L?(S!,R?), generated by
an operator A := —A whose domain Dom(A4) is equal to the Sobolev space H*%(S!, R%).

Let S denote the second fundamental tensor (form) of the manifold M with respect
to the above mentioned isometric embedding M C RY. In particular, for each p € M,
S, T,M x T,M — N,M, where N, := R*©&T,M is the normal space to p with respect to
the standard scalar product in R?. The operator D,d, that appears in equation (9.1) acts
on smooth curves 7 : S! — M and is defined by the formula (see for instance [18, section
2] and references therein)

(9'3) Dxawfy(x) = 89617(1') - S’Y($)<ax7($)a 817(1'))7 zeSh

We note that the following fundamental property of the operator D,d,, see [18, formula
(2.6)],

(94) (B () = Sy (0v(), 0:7()), Bz ¥ (2)) = [Duary (%) — Sy (Buy (@), @ € 1.

As far as the noise is concerned, we make the following standing assumption.

Assumption 9.1. W = (W (t))>0 is an E-valued F-Wiener process, where E is a separable
Banach space such that for some fized natural number n, E C H*(S',R"™) continuously.

Remark 9.1. Tt follows from Assumption 9.1 that the Reproducing Kernel Hilbert Space K
of the law of W (1) is contained in F (and so in H'(S',R")) and the natural embedding
1: K — FE is y-radonifying.

Let us recall that if A : E — H is a bounded linear map, where H is a separable Hilbert
space, then A oi: K — H is y-radonifying, i.e. Hilbert-Schmidst.

If A: Fx E— X is a bounded bilinear map where X is a separable Banach space then

(9.5) trg(A) == ZA(ej, e;) € X,

J
where (e;); is an ONB basis of K is well defined. In other words the series on the RHS of
equality (9.5) is absolutely convergent, its sum is independent of choice of the ONB (¢;);
and the map L(E, F; X) 3 A — trg(A) is linear and bounded. In particular, if G : X —
L(E,X) is of C'-class, then for every a € X, G'(a)G(a) € L(E,L(E,H)) 2 L(E, E; X)
and so trg[G'(a)G(a)] € X is well defined.
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For the deterministic version of our problem one can consult the fundamental works by
Eells-Sampson [35] and Hamilton [34].

Contrary to the case of a wave equation the solutions to the stochastic heat flow equation
can only be defined using an external formulation. However, we hope to be able to find an
appropriate definition of an intrinsic solution.

What concerns the initial data ¢ we make the following assumption.

Assumption 9.2. The initial data & is an Fo-measurable random variable with values in
HY(SY, M).

Remark 9.2. As is [16], see the end of the proof of Theorem 1.1 on page 133. it is sufficient
to assume that ¢ is such that for some p > 2,

(9.6) EIE[21 g1 g < 00

Definition 9.3. A process u : Ry x S* x Q@ — M is called an extrinsic solution to
equation (9.1) if and only if the following five conditions are satisfied

(i) w(t, =, ) is (F;)-progressively measurable for every x € S,

(ii) u(-, -, w) belongs to C(Ry x S'; M) for every w € Q,

(iti) RY o ¢t — u(t,-,w) € HY(SY, M) is continuous for every w € €,

(vii) for all t > 0 the following equality holds in H~1(S',R?), P almost surely,

u(t) = wu(0) —I—/O [0patu(s) = Sugs) (Opu(s), pu(s))] ds

(9.7) + /0 Yoy 0 AW (s).

Moreover, if Assumption 9.2 is satisfied, then process u : Ry x St x Q — M s called
an extrinsic solution of problem (9.1)-(9.2) if and only if u is an extrinsic solution to
equation (9.1) and

(v) u(0,z,w) = &(z,w) for every x € S, P-a.s.

Finally, u is called a regular extrinsic solution if in addition the following two conditions
are satisfied

(viii) E fOT lu(t) %Q(Sle) dt < oo for each T > 0,

(ix) and for all t > 0 the equality (9.7) holds in L?(S*,R?), P almost surely.

Remark 9.4. Since a function £ : Q — C(S*; M) is F-measurable if and only if for every
x € S' the function i, 0o & — M is F-measurable, in view of the Kuratowski Theorem,
Assumption 9.2 is equivalent to the following one.

The initial data ¢ is a function taking values in H'(S!, M) such that for every x € S! the
function i, 0 & — M is a Fp-measurable.

In a similar vein, condition (i) in Definition 9.3 can be replaced by the following one

(i) Q3w u(t,-,w) € HY(S, M) is F-measurable for every every ¢ > 0.
Remark 9.5. Let us observe that the following is an informal version of equation (9.7)

(9.8) Ot = Dygtt — Sy (Ug, ug) + Yy 0 W.
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Both equations can also be formulated in the following mild form.
t t
(9.9) u(t) = et —/ e~ IAG (uy, ug) ds +/ e DAY, o dW (s), t > 0.
0 0

Next we formulate the main result of this part of the paper.

Theorem 9.6. Let us denote by M a vector bundle over M whose fiber at m € M is equal
to L(R™;T,,M), where m is a fived natural number. Assume that'Y is a C* class section
of the vector bundle M. Then there exists an F-adapted process u = (u(t))t>0 such that u
is a regular extrinsic solution to problem (9.1-9.2). -

Moreover, suppose that u = (u(t))t>0 and u = (ﬂ(t))t>0 are two F-adapted processes
such that for some T > 0, they are extrinsic solutions to problem (9.1-9.2). Then
u(t,z,w) = u(t,z,w) for allz € S' and t € [0,T), P-almost surely.

In the following generalization of the It6 Lemma, see [17, Lemma 6.5] we denote by
T>(K, H) the Hilbert space of Hilbert-Schmidt operators acting between separable Hilbert
spaces K and H.

Lemma 9.7. Let K and H be separable Hilbert spaces, and let f and g be progressively
measurable processes with values in H and To(K, H) respectively, such that

T
/o {|f(3)\H + Hg(s)H%—Q(KH)} ds < oo almost surely.

For some H-valued Fy-measurable random variable & define a process u by
t t
u(t) = e7t4¢ +/ e~ =94 f(s) ds +/ e~ =94g(s) dW (), t€0,7T],
0 0

where W is a cylindrical Wiener process on K, and (e7*)>¢ is a Co-semigroup on H with
an infinitesimal generator —A. Let V be another separable Hilbert space and let (e7'8);>0
be a Cy-semigroup on V' with an infinitesimal generator —B. Suppose that Q) : H — V is
a C?-smooth function such that Q[D(A)] C D(B) and there exists a continuous function
F:H —V such that

(9.10) —Q'(u)Au = —BQ(u) + F(u), u € D(A).
Then, for allt >0,

Quu(t)) = e PQ(e) + / e~ I8 (u(s))g(s) AW (s)
i / e~ [ (u(s)) F(5) + F(u(s)) + 3 trx@"(u(s)) o (9(s).9(s))] ds.

10. PROOF OF THEOREM 9.6

The basic idea of the proof of the main result comes from [34] and [10]. The nonlinearities
S and Y in equation (9.8) are extended from their domains (products of tangent bundles)
to the ambient space, and thus we obtain a classical SPDE in Euclidean space for which the
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existence of global solutions is known. However our proof of the existence of the manifold
valued solutions requires, that from the many extensions that can be constructed, we choose
those which satisfy certain “symmetry” properties.

10.1. Differential Geometry preliminaries. Let us denote by T'M and NM the tan-
gent and the normal bundle respectively, and denote by £ the exponential function TR? >
(p,€) = p+ € € RY relative to the Riemannian manifold R? equipped with the standard
Euclidean metric. The following result about tubular neighbourhood of M can be found
in [55], see Proposition 7.26, p. 200.

Proposition 10.1. There exists an R-open neighbourhood O of M and an N M -open
neighbourhood V- around the set {(p,0) € NM : p € M} such that the restriction of the
exponential map Ely 1 V — O is a diffeomorphism. Moreover, V' can be chosen in such a
way that (p,t&) € V whenever t € [—1,1] and (p,&) € V.

Remark 10.2. In what follows, we will denote the diffeomorphism £|y : V. — O by &,
unless there is a danger of ambiguity.
Denote by i : NM — NM the diffeomorphism (p, ) — (p, —&) and define

(10.1) h=Eo0io&™:0— 0.

The function h defined above is an involution on the normal neighbourhood O of M and
corresponds to multiplication by —1 in the fibers, having precisely M for its fixed point set.
The identification of the manifold M as a fixed point set of a smooth function enables to
prove that solutions of heat equations with initial values on the manifold remain thereon,
see [34] for deterministic heat equations in manifolds and [10] for stochastic heat equations
in manifolds. Employing a partition of unity argument we may assume that A : R? — R¢
is such that properties (1)-(5) of Corollary 10.3 are valid on O. Therefore, without loss of
generality we may assume that the function A is defined on the whole R<.

Corollary 10.3. The function h has the following properties: (i) h : O — O is a diffeo-
morphism, (1i) h(h(q)) = q for every q € O, (iii) if ¢ € O, then h(q) = q if and only
if g € M, (iv) if p e M, then W(p)§ = &, provided £ € T,M and W (p)§ = —&, provided
£e€ N,M.

Next we define, for ¢ € R? and a,b € R,
1 / /
(10.2) By(a,b) = d2h(a,b), S,(a,b) = 5 B (W ()a, W' (q)b).

Let us recall that the second fundamental tensor S was introduced before the formula
(9.4). We will be studying problem (9.7) with S replaced by S. The following result which
is essential for our paper is taken from [18, Proposition 4.2].

Proposition 10.4. Ifp € M and q € O, then

(10.3) S,(€m) = 5 Byab) = Sy(&.m), & € Ty,
(10.4) Snig (W (q@)a, W' (q)b) = P (q)S,(a,b) + By(a,b), a,be R,

Let us formulate and prove the following result which shows importance of Proposition
(10.4).
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Corollary 10.5. Let us put

(10.5) Au) = Upy — Su(Uy,u,), u € H*(S'RY.
Then,
(10.6) A(hou)=h(u)A(u), uve H*(S"RY.

Proof. Assume that u € C?(S',R¢) and put v = h o u. Then,

A(w) = [hot]er — Spoul((hou)s,hou),)
= B (u)ugy + h"(w)(ug, uz) — Shew (B (W)ug, B (w)uy)
= h'(wug, — I (u)Su(ug, uy) = b (u)A(u),

where the second line above follows from (10.4). [

To this end, let m,, p € M be the orthogonal projection of R? to T,M and let us define
v;;(p) = Sp(mpei, mpe;) for 4,5 € {1,...,n} and extend the functions v;; = vj; smoothly to
the whole RY.

Now we will shortly recall the construction of extensions of vector fields on M to vector

fields on O from [34], cf. [20]. To this end, let us define a new Riemannian metric g on O
by

(10.7) gq(a,b) = {a,byga + (W' (q)a, h'(q)b)ga, q€0, abecR.
Remark 10.6. h: (O,g) — (O, g) is an isometric diffeomorphism.

If ¢ € O then, by Proposition 10.1, there exists a unique (p,£) € V such that ¢ = E(p, £).
We will write p(q) = p for this dependence. Moreover, also by Proposition 10.1, £(p, t§) € O
for t € [0,1]. Hence we can define the curve v, : [0,1] 3 t = E(p,t€) € O. If a € R? and
(X(t))tepo,1, X(0) = a is the parallel translation of a along 7, in (O, g) then we denote by
P,a the endpoint vector X (1).

Proposition 10.7. [17, Proposition 3.9] P : O — L¥™(R? RY) is a smooth function.
Moreover, P, =1 for q € M and

W (q)Py, = Pugh' (p(q)), g€O.

Due to this setting, it is possible to extend conveniently various mappings defined on
the manifold M to its neighbourhood O, c.f. [20]. For example, if X is a vector field on
M, i.e. a section of the tangent bundle, then we can define a map X : O — R? by the
following formula

(10.8) Xq = PqXp(q), qe 0.
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10.2. Existence of solutions to approximating equations. Note that the tangent
bundle TR? is isomorphic to R? x R¢. Using formula (10.8) and Proposition 10.7 we can
find a C'-class map Y : R? — £(R", R?) that such

(10.9) Y,.=Y,:R"—=>T,M, me M,
where we identify T}, M with the corresponding subspace of R¢, and
(10.10) Y =h(q)oY, q€O.

Note that both sides of (10.10) belong to £(R",R?).

Let us fix T > 0. In what follows we put H' = H'(S!,R?), L! = L}(S!, R?) etc. We will
also denote by H*(S!, M) the Hilbert manifold consisting of those v € H*(S!,R%) which
satisfy v(z) € M for all z € S'.

Let us recall that E is a Banach space from Assumption 9.1.
We define maps F : H' — L', G : H' — L(E,H') and Q : H' — H' by the following
formulae,

[Fw](@) = —Suw(us(2),us(2)), u€ H', x €S,
(GW)E)(2) = Yuw(é(w), ue H', € E, x €S,
Q(u) = howu, uc H".

We begin with the following result which follows directly from Corollary 10.3 parts (3)
and (4) and the definitions of the function Q.

Lemma 10.8. If u € HY(S', M), then Q(u) = u. Conversely, if u € H*(S*,R?) is such
that for all x € S' u(z) € O and Q(u) = u, then u € H'(S', M).
Let m, be the projection from H' onto the ball B(0,n) C H! defined by

if <
(10.11) (V) = {U’ it ol < n.

ﬁv, if |v|g > n.

It is well known, see for instance [11, Lemma 2.3], that the map =, : H'(0,1) — H'(0,1)
is globally Lipschitz with Lipschitz constant 1. Moreover,

(10.12) |(Dg(mou))? — (Dy(m0v)?| 0 < 2n|u —v|g, for all u,v € HY,
[(mw)?[pn < [nA Julm]|ulm, forallue H'.
Next we define maps F,, : H' — L? and G,, : H' — L(FE, H') by analogous formulae
F.(u) = —S,((mnou)., (mhou),), ue€ H,
Gn(u) = G(mu), ue H.
Note that F,, = F and G,, = G on on the ball B(0,n) in H'. Moreover, since the function
G is Lipschitz continuous on the ball B(0,n) in H*, it follows, see for instance the proof of
[10, Corollary 3] that G,, : H* — H' is globally Lipschitz. Finally, the Lipschitz continuity

and boundedness of the map Fj : H' — L' can be derived as in [11]. Thus have the
following result.
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Lemma 10.9. The functions F : H' — L' and G : H' — L(E, H") are Lipschitz contin-
uous on balls, the function G is of C'-class and the the function
tre(G' ® G) : H' 5 u — trg(G'(u)G(u)) € H
is Lipschitz continuous on balls. For each k € N, the functions Fj, : H' — L', G}, : H' —
L(E,H") and trg(G), ® Gy,) : H* — H*' are globally Lipschitz continuous, i.e. there exists
a constant Cy, such that for all u,v € H!
Fr(u) = Fr)[n + [Gr(u) — Gi(v)|2m,mm)

(10.13) +  Jtrg(GL(u)Gr(u)) — trg(GL(v)Gr(v) | < Crlu — vy

We will also need the following result which is related to the proofs of Lemmae 2.11 and
2.12 in [11].
Lemma 10.10. Let (e‘“‘)t>0 be the heat semigroup on the scale of Banach spaces LP(S', R?),
p € [1,00). Then for each a > 0, there exists a constant C = C, > 0 such that

(10.14) e | ot prazy < CETT75, ¢ >0,

In particular, for each for each T > 0 and a € [0, %) and for any bounded and strongly-

measurable function v : (0,t) — LY(0,1) the following inequality holds

t
(10.15) sup | [ |e" D %(s) ds| g <C,T7i7% sup [u(t)] 1.
te[o,7] Jo t€[0,7]

The following result can be proved by using Lemma 10.9 and employing similar methods
as used in the proof of Theorem 2.14 in [11]. One should point out here that this result is
different from more standard existence results as those for instance in Theorem 4.3 in [9].

Proposition 10.11. Let us fix p > 2. Let the initial data £ from Assumptions 9.2 satisfy
in addition condition (9.6).
Then there exists a unique H'-valued continuous process wy, satisfying

(10.16) E sup |ug(s)[¥, < oo
t€[0,T]

and such that for all t € [0,T], P-a.s.

up(t) = e e+ /Ot e IR (up(s)) d s + /Ot e TIAG (uk(s)) AW (s)

t
(10.17) + / e % 1[Gl ® G (ug(s)) d s.
0
Moreover,
T
(10.18) E/hMﬂ#%<m
0

Proof of Proposition 10.11. As mentioned above the proof of the first part follows the ideas
from the proof of Theorem 2.14 in [11]. The proof of the second part uses ideas from [15].
Since £ € LP(2, H') C L*(Q, H') and H' = Dom(A'Y?) = (D(A), L*)1/2,2, by invoking [46]
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we infer that the 1°° term on the RHS of (10.17) satisfies the condition (10.18). Because
uy, satisfies the condition (10.16) in view of the Lipschitz condition (10.13) satisfied by

Gy and trg(G), ® Gy), both the 3" and the 4™ terms on the RHS of (10.17) satisfy the
condition (10.18). The only difficulty lies with the 2°¢ term because so far we only know
that for each t > 0, Fy(ux(t)) belongs to L'. By [46] again, it is enough to show that

EfOT |Fx(ug(s))|32 ds < oo. In view of the definition of Fy, it is enough to show that

(10.19) E/O |(ug)2(8)[74 ds < oo.

Obviously, it is enough to show that each term on the RHS of (10.17) satisfies the above
condition (10.19). To this end it is sufficient to verify the following two claims.

Claim 1. If v € L*(0,T; H') N L>(0,T; L?) then v € L*0,T;L*) and there exists a
constant C' > 0 such that

T T

1/2

/ lu(s)|3ads < CTY? sup |U(t>|%2(/ lu(s)|72) 2
0 t€[0,T] 0

Claim 2. If a > %, then there exists a constant C' > 0 such that for all v

T
/ |vx(s)|i4 ds < C sup \v(t)ﬁ{(!.
0

t€[0,T]

Claim 1 follows from a special case of the Gagliardo-Nirenberg inequality [v]7, < C|v]3,|v,] 2.
Claim 2 follows from a special case of the Sobolev embedding (valid for § > 1—11) that

[v]ps < Clo|ys.

Therefore, the proof of Proposition 10.11 is completed by applying Claim 2 to the 2" term
on the RHS of (10.17) and Claim 1 to all three remaining terms. [ |

We will apply Lemma 9.7 to the process u; and the function Q. We have the following
result.

Lemma 10.12. The map Q : H* — H' is of C?-class and, with u,v,z € H*, it satisfies
Qe = K(ww, Q()v,2) =K', ),
(10.20) Qu)[-Au] = —AQ(u)+L(u), ue H?
(10.21) QWG] = [GoQlw), ue H'(S',0),
where, with the map B being defined in (10.2), the function L : H?> — L? is defined by
L(u) = By(ug,uy).

Proof. Identity (10.20) can be proved in the same way as identity (10.6). Identity (10.21)
is a consequence of the invariance property (10.10). Indeed, if £ € F, then

Q)G = h(w)Yul = Yaws
= G(h(u))() = (G(Q(u))(&)-
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Define now the following two auxiliary functions

(1022)  Fj:H'5u— Q'(u) (Fi(u)) — L(u) = 1'(u)(Fr(u)) — By(ug, u,) € L',

(1023)  Gp:H'3ur Q' (u) o Gi(u) = W (u)(Gr(u) € L(E, H).

This leads to the following result that rigorously expresses the fact that f‘k, resp. Gy is
the push forward by Q of Fy, resp. Gg.

Proposition 10.13. The following identities hold.

(10.24) Fr(u) = Fu(Q), Gu(u)=Gi(Qu)), ue H',

(10.25) GLwGi(n) = GLQ)GLQ(), ue H'(S',0).

Proof of Proposition 10.13. It is enough to prove the identities for the original operators,
i.e. without the subscript k.

We begin with the second identity in (10.24). By the invariance property (10.10) of the
function Y and the identities (10.21) and (10.23) we have,

[G(Qu)(E) = Yqu)€() = Yaw()§()

= W (u()Yu€() = [P () Gw)() = [G(w)] ().
To prove the first part of (10.24) we can argue as in the proof of identity (10.6).
Identity (10.25) is a consequence of identity (10.21). [ |

Let us also observe that it follows from Lemma 10.12 that the assumptions of Lemma
9.7 are satisfied with the linear operator B being equal to A. Thus we have the following
fundamental result.

Corollary 10.14. Let uy be the solution to (10.17) as in Proposition 10.11 and a process
ug be defined by the following formula

(1026) ?jk = Q O Ug.

Then for all t € [0,T], P-a.s.,

u(t) = e Q) + /0 e~ AR, (uy,(s)) ds + /0 e~ =G, (ug(s)) dW (s)

(10.27) + /0 e~ A 1[G (un(5)) G (up(s))] d s.

10.3. Construction of a maximal local solution. In the first part of this subsection
we will show that the approximate solutions stay on the manifold M. This will follow from
Corollary 10.14. As usual, we begin with some notation.

Let for each k € N, et uy be the solution to problem (10.17). Let us define the following
four [0, oo]-valued functions on €.

o =inf {t € [0,T] : |ug(t)|m > k},
2 =inf {t € [0,T] : |up(t)|m > k},
2 =mf{t €[0,7]: 3z € S': w(t,z) ¢ O},

Tk :Tkl/\T,?/\T,S’.
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The following result is borrowed from [18], see Lemma 5.4.
Lemma 10.15. Fach function T]z, 7=1,2,3, k€N, is a stopping time.

Proposition 10.16. The process uy and uy, coincide on [0, 1) almost surely. In particular,
ur(t,z) € M for x € St and t < 1 almost surely. Consequently,

h=Tp =1 < T}

Proof. By Proposition 10.13 we infer that for all s € [0,T], z € S!, P-as.

Lo.7) (8) [Fr(un(s)](2) = 1oz () [Fi(ie(s))] (),
10,7 (8) (G (i ())el(@) = 1po.7)(8)[Gi(Tn(s))e](x), e €K,
Lo ()G ® Gl (ua(s) = Loy ()t ® Gl ().
Let us denote
(10.28) p(t) = |ug(t) — ur(t)|72, t€10,7].
Then the process p stopped at 7 is continuous and uniformly bounded. Note that since

¢ = Q(§), we infer that p(0) = 0. Moreover, by the It6 Lemma from [56] and Lemma 10.9,
we can find a continuous martingale I with 7(0) = 0 such that for all kK € N,

ptAT) < /Ot Ljo,m) () Bk (un(5)) — Fr(r(s))| -1 ds
b Moo G () Gala)) — G5 G s
b [ Mool Gu(un(s) ~ GalEu(s)geo s + e A7)
<30 [ Tonus(s) - Tl i s + 107

t
< SC/p(sATk)ds+I(tATk),tG[O,T].
0

Therefore, by taking the expectation and then applying the the Gronwall lemma, we
infer that p = 0 on [0, 7] almost surely. In other words, P almost surely, u, = u; on
0, 7). Consequently, P-a.s. ux(t,z) € O and ug(t, ) = h(ug(t,z)) for x € S! and ¢ < 7.
Hence, by Corollary 10.3 (or Lemma 10.8), P-a.s. ug(t,z) € M for z € S! and t € [0, 74] .
Therefore, 7, < 7 and so 7, = 7} A 77. Finally, since p = 0 on [0, 7] we infer that 7} = 772.

|

Remark 10.17. Although the process uy — @y, is H'-valued, there is no error in considering
the L? norm of it (and not the H! norm) in order to prove that this process is equal to
a 0 process. Moreover, we had to use the framework of Pardoux for the Gelfand triple
H' ¢ I ¢ H™' (and not the H*> C H' C L? one) because we had to use the Lipschitz

property of F. We have implicitly used an embedding L' C H!.
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The same comments apply to the proof of Proposition 10.18 below.

In the second part of this subsection we will show that the approximate solutions extend
each other. To be precise we will prove the following result.

Proposition 10.18. Let k € N. Then upy1(t, z,w) = ux(t,z,w) onx € S', t < 71 (w), and
Tk(w) < Tpr1(w) almost surely.

Proof. Define a process p as before by formula (10.28). As in the proof of Proposition 10.16,
we apply the It6 Lemma from [56]. Since p(0) = 0 we can find continuous martingale [
satisfying I(0) = 0 such that for all ¢ € [0, 7], P-a.s.

t
pltno) < / Lo ()P (s (5)) — Fi(up(s))[ e ds
0
t
+ / Lio,00) () 110,71 K [Gog 1 ® Giop1 (w1 (5))] — tric[Gl, ® G (uk(s))][72 ds
0

t
+ / L0,01) (8)|Gry1(ursa(s)) — Gk(uk(5>>|g/-2(K7L2) ds + I(t A oy),
0

where oy := T A Tpr1. Since for s € [0,04), Fr(ur(s)) = Flugp(s)) = Frr1(urs1(s))
and similarly, Gy (ux(s)) = G(ug(s)) = Ggr1(ugs1(s)), by the Lipschitz continuity of the
functions Fyy1, Fry1 and G ® Gy we infer that for some constant C' > 0,

t tAog
p(tNoy) < C/ Loy (8)p(s)ds + I(t AN oy) = C/ p(s A o) ds.
0 0

Hence by the Gronwall Lemma we infer that p = 0 on [0,0,]. This implies that 7,
Tk < Try1. Indeed, if [€|gr > k + 1 then 74y = 7, = 0 and if if k& < ||y < k+ 1 then
Tra1 > 0 and 7, = 0. Thus, one can assume that €| < k. If 71 were smaller than 7y
then by the just proved property we would have u(t) = wug1(t) for t € [0, 7441]. Hence
|up(0)| g < k and |ug(7ee1)|mr > k + 1 and therefore we can find ¢ € [0, 7411) such that
lug(t)|r = k + 3. This implies that 7, < ¢ and this contradicts the assumption that
Tre1 < Tg. The proof is complete. [ |

By Proposition 10.18 the sequence (73)%2; of stopping times is non-decreasing and so
the limit of (73) exists. We denote it by 7, i.e. 7 = limy_,o 7% . Moreover, we can define
a process u(t,z), t € [0,7), x € St by u(t,z,w) = ux(t,r,w) provided k is so large that
t € [0,7x(w)). Note that u(t,-) € H'.

In the following subsection we will show that 7 = T P almost surely.

10.4. No explosion for approximate solutions. In this final subsection we will show
that the maximal local solution constructed in the previous subsection is a global solution.
We begin with proving that the local maximal solution is a global one.

Proposition 10.19. 7 =T almost surely.
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Proof. We first notice that we have, for ¢ € [0, 7],

up(t) = &— i Auk(s)ds+/ Fk(uk(s))ds+/0[G;@Gk(uk(s))]ds

(10.29) + /0 G (ug(s)) dW (s).

By applying the It6 Lemma from [56] and Lemma 10.9 we can find a continuous local
martingale Jy such that for ¢ € [0, 7], P-a.s.,

SITOF + [ Loy () Aus(s), Aus(9) ds = 5 V€ + e
(10.30) + /0 Lio,r) (8)(Aug(s), Frug(s)) ds

+ A1mm@XVW@%VGMW@»GAW@DW@»@a

where the norms and the scalar product are those from the L? = L?(S!,R¢) space. Note
the following fundamental property. If u € D(A) then, see (9.4),

(10.31) (—Au(z) + F(u()), F(u(z))) =0, for a.a. x € S,

Since for s € [0,7%), Fr(uk(s)) = F(ug(s)), in view of identity (10.31), equality (10.30) can
be rewritten as

1 1
5IVurt AT+ 1[oTk s)|Aug(s) = Fr(un(s)[*ds — SIVEF = Jo(t)

:(/1mm (Vi (), trxc[V Gl () G (1 (5)) i (3)]) s,
C

(10.32) < / 0.7 (8) [1 + [Vur(s)[*] ds = C/OtATk [1+ |Vur(s A7) |?] ds.

Hence, for each j € N there exists a constant K; such that with B; = {w e Q:
IV&(w)|22 < j}, one has, by the Gronwall Lemma,

(10.33) Elp[l+ |Vur(t A7) < K;,  t€[0,T], jeN
Let us now fix ¢ € [0,7"). Then, since 1{Tk§t}\uk(rk)]7.[r_7k > Kkl <4y, we infer that
(10.34) log(1+ k)P ({m <t} N B;) <Elpgq(t A7) < Cpj

Since 7, 7 as k — oo, from (10.34) we infer that for all ¢ € [0,T), j € N, P({r <
t} N B;j) = 0 what in turn implies that 7 = T" almost surely. This completes the proof. W
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