
1. Visintin’s model

Assume that λ1 and λ2 are real constants such that λ2 > 0. LetD be a bounded, possibly
multi-connected domain in R3. Physically, D is the set occupied by a ferromagnetic body.
M will denote the magnetization field. We will write M(t, x) for the value of M at time
t and space x ∈ D. We assume that there are three types of energy in our system: the
anisotropy energy Ean, the exchange energy Eex, the energy Efi due to the magnetic field H
and the total magnetic energy Emag. These are defined, for a suitable functionM : D → R3,
as follows.

(i) Suppose that ϕ : R3 → R is a convex Does it has to be convex? Where is this
assumption used? function. Physically, ϕ depends on the crystal structure of the
material. We put,

(1.1) Ean(M) :=

∫
D

ϕ(M(x)) dx.

(ii) Suppose that [alm]
3
l,m=1 is a symmetric and positive definite matrix. We put,

(1.2) Eex(M) :=
1

2

∫
D

∑
l,m

alm
∂M(x)

∂xl

∂M(x)

∂xm
dx.

(iii) For a magnetic field H : R3 → R3 we put,

(1.3) Efi(H) :=

∫
R3

1

2
|H(x)|2 dx.

It will be more convenient to use a related vector field defined by B = H + M̃ ,
where

M̃(x) =

{
M(x), if x ∈ D,

0, otherwise

and called the the magnetic induction field. Then the above definition of the energy
Efi can be rewritten as

(1.4) Efi(M,B) :=

∫
R3

1

2
|B(x)− M̃(x)|2 dx =

∫
D

1

2
|B(x)−M(x)|2 dx+

∫
R3\D

1

2
|B(x)|2 dx

(iii)

Emag(M,B) := Ean(M) + Eex(M) + Efi(M,B) =

∫
D

ϕ(M(x)) dx

+
1

2

∫
D

∑
l,m

alm
∂M(x)

∂xl

∂M(x)

∂xm
dx+

∫
R3

1

2
|B(x)− M̃(x)|2 dx.(1.5)

Let us observe that

emag(M)(x) :=

{
ϕ(M(x)) + 1

2

∑
l,m alm

∂M(x)
∂xl

∂M(x)
∂xm

+ 1
2
|M(x)−B(x)|2, if x ∈ D,

1
2
|B(x)|2, if x ∈ R3 \D

1
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is the density of the magnetic energy, i.e.

Emag(M,B) =

∫
R3

emag(M,B)(x) dx.

(iv) Define finally the total electro-magnetic energy Eel.mag., for M ∈ L2(D), B ∈
L2

sol(R3) and E ∈ L2(R3), by the following formula

Eel.mag(M,B,E) := Emag(M,B) +
1

2

∫
R3

|E(x)|2 dx =
1

2

∫
R3

(|B(x)− M̃(x)|2 + |E(x)|2) dx

+

∫
D

[
ϕ(M(x)) +

1

2

∑
l,m

alm
∂M(x)

∂xl

∂M(x)

∂xm

]
dx(1.6)

The Landau-Lifshitz’ equation read as follows1.

∂M(t, x)

∂t
= λ1M(t, x)× ρ(M,B)(t, x)(1.7)

− λ2M(t, x)× (M(t, x)× ρ(M,B)(t, x)), t > 0, x ∈ D,

∂B(t)

∂t
= −∇× E(t),(1.8)

∂E(t)

∂t
= ∇× (B(t)− M̃(t))− 1D(E + f)(1.9)

where

ρ(M,B) = −∂ϕ(M)

∂M
−M +

∑
l,m

alm
∂2M

∂xl∂xm
+B(t, x)

= −φ′(M) + (A− 1)M +B

Motivated by the recent papers [24] and [39] our aim is to study a stochastic version of
the above problem with ρ replaced by

(1.10) ρ̃(M,H) := ρ(M,B) +
∑
i

gi(M,B)
dwi
dt

,

where gi : R3 × R3 → R3, for i = 1, · · · , d is a smooth function such that

(1.11) ⟨gi(x, y), x⟩ = 0, for all x, y ∈ R3

and w(t) = (wi(t))
d
i=1, t ≥ 0, is a K := Rd-valued Wiener process defined on some

probability space. The condition (1.11) above means that if x ∈ S2 then gi(x, y) is tangent
to S2.

Let us introduce now some useful functional spaces. We will try to follow the notation
used by Visintin in [63].

1What was denoted by He we will denote by ρ.
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Let

W := Hcurl(R3)(1.12)

V := H∇(D,R3)(1.13)

where for an open set O ⊂ R3 we put

Hcurl(O) := {u ∈ L2(O) : curl u ∈ L2(O)},(1.14)

H∇(O,R3) := {u ∈ L2(O) : ∇u ∈ L2(O,L(R3,R3))}.(1.15)

Here, as elsewhere, we will follow a convention that L2(O) stands for L2(O,R3). Let us
notice, that both these spaces are Hilbert spaces with naturally defined scalar products
and that H∇(O,R3) is equal to the usual Sobolev space H1,2(O,R3). The latter will also
be denoted by H1,2(O). It should be clear that Hcurl(O,R3) ⊂ H∇(O,R3) but the reverse
inclusion is not true. For any open subset O of R3, by L2

sol(O) we will denote the space of
all u ∈ L2(O) such that the weak divergence of u is equal to zero, i.e.

(1.16) L2
sol(O) := {u ∈ L2(O) : div u = 0}.

Let us also put

(1.17) X := L2(D)× L2
sol(R3)× L2(R3).

The elements of the space X will be denoted by u = (M,B,E).
It is well known, see e.g. [61], who however uses different notation, that L2

sol(O) is a
closed subspace of the Hilbert space L2(O).

We assume that T > 0 is fixed and that

M0 ∈ L∞(D)(1.18)

B0 ∈ L2
sol(R3)(1.19)

E0 ∈ L2(R3)(1.20)

f ∈ M2(0, T ;L2(D)).(1.21)

Here, if Y is a separable Banach space and p ∈ [1,∞), by by Mp(0, T ;Y ) we understand
the space of all progressively measurable Y -valued processes f , to be more precise the
space of equivalence classes etc, such that

E
∫ T

0

|f(t)|2Y dt <∞.

Our aim is to find an X-valued processes u = (M,E,B) such that, with H(t) := B(t)−
M̃(t), t ≥ 0, the following system of equations will be satisfied
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dM(t, x) = λ1M(t, x)× [ρ(M,B)(t, x) dt+
∑
i

gi(M) ◦ dwi(t)]

− λ2M(t, x)× (M(t, x)(1.22)

×
[
ρ(M,B)(t, x)) dt+

∑
i

gi(M) ◦ dwi(t)
]
, t > 0, x ∈ D,

∂B(t, x)

∂t
= −∇× E(t, x),(1.23)

∂E(t, x)

∂t
= ∇×H(t, x)− 1D(E + f̃)(t, x)(1.24)

(M(0), E(0), B(0)) = (M0, E0, B0).(1.25)

In agreement with the usual definition of the Stratonovich integral, see e.g. [13], the
equation (1.22) is understood as the Itô equations with a correction term, i.e.

dM(t, x) = λ1M(t, x)× ρ(M,B)(t, x) dt+ λ1
∑
i

M(t, x)× gi(M)dwi(t)

+
λ21
2

∑
i

[
M ×

(∂gi
∂x

(M,B)(M × gi(M,B)
)
− |gi(M,B)|2M

]
dt

+ λ2|M |2ρ(M,B)(t, x) dt+ λ2
∑
i

|M |2gi(M)dwi(t),

− λ22
2

∑
i

[
2|M |2⟨M, gi(M)⟩+ |M |4

(∂gi
∂x

(M,B)gi(M)
)]

dt, t > 0, x ∈ D,

where by ∂gi
∂x

(x0, y0) ∈ L(R3,R3) we mean the Fréchet directional derivative. Note that
because gi satisfies the condition (1.11), in the second line the term −|gi(M)|2M appears.
Otherwise, it would have to be written as (M×gi(M,M))×gi(M,B). For the same reason
the term 2|M |2⟨M, gi(M)⟩ in the fourth line is equal to 0, but we keep it as it may be useful
in the future.

The definition of the weak solution will be preceded by some formulae, mostly following
the Visintin’s paper [63].

Let us first define,

AM(x) =
∑
l,m

alm
∂2M(x)

∂xl∂xm
, x ∈ D, M ∈ D(A);(1.26)

D(A) = {u ∈ H2,2(D) :
∂M

∂νA
= 0 on ∂D}.(1.27)

In the above, we put
∂M

∂νA
:=
∑
l,m

al,m
∂M

∂xl
νm,

where ν = (ν1, ν2, ν3) is the unit outward normal vector field on ∂D.
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Proposition 1.1. If v ∈ V and M ∈ D(A), then

(1.28)

∫
D

⟨M(x)× AM(x), v(x)⟩ =
∑
l,m

∫
D

alm
∂M(x)

∂xl

∂(v(x)×M(x))

∂xm
dx,

Remark 1.2. Let us introduce the following formal notation.

∇AM :=
∑
l,m

al,m
∂M

∂xl
νm,

(1.29)

∫
D

⟨M(x)× AM(x), v(x)⟩ =
∑
l,m

∫
d

alm
∂M(x)

∂xl

∂(v(x)×M(x))

∂xm
dx

Proof of formula (1.28). BecauseM ∈ H2,2(D,R3), by the Sobolev-Gagliardo inequalities,
M ∈ L∞(D,R3) and AM ∈ L2(D,R3). Hence, M(x) × AM belongs to L2(D,R3) and
hence the LHS of (1.28) makes sense. By a similar argument, since by our assumptions,
v ∈ L2(D,R3) ∩ L∞(D,R3), Djv ∈ L2(D,R3), j = 1, 2, 3, and M ∈ L∞(D,R3) and
DjM ∈ L2(D,R3), j = 1, 2, 3, the RHS of equality (1.28) also makes sense. Notice next that
because of formula (4.2) we have

∫
D
⟨M(x)×AM(x), v(x)⟩ =

∫
D
⟨AM(x), v(x)×M(x)⟩ =

−
∑

l,m alm
∫
D
⟨∂

2M(x)
∂xl∂xm

, v(x)×M(x)⟩ dx. Hence, by applying the Stokes Theorem to the last

integral, see e.g. [61] p.??, we infer that∫
D

⟨M(x)× AM(x), v(x)⟩ =
∫
D

∑
l,m

alm⟨
∂M(x)

∂xl
,
∂(v(x)×M(x))

∂xm
⟩ dx

−
∫
∂D

∑
l,m

almνm⟨
∂M(x)

∂xl
, v(x)×M(x)⟩ dσx

=

∫
D

∑
l,m

alm⟨
∂M(x)

∂xl
,
∂(v(x)×M(x))

∂xm
⟩ dx −

∫
∂D

⟨∂M(x)

∂νA
, v(x)×M(x)⟩ dσx,

where dσx is the surface measure on ∂D. Hence the result follows.

Proof of formula (1.29). As before, but this time using the formula (4.2) we get
∫
D
⟨M ×

(M×AM), v⟩ =
∫
D
⟨AM, (v×M)×M⟩ = −

∑
l,m alm

∫
D
⟨∂

2M(x)
∂xl∂xm

, (v(x)×M(x))×M(x)⟩ dx.

Remark 1.3. Using the operator A we can write down the following formula for ρ:

(1.30) ρ(M,B) = −ϕ(M) + AM + 1DB −M, M ∈ D(A), B ∈ L2
sol(R3).
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Moreover, the deterministic part of the right-hand side of equation (1.22) can be written
in a short way as follows. For (M,B,E) ∈ D(A)× L2

sol(R3)× L2(R3)

F1(M,B,E) = λ1M × ρ(M,B)− λ2M × (M × ρ(M,B)),

F2(M,B,E) = −∇× E,

F3(M,B,E) = ∇× (B − M̃)− 1D(E + f̃).

We also define a map G : X → R(K,X), where R(K,X) is the space of γ-radonifying
operators2 from (K to X), by G(M,B,E)(k) = (G1(M,B)(k), 0, 0) ∈ X), u = (M,B,E) =
X), k ∈ K and

G1(M,B)k =
∑
j

λ1M × gj(M,B)kj −
∑
j

λ2M × (M × gj(M,B)kj), k = (kj)j ∈ K.

Lemma 1.4. The function Een : L2(D) → R defined by formula (1.3) is Fréchet differen-
tiable and

(1.31) dM0Een(M) =

∫
D

ϕ(M0(x))M(x) dx, M,M0 ∈ L2(D).

Moreover, Eel.mag is a C∞ map from X to R and for any (M0, B0, E0) ∈ X, we have

d(M0,B0,E0)Eel.mag(M,B,E) = ⟨B0 − M̃0, B − M̃⟩L2(R3) + ⟨E0, E⟩L2(R3)∫
D

(dM0(x)ϕ)(M(x)) dx+

∫
D

∑
l,m

alm
∂M0(x)

∂xl

∂M(x)

∂xm
dx, (M,B,E) ∈ X,(1.32)

d2(M0,B0,E0)
Eel.mag

(
(M1, B1, E1), (M2, B2, E2)

)
=

∫
D

(d2M0(x)
ϕ)(M1(x),M2(x)) dx

+

∫
D

∑
l,m

alm
∂M1(x)

∂xl

∂M2(x)

∂xm
dx, (M1, B1, E1), (M2, B2, E2) ∈ X.(1.33)

2. A priori bounds

Lemma 2.1. Under appropriate assumptions we have

⟨E,F3(M,B,E)⟩L2(R3) = ⟨E,∇× (B − M̃)− 1D(E + f)⟩L2(R3)

= ⟨∇ × E, (B − M̃)⟩L2(R3) − |1DE|2L2(R3) − ⟨1DE, 1Df⟩L2(R3)(2.1)

Proof. Since

⟨E,∇× (B − M̃)⟩ = ⟨∇ × E,B − M̃⟩+ div ((B − M̃)× E)

2Since both (K and X) are Hilbert spaces, R(K,X) is equal to the space of all Hilbert-Schmidt operators
between (K and X).
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and
∫
div dx = 0, we have

⟨E,∇× (B − M̃)− 1D(E + f)⟩L2(R3) = ⟨E,∇× (B − M̃)⟩L2(R3) − ⟨E, 1D(E + f)⟩L2(R3)

= ⟨∇ × E, (B − M̃)⟩L2(R3) +

∫
R3

div ((B − M̃)× E) dx

−⟨1DE, 1DE + 1Df⟩L2(R3)

= ⟨∇ × E, (B − M̃)⟩L2(R3) − |1DE|2L2(R3) − ⟨1DE, 1Df⟩L2(R3)

This concludes the proof.

We also have

Lemma 2.2. Under appropriate assumptions we have

⟨(1DB −M), F1(M,B,E)⟩L2(D) = ⟨(1DB −M), λ1M × ρ(M,B)

−λ2M × (M × ρ(M,B))⟩L2(D)

= λ2

∫
D

|M × ρ|2 dx +

∫
D

ϕ(M(x))(F1(M,B,E))(x) dx

+

∫
D

AM(x)(F1(M,B,E))(x) dx.(2.2)

Proof. From the definition (1.30) of the functional ρ we have that

1DB −M = ρ(M,B) + ϕ(M)− AM.

Hence, with ρ = ρ(M,B), we have

⟨1DB −M,λ1M × ρ− λ2M × (M × ρ)⟩L2(D) = ⟨ρ, λ1M × ρ− λ2M × (M × ρ)⟩L2(D)

+⟨ϕ(M), λ1M × ρ− λ2M × (M × ρ)⟩L2(D) + ⟨AM,λ1M × ρ− λ2M × (M × ρ)⟩L2(D)

Using the vector formulae (4.4) and (4.5) we infer that the 1st term on the RHS of the
last formula satisfies

⟨ρ, λ1M × ρ− λ2M × (M × ρ)⟩L2(D) = λ1⟨ρ,M × ρ⟩L2(D)

−λ2⟨ρ,M × (M × ρ)⟩L2(D) = λ2|M × ρ|2L2(D).

This concludes the proof.

Theorem 2.3. Suppose that an X-valued process u = (M,B,E) is a strong solution of
the stochastic Landau-Lifshitz equations (1.22), (1.23), (1.24). Denote for simplicity the
function Eel.mag by ψ. Then,

ψ(u(t)) = Eel.mag(M(t), B(t), E(t)) = Eel.mag(M(0), B(0), E(0))

− λ2

∫ t

0

∫
D

|M(s, x)× ρ(M(s, x), B(s, x))|2 dx ds−
∫ t

0

∫
D

|E(s, x)|2 dx ds(2.3)

−
∫ t

0

∫
D

⟨E(s, x), f(s, x)⟩ dx ds+???
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Proof. By the Itô formula,

ψ(u(t)) = ψ′(u(t))(F (u(t))) dt+ ψ′(u(t))(G(u(t))) dw(t)(2.4)

+
1

2
trK[ψ

′′(u(t))(F (u(t))) ◦ (G(u(t), G(u(t)) dt

Since,

ψ′(u)(F (u)) =
∂ψ(u)

∂M
(F1(u)) +

∂ψ(u)

∂B
(F2(u)) +

∂ψ(u)

∂E
(F3(u))(2.5)

and since by the definition of ψ, formula (1.32) and Lemmata 2.2 we have

∂ψ(u)

∂M
(F1(u)) =

∫
D

ϕ(M(x))F1(u(x)) dx+

∫
D

⟨AM(x), F1(u(x))⟩ dx− ⟨B − M̃, F̃1⟩L2(R3)

=

∫
D

ϕ(M(x))F1(M,B,E) dx+

∫
D

⟨AM(x), F1(M,B,E)⟩ dx

−
∫
D

⟨1DB −M,F1(M,B,E)⟩ dx

=

∫
D

ϕ(M(x))F1(M,B,E) dx+

∫
D

⟨AM(x), F1(M,B,E)⟩ dx

− λ2

∫
D

|M × ρ|2 dx−
∫
D

ϕ(M(x))(F1(M,B,E))(x) dx

−
∫
D

AM(x)(F1(M,B,E))(x) dx

− λ2

∫
D

|M × ρ(M,B,E)|2 dx.

Therefore, by Lemmata 1.4 and 2.1 we infer that

ψ′(u)(F (u)) = −λ2
∫
D

|M × ρ(M,B,E)|2 dx+ ⟨B − M̃, F2⟩L2(R3) + ⟨E,F3⟩L2(R3)

= −λ2
∫
D

|M × ρ(M,B,E)|2 dx+ ⟨B − M̃,−∇× E⟩L2(R3)

+

∫
R3

⟨∇ × E,B − M̃⟩ dx−
∫
D

|E(x)|2 dx−
∫
D

⟨E(x), f(x)⟩ dx

= −λ2
∫
D

|M × ρ(M,B,E)|2 dx−
∫
D

|E(x)|2 dx−
∫
D

⟨E(x), f(x)⟩ dx
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I use notation from Visinit’s paper. Let M ∈ L2(D,R3). Then we denote by M̄ the
extension of M by 0 in Dc. The map L2(D,R3) ∋ M 7→ M̄ ∈ L2(R3, R3) is obviously
linear and bounded. Then we put H = −π(M̄), where π is defiend in definition 10. So we
put

ψ : L2(D,R3) ∋M 7→ −π(M̄) ∈ L2(R3, R3).

Obviously ψ is linear and bounded. We also denote H = ψ(M).
Claims 1. H defined above satisfies (2.1) (with ∇u replaced by H).
1. H defined above satisfies the three conditions listed between (2.1) and (2.2).
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3. Gradient flow

Assume that H, (·, ·) is a real separable Hilbert space. Assume that

E : D(E) → R
is a ”smooth” function, where D(E) is a subset of H. We have the following non-rigorous
result

Proposition 3.1. If u : (a, b) → H is a solution to

(3.1)
du

dt
= −∇E(u(t))

Then,

(3.2) E(u(t))− E(u(s)) = −
∫ t

s

|∇E(u(r))|2 dr s < t, s, t ∈ (a, b).

Proof. We have, on an informal level,

d

dt
E(u(t)) = (∇E(u(t)), du

dt
) = (∇E(u(t)),−∇E(u(t))) = |∇E(u(t))|2.

The above result is also true in a curved space.
Assume that M is a riemannian submanifold of the Hilbert space H, (·, ·). In particular,

the tangent space TmM , m ∈M is a Hilbert space endowed with the inner product (·, ·)Tm
being the restriction of (·, ·) to TmM .

Assume that
E : D(E) → R

is a ”smooth” function, where D(E) is a subset of M .
Denote, for m ∈M , by ∇mE the unique element of the tangent space TmM such that

(3.3) (∇mE, y)Tm = (dmE)(y), y ∈ TuM.

We have the following non-rigorous result

Proposition 3.2. If u : (a, b) →M is a solution to

(3.4)
du

dt
= −∇u(t)E

Then,
(3.5)

E(u(t))− E(u(s)) = −
∫ t

s

|∇E(u(r))|2Tu(r) dr = −
∫ t

s

|∇E(u(r))|2 dr, s < t, s, t ∈ (a, b).

Proof. We have, on an informal level,

d

dt
E(u(t)) = (∇u(t)E,

du

dt
) = (∇u(t)E,−∇u(t)E) = |∇u(t)E|2.
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Now consider the following finite dimensional example. Let H = R3 endowed with the
euclidean scalar product and

M = S2.

Then, a ∈M , the tangent space Ta is equal to

TaM = {y ∈ R3 : ⟨a, y⟩ = 0}.
For a ∈M , let πa : R3 → TaM ne the orthogonal projection:

πa : R3 ∋ y 7→ y − (a, y) ∈ TaM.

We have

Lemma 3.3. For a ∈M , then

(3.6) πa(y) = −a× (a× y), y ∈ R3,

where × denotes the vector product in R3.

Proof. Denote

(3.7) T (y) = −a× (a× y), y ∈ R3,

It is enough to show that
|Ty|2 = (y, Ty), y ∈ R.

By (4.5) we have

(y, Ty) = −(y, a× (a× y)) = −(b, a× c) = (a× b, c) = (a× y, a× y) = |a× y|2.
On the other hand,

|a× (a× y)|2

Consider now a the following result.

Proposition 3.4. Assume that f : R3 → R is sufficiently regular vector function. If
u : (a, b) → S2 is a solution to

(3.8)
du

dt
= −u×

(
u× (−∇uf)

)
= u× (u×∇uf),

where now ∇uf ∈ R. Then,

(3.9) f(u(t))− f(u(s)) = −
∫ t

s

|u(r)×∇u(r)f |2 s < t, s, t ∈ (a, b).

Proof. We have, on an informal level,

d

dt
f(u(t)) = (∇u(t)f,

du

dt
) = (∇u(t)f, u(t)× (u(t)×∇u(t)f))

= (b, a× c) = −(a× b, c)

= −(u(t)×∇u(t)f, u(t)×∇u(t)f) = −|u(t)×∇u(t)f |2.
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If we denote by ϕ the restriction of f to S2, then since

u× (u×∇uf) = πu ◦ ∇uf = ∇uϕ,

where ∇uϕ ∈ TnS2, we infer that the equation (3.8) is just

(3.10)
du

dt
= u× (u×∇uf) = −∇uϕ,

and since, for u ∈ S2

|u×∇uf | = |u× (u×∇uf)|,
we infer that the equality (3.9) becomes

(3.11) ϕ(u(t))− ϕ(u(s)) = −
∫ t

s

|∇u(r)ϕ|2 s < t, s, t ∈ (a, b).

Hence, we see that Proposition 3.4 is just a special case of Proposition 3.1.
Consider now the following generalisation of Proposition 3.4.

Proposition 3.5. Assume that f : R3 → R is sufficiently regular vector function. If
u : (a, b) → S2 is a solution to

(3.12)
du

dt
= −u×

(
u× (−∇uf)

)
+ λ1u× (−∇uf),

where, as before, ∇uf ∈ R. Then3,

(3.13) f(u(t))− f(u(s)) = −
∫ t

s

|u(r)×∇u(r)f |2 s < t, s, t ∈ (a, b).

Proof. We have, on an informal level,

d

dt
f(u(t)) = (∇u(t)f,

du

dt
) = (∇u(t)f, u(t)× (u(t)×∇u(t)f))− λ1(∇u(t)f, u(t)×∇u(t)f

= (b, a× c) = −(a× b, c), (a, b× a) = 0

= −(u(t)×∇u(t)f, u(t)×∇u(t)f) = −|u(t)×∇u(t)f |2.

3Note that the identity (3.13) below is the same sa the equality (3.9)
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4. Appendix

In this Appendix we will list all algebraic identities used in this paper.
Assume that a, b, c, d ∈ R3. Then

a× b = −b× a(4.1)

⟨a× (b× c), d⟩ = ⟨c, (d× a)× b⟩(4.2)

⟨a× b, c⟩ = ⟨b, c× a⟩(4.3)

⟨a× b, b⟩ = 0,(4.4)

−⟨a× b, c⟩ = ⟨b, a× c⟩(4.5)

a× (b× c) = ⟨a, c⟩b− ⟨a, b⟩c(4.6)

|a× b| ≤ |a||b|.(4.7)

(a× b)× b = −|b|2a, if ⟨a, b⟩ = 0(4.8)

a× (a× b) = −|a|2b, if ⟨a, b⟩ = 0(4.9)

Proof of (4.8) and (4.9). If ⟨a, b⟩ = 0, then

(a× b)× b = b× (b× a) = ⟨b, a⟩b− ⟨b, b⟩a = −|b|2a

and

a× (a× b) = ⟨a, b⟩a− ⟨a, a⟩b = −|a|2b

Corollary 4.1.

⟨a× (a× b), b⟩ = −|a× b|2(4.10)

Proof. Apply, (4.3) and then (4.1).

5. Stochastic integration in M-type 2 Banach spaces

We begin with recalling one of the most fundamental notions in our work.

Definition 5.1. A Banach space X is called M-type 2 iff there exists a constant C =
C2(X) > 0 such that for any X-valued finite martingale {Mk} the following holds

(5.1) sup
k

E|Mk|2 ≤ C
∑
k

E|Mk −Mk−1|2.

For a definition of a Banach space valued martingale see [49] section 8.3 (p.41).
It is known, see [106], thatX is ofM -type 2 if and only if one of the following two conditions
holds.
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• There exists an equivalent norm ∥·∥ and k > 0 on X such that its modulus of smoothness
ρX(t) satisfies

ρX(t) ≤ kt2, t ∈ (0, 1],(5.2)

where

ρX(t) := sup
∥x∥=∥y∥=1

1

2
(∥x+ ty∥+ ∥x− ty∥ − 1) .

•• There exists a constant A > 0 such that

|x+ y|2 + |x− y|2 ≤ |x|2 + A|y|2, x, y ∈ X.(5.3)

The following is based on [51].

Definition 5.2. For separable Hilbert and Banach spaces H and X we put

(5.4) M(H,X) := {L : H → X : L is linear bounded and γ–radonifying }.
Thus, a bounded linear operator L : H → X belongs to M(H,X) iff the image L(γH) of
the canonical finitely additive gaussian function γH on H by L is σ-additive on the algebra
of cylindrical sets in X. This measure will be denoted by νL.
For L ∈M(H,X) we put

(5.5) ∥L∥M(H,X) :=

{∫
X

|x|2dνL(x)
} 1

2

,

In view of the Landau-Shepp-Fernique Theorem, ∥L∥ is a finite number.

We have, see Neidhard [51], the following

Theorem 5.3.1. M(H,X) is a separable Banach space.
2. If i : H → E is an abstract Wiener space (AWS) and

ĩ : L(E,X) ∋ A 7→ A ◦ i ∈M(H,X),

then the map ĩ is continuous, i.e. there is C > 0 such that for any A ∈ L(E,X)

∥̃i(A)∥M(H,X) ≤ C∥A∥L(E,X),

the range of ĩ is a dense subspace of M(H,X), and, for A ∈ L(E,X),

νĩ(A) = µ◦̄A,

where µ◦̄A is the image by A of the canonical Gaussian measure µ on E.

Remark 5.4. Note the following trivial fact. If Y is another separable Banach space then
there exists C > 0 such that for any A ∈M(H,X) and B ∈ L(E, Y ), BA ∈M(H,X) and
∥BA∥M(H ,X) ≤ C∥B∥L(E,Y )∥A∥M(H,X). In particular, A ◦ i ∈ M(H,X) if A ∈ L(E,X)

so that the range of ĩ is indeed contained in M(H,X) (and not only in L(H,X)), as we
tacitly assumed in part 2. of the above Theorem.
Baxendale in [3] proved that if L ∈ M(H,X) and T ∈ L(G,H) (where G is another
separable Hilbert space) then also L ◦ T ∈M(G,X).
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From now on we shall assume that i : H → E is an AWS. By µ we will denote the
canonical Gaussian (and centred) probability measure on E and by {w(t)}t≥0 an E-valued
Wiener process defined on some complete probability space (Ω,F , P ). Let Ft, t ≥ 0 be
the standard augmented filtration induced by w(t), t ≥ 0. Note that, in particular µ is the

law of t−
1
2w(t), for each t > 0. If S is a normed vector space endowed with some σ-algebra

ρ, then for 0 ≤ a < b ≤ ∞, N (a, b; S) denotes the set of all progressively measurable

S-valued processes η : [a, b)× Ω → S. If p ∈ [1,∞), then we set M̃

M̃p(a, b;S) := {ξ ∈ N (a, b;S) : E
∫ b

a

|ξ(t)|pS dt <∞},(5.6)

Ñ p(a, b;S) := {ξ ∈ N (a, b;S) :

∫ b

a

|ξ(t)|pS dt <∞ a.s.},(5.7)

Nstep(a, b;S) := {ξ ∈ N (a, b;S) : ∃π = {a = t0 < t1 < . . . < tn = b} :

ξ(t) = ξ(tk), t ∈ [tk, tk+1), k = 1, . . . , n− 1}.(5.8)

Then, we define Mp(a, b;S) to be the space of all equivalence classes of elements of

M̃p(a, b;S) with respect to a natural equivalence relation, ξ ∼ η iff E
∫ b
a
|ξ(t)−η(t)|p dt = 0.

Note that Mp(a, b;S) is complete if S is. Analogously we define N p(a, b;S) with the only

difference that now ξ ∼ η iff
∫ b
a
|ξ(t)− η(t)|p dt = 0 a.s..

Two typical examples of S are S = M(H,X) or S = L(E,X). In the former case one
considers ρ = τM(H,X), the Borel σ-algebra B(M(H,X)) on M(H,X). One can prove, see
Lemma 44 in [51], that B(M(H,X)) is generated by sets of the form

{A ∈M(H,X) : φAh ∈ U}, h ∈ H, φ ∈ X∗, U ⊂ R open.

It follows that if τL(E,X) denotes the σ-algebra on L(E,X) generated by sets of the form

{A ∈ L(E,X) : φAy ∈ U}, y ∈ E, φ ∈ X∗, U ⊂ R open.

then

Proposition 5.5. (Neidhardt) Assume that i : H → E is an AWS. Then the natural
imbedding map

ı̃ : L(E,X) → M(H,X)

is
(
τL(E,X);B(M(H,X))

)
–measurable.

For simplicity of notation let Mp
step(a, b;S) be the space of equivalence classes (in

Mp(a, b;S)) of elements of M̃p(a, b;S) ∩Mstep(a, b;S).
For ξ ∈ M2

step(a, b;L(E,X)) (with partition π = {a = t0 < t1 < . . . < tn = b}) let I(ξ) be
a measurable map from Ω into X defined by

(5.9) I(ξ) :=
n−1∑
k=0

ξ(tk) (w(tk+1)− w(tk)) .

We have
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Lemma 5.6. Assume that X is an M-type 2 Banach space and i : H → E is an AWS.
Then for any ξ ∈ M2

step(a, b;L(E,X))

I(ξ) ∈ L2(Ω, X),

EI(ξ) = 0

and

(5.10) E|I(ξ)|2 ≤ C2(X)E
∫ b

a

∥ξ(t)∥2M(H,X) dt.

Remark 5.7. Neidhard proved Lemma 5.6 by using property ••) of X. An alternative ap-
proach based on using theM -type 2 property of X (i.e. (5.1)) was proposed independently
in [69]. In both approaches one uses the standard properties of the conditional expectation
and the following

Lemma 5.8. If ξ is L(E,X) and t > s, then

E|ξ(w(t)− w(s))|2 = (t− s)

∫
X

|z|2 dνı̃(ξ)(z).(5.11)

Lemma 5.8 is a simple consequence of part 2. of Theorem 5.3. See also Lemma III.2 in
[36] and the remarks following its proof.

�
The fundamental property of the mapping I is that it extends uniquely to a bounded

linear map from M2(a, b;M(H,X) into L2(Ω, X). This follows easily from (5.10) and the
fact (proven in [51]) that M2

step(a, b;L(E,X)) is dense in M2(a, b;M(H,X). The value of

this extension at ξ ∈ M2(a, b;M(H,X) will be denoted by
∫ b
a
ξ(s) dw(s).

If τ1 ≤ τ2 are two stopping times (with respect to the filtration {Ft}t≥0) such that
τ2 − τ1 is accessible and Ω × [τ1, τ2) := {(ω, t) ∈ Ω × [0,∞] : τ1(ω) ≤ t ≤ τ2(ω)} then
by Mp(τ1, τ2;S) we denote the space of classes of all progressively measurable processes
ξ : Ω× [τ1, τ2) → S for which

E
∫ τ2

τ1

∥ξ(t)∥pM(H,X)dt <∞.

We denote by Mp
loc(τ1, τ2;S) the space of classes of all S-valued progressively measurable

processes ξ(t), τ1 ≤ t < τ2 for which there exists an increasing sequence (Tn)
∞
n=1 of stopping

times such that a.s. τ1 ≤ Tn < τ2 and limn Tn = τ2, and, for any n ∈ N,

E
∫ Tn

τ1

|ξ(t)|p dt <∞.

Analogously, one defines N p
loc(τ1, τ2;S) to be the space of classes of all S-valued progres-

sively measurable processes ξ(t), τ1 ≤ t < τ2 for which there exists a sequence (Tn)
∞
n=1 of

stopping times such that Tn ↗ τ2 a.s. and, for any n ∈ N, a.s.∫ Tn

τ1

|ξ(t)|p dt <∞.
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Remark 5.9. Our notation differs slightly from the one used by Revuz & Yor [57]. The
reason for this difference is that while these authors treat a whole family of martingales
we are mostly interested in the E-valued Wiener process (or, maybe more precise, H-
cylindrical Wiener process) w(t). Thus, for example, what we denote Mp(0,∞;R), Yor
& Revuz denote by Lp(w) (with w(t), t ≥ 0 being the standard 1-dimensional Wiener
process). Note however, that in [57] only real valued martingales are studied.
For a careful discussion of cylindrical Wiener processes see [65]. One should point out that
for purposes of Itô integration the use of H-cylindrical Wiener process is more natural
than the use of E-valued canonical Wiener process. Indeed, E plays in this setting only
an auxiliary rôle. This approach has been adopted in e.g. [19]. However in the case of
Stratonovich integral the space E plays a more specific rôle and we have decided to use
this approach throughout the whole paper.

With all this, one can define
∫ τ2
τ1
ξ(s) dw(s) ∈ L2(Ω, X) for ξ ∈ M2(τ1, τ2; M(H,X)),

having the following properties

E
∫ τ2

τ1

ξ dw(s) = 0,

E
∣∣∣∣∫ τ2

τ1

ξ(s) dw(s)

∣∣∣∣2 ≤ C2(X)E
∫ τ2

τ1

∥ξ(t)∥2M(H,X) dt,(5.12)

We have, see [25] and Proposition 3.4 in [69], the following Burkholder inequality

Theorem 5.10. Assume that i : H → E is an AWS and X is an M-type 2 Banach space.
Assume that ξ ∈ M2

loc(0,∞;M(H,X)) and I(t) :=
∫ t
0
ξ(s) dw(s).

Then, I(t) is a continuous X-valued martingale and for any r ∈ (1,∞) there exists a
constant Cr > 0 such that for any finite stopping time4 τ > 0

(5.13) E sup
0≤s≤τ

|I(s)|r ≤ CrE
[∫ τ

0

∥ξ(s)∥2M(H,X) ds

] r
2

.

We have also the following localization property of the Itô integral introduced above, see
also [36] and [32]

Proposition 5.11. Assume that i : H → E is an AWS and X is an M-type 2 Banach
space. Assume that ξk ∈ M2

loc(0,∞;M(H,X)), k = 1, 2. Assume that Ω0 ∈ F with
P (Ω0) > 0 and τ is a stopping time such that τ > 0 on Ω0. Assume that the process
ξ1(t) = ξ2(t) a.s. on Ω0

t (τ) = {ω ∈ Ω0 : t < τ(ω)}. Then, for any stopping time σ s.th.
σ ≤ τ a.s. on Ω0 and ξk ∈ M2(0, σ;M(H,X), k = 1, 2 one has, a.s. on Ω0.

(5.14)

∫ σ

0

ξ1(t) dw(t) =

∫ σ

0

ξ2(t) dw(t).

Remark 5.12. In view of Remark 5.4 one may replace M(H,X) by L(E,X). In particular,∫ t
0
ξ(s) dw(s) exists for any ξ ∈ M2

loc(0,∞;L(E,X)) and satisfies, for any finite stopping

4A stopping time τ on a probability space (Ω,F ,P) is finite iff τ < ∞ a.s.
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time τ ,

(5.15) E sup
0≤s≤τ

|
∫ s

0

ξ(u) dw(u)|r ≤ CrE
[∫ τ

0

|ξ(s)|2L(E,X)ds

] r
2

Returning to the discussion from before the formula (5.10) we consider a measurable
semiflow (Θt)t≥0 on Ω, i.e. a semigroup of measurable mappings Θt : Ω → Ω. We assume
that for all t, s ≥ 0 one has w(t) ◦ Θs = w(t + s) − w(s) a.s. Assume that (Θt)t≥0 is
jointly measurable, i.e. the map Θ : [0,∞)×Ω ∋ (t, ω) 7→ Θt(ω) is measurable. Before we
formulate our next result we need to spend some time on explaining the notation in (5.16)
below. Since Θ is jointly measurable, Θτ := Θ ◦ (τ, idΩ) : Ω → Ω is measurable. As we
already know I is a continuous process and so is also progressively measurable. Hence the
LHS map I ◦ (η,Θτ ) : Ω → Ω is also measurable. On the other hand, f ∈ M2(0, τ ;S) and
thus f(· − τ,Θτ ) is progressively measurable and in addition belongs to M2(σ, τ + σ;S).
This explains the meaning of the RHS.

We have, see also Remark III.7D from [36].

Proposition 5.13. Assume that f ∈ M2
loc(0,∞;M(H,X)) and let I(t), t ≥ 0 be the con-

tinuous version of the stochastic integral
∫ t
0
f(s) dw(s). Then, for any two finite stopping

times σ and τ the following holds a.s.

I(σ,Θτ ) =

∫ τ+σ

τ

f(s− τ,Θτ ) dw(s).(5.16)

Proof. First we assume that σ = t a.s. for some fixed t ∈ [0,∞). It is sufficient to
consider f of the form

f(s, ω) =
N∑
i=0

f(ti, ω)1[ti,ti+1)(s), s ≥ 0,

where 0 ≤ t0 < t1 < . . . < tN < tN+1 < ∞, and f(ti, ·) is
(
Fti , τL(E,X)

)
measurable,

i = 0, . . . , N − 1. Then, a.s.

I(t) =
∑

f(ti)[w(ti+1 ∧ t)− w(ti ∧ t)].

By approximating τ by finite valued stopping times we see that w(t)◦Θτ = w(τ+t)−w(τ)
a.s. Thus

I(t,Θτ ) = I(t) ◦Θτ =
∑

f(ti) ◦ θτ [w(ti+1 ∧ t+ τ)− w(ti ∧ t+ τ)]

=
∑

f(ti + τ − τ) ◦ θτ [w ((ti+1 + τ) ∧ (t+ τ))− w ((ti + τ) ∧ (t+ τ))]

=

∫ τ+t

τ

f(s− τ) ◦ θτ dw(s).

The proof in the general case remains practically the same.
�

A more general class of processes for which one can introduce a reasonably defined Itô
integral is N 2(τ1, τ2;M(H,X), see also [9]. One can prove, see [51] Lemma 18 and [9]
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Lemma 2.6 for the case τ1 = 0 and τ2 a constant, that for ξ ∈ N 2(0, T ;M(H,X)) there
exists a sequence of (classes of) processes {ξn} ∈ M2(τ1, τ2;M(H,X)) such that∫ τ2

τ1

∥ξn(s)∥2M(H,X) ds ≤
∫ τ2

τ1

∥ξ(s)∥2M(H,X) ds, a.s.,(5.17) ∫ τ2

τ1

∥ξ(s)− ξn(s)∥2M(H,X) ds → 0, a.s..(5.18)

With this, see Lemmata 34, 51, 54 and 56 in [51] and Theorem 2.7 in [9] for the particular
case mentioned above, we have

Theorem 5.14. Assume that τ1 ≤ τ2 are two stopping times such that τ2− τ1 is accessible
and ξ ∈ N 2(τ1, τ2;M(H,X)) and a sequence of processes {ξn} ∈ N 2(τ1, τ2;M(H,X))
satisfies the conditions (5.17)–(5.17) above. Then the sequence of processes

xn(t) :=

∫ t

τ1

ξn(s) dw(s), τ1 ≤ t < τ2,

converges, locally-uniformly w.r.t. t ∈ [τ1, τ2), in probability, to some admissible X–valued
process x(t), τ1 ≤ t < τ2. The latter process will denoted by∫ t

τ1

ξ(s) dw(s) := x(t), t ∈ [τ1, τ2).

The process x(t), τ1 ≤ t < τ2, is independent of the approximating sequence ξn: if ξ′n
is another sequence satisfying the above conditions and if x′(t) is the corresponding limit
process, then the processes x and x′ are equivalent.
Moreover, the process x(t), τ1 ≤ t < τ2 is a.s. bounded, i.e.

sup
τ1≤t<τ2

|x(t)| <∞, a.s.

�
Remark 5.15. Theorem 5.14 can be generalized so that the space N 2(τ1, τ2;M(H,X)) can
be replaced by N 2

loc(τ1, τ2;M(H,X)). Take for example τ1 = 0 and τ2 = τ .
If ξ ∈ N 2

loc(0, τ ;M(H,X)) and Tn is an increasing sequence of stopping times such that
a.s. Tn < τ and Tn → τ then 1[0,Tn0)ξ ∈ N 2(0, τ ;M(H,X)) and so xn(t), t < τ is an
admissible X-valued process. There exists an admissible X-valued process x(t), t < τ such
that x(t ∧ Tn) = xn(t) a.s. for any n ∈ N. In particular, xn converges in probability to x,
locally-uniformly w.r.t. t ∈ [0, τ).
Note however, that now we cannot claim that the process x(t), 0 ≤ t < τ is a.s. bounded.

Our next aim is to state the Itô Lemma. For this we need to introduce some additional
notation.

Definition 5.16. Assume that L ∈ M(H,X) is fixed and let νL be the Gaussian measure
on X related to L, see Definition 5.2. Then for any bounded bilinear bounded map A :
X ×X → Y , we write A ∈ L(X,X;Y ), let us define

(5.19) trLA :=

∫
X

A(x, x) dνL(x).
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In the special case of an AWS i : H → E we will simply write trA instead of triA.

Let us note that in view of the Landau-Shepp-Fernique Theorem, trL : L(E,E;Y ) → Y
is a bounded linear map:

(5.20) |trLA| ≤ ∥A∥L(X,X;Y )∥L∥2M(H,X).

Theorem 5.17. (Itô Formula) Assume that i : H → E is an AWS and X, Y are two
M-type 2 Banach spaces. Let 0 ≤ c < d ≤ ∞. Assume that a function f : [c, d)×X → Y
is of C1,2 class, i.e. f is Fréchet differentiable, the Fréchet derivative f ′ : [c, d) × X →
L(R×X,Y ) is continuous and differentiable in the X-direction with the resulting derivative
being continuous5. Let, for a ∈ N 1

loc(c, d;X) and b ∈ N 2
loc(c, d;M(H,X)),

(5.21) ξ(t) = ξ(c) +

∫ t

c

a(s) ds+

∫ t

c

b(s) dw(s), t ∈ [c, d].

Then for all t ∈ [c, d), a.s,

f(t, ξ(t))− f(c, ξ(c)) =

∫ t

c

∂f

∂s
(s, ξ(s)) ds+

∫ t

c

∂f

∂x
(s, ξ(s))a(s) ds(5.22)

+

∫ t

c

∂f

∂x
(s, ξ(s))b(s) dw(s)

+
1

2

∫ t

c

trb(s)
∂2f

∂x2
(s, ξ(s)) ds.

Remark 5.18. (i) If we assume that b ∈ M2
loc(c, d;L(E,X)) then the last term in 5.22 takes

the form

1

2

∫ t

c

tr

[
∂2f

∂x2
(s, ξ(s)) ◦ (b(s), b(s))

]
ds,

where ∂2f
∂x2

: [c, d)×X → L(X,L(X,Y )) ∼= L(X,X;Y ) = L(X,X;Y ).
(ii) Theorem 5.17 is proved in [51] in the case a ∈ M1(c, d;X) and b ∈ M2(c, d;N(H,X)).
Our result is twofold more general. First, we allow processes defined up to a stopping
time. Secondly, we allow processes belonging to the class N 2 and not M2 as Neidhard
does. These generalizations are essential for constructing a satisfactory theory of stochastic
differential equations on (Banach) manifolds.

We will conclude this section with a short discussion of stochastic (ordinary!) differential
equations on M -type 2 Banach spaces. We begin by recalling a result from [51] (Theorem
144).

Theorem 5.19. Assume that i : H → E is an AWS, {w(t)}t≥0 is an Wiener process on
E and X is an M-type 2 Banach space. Let T ∈ (0,∞] be fixed and the functions

f : [0, T ]×X → X

g : [0, T ]×X →M(H,X)

satisfy6

5Simply, ∂f
∂t , ∂f

∂x and ∂2f
∂x2 exist and are continuous on [c, d) ×X with values in the appropriate space.

6In the case T = ∞ we will understand the interval [0, T ] to be equal the interval [0,∞).
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1. (Linear growth condition) there exists K > 0 such that

(5.23) max{|f(t, x)|, ∥g(t, x)∥M(H,X)} ≤ K(1 + |x|), t ∈ [0, T ], x ∈ X;

2. (“local” Lipschitz condition) for any R > 0 there exists CR > 0 such that

(5.24) max{|f(t, x)− f(t, y)|, ∥g(t, x)− g(t, y)∥M(H,X)} ≤ CR|x− y|,
for all t ∈ [0, T ] and all x, y ∈ X such that |x|, |y| ≤ R.

Then, for any F0 measurable ξ0 : Ω → X, there exists a unique solution ξ(t), t ∈ [0, T ], to
the (stochastic) initial value problem

(5.25)
dξ(t) = f(t, ξ(t)) dt+ g(t, ξ(t)) dw(t), t ≥ 0,
ξ(0) = ξ0.

Moreover, ξ is a continuous process and for any r ≥ 1 there exists Cr > 0 such that for all
t ∈ [0, T )

(5.26) E sup
s∈[0,t]

|ξ(t)|r ≤ Crt
r.

Remark 5.20. The notion of a (strong) solution referred to in the previous Theorem (as
in the Theorem which follows) is standard; for the Hilbert case one can see [36], for the
Banach [51].

An admissible process ξ(t), t ∈ [0, T ] is a (strong) solution to the problem (5.26) iff for
all t ∈ [0, T ],

(5.27) ξ(t) = ξ0 +

∫ t

0

f(t, ξ(t)) dt+

∫ t

0

g(t, ξ(t)) dw(t), a.s..

One can extend the above result to the case when not only the coefficients a and b are
random functions but also to the case when their Lipschitz constants K and CR above are
random as well.

Theorem 5.21. Assume that i : H → E is an AWS and {w(t)}t≥0 is an E-valued Wiener
process. Suppose also that X is an M-type 2 Banach space. Let T ∈ (0,∞] be fixed and
the adapted random functions

f : [0, T ]×X × Ω → X

g : [0, T ]×X × Ω →M(H,X)

satisfy (see the footnote on 20)

1. (Linear growth condition) there exists a random variable K : Ω → [0,∞) such that

(5.28) max{|f(t, x, ω)|, ∥g(t, x, ω)∥M(H,X)} ≤ K(ω)(1 + |x|), t ∈ [0, T ], x ∈ X,ω ∈ Ω;

2. (“local” Lipschitz condition) for any R > 0 there exists a random variable CR :
Ω → [0,∞) such that a.s in ω ∈ Ω,

(5.29) max{|f(t, x, ω)− f(t, y, ω)|, ∥g(t, x, ω)− g(t, y, ω)∥M(H,X)} ≤ CR(ω)|x− y|,
for all t ∈ [0, T ] and all x, y ∈ X such that |x|, |y| ≤ R.

Then, for any F0 measurable ξ0 : Ω → X, there exists a unique solution ξ(t), t ∈ [0, T ], to
the (stochastic) initial value problem (5.25).
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In what follows we will pay some attention to the case when the coefficients a, b no longer
satisfy the linear growth condition.

Definition 5.22. Let τ ≤ ∞ be an accessible stopping time. An admissible stochastic
process ξ(t), t < τ , is a local solution to equation (5.25) iff there exists an increasing
sequence σn of stopping times such that a.s. σn < τ , σn → τ and for any t ≥ 0, any n ∈ N,
a.s.

ξ(σn ∧ t) = ξ0 +

∫ σn∧t

0

f(s, ξ(s)) ds+

∫ σn∧t

0

g(s, ξ(s)) dw(s).(5.30)

A local solution ξ(t), t < τ is called global iff τ = T a.s. Thus, in particular, if c = ∞ a
local solution ξ(t), t < τ is called global iff τ = ∞ a.s.

Remark 5.23. The Definition 5.22 of a local solution is independent of the sequence σn.
A proof of this fact follows from continuity of the process ξ(t), t < τ and is based on the
following three principles.

(i) If τ is an accessible stopping time then there exist an increasing sequence τn of discrete
stopping times such that a.s. τn < τ and τn → τ ;
(ii) if τ is an accessible stopping time and σ ≤ τ is a stopping time then σ is also accessible.
(ii) if ξ(t), t < τ is a local solution to then (5.30) holds with t being any discrete stopping
time.

It follows, that that the following is an equivalent definition of a local solution.
An admissible stochastic process ξ(t), t < τ , where τ be an accessible stopping time, is a
local solution to equation (5.25) iff for every accessible stopping time σ such that σ < τ ,
for every t ≥ 0, a.s.

ξ(σ ∧ t) = ξ0 +

∫ σ∧t

0

f(s, ξ(s)) ds+

∫ σ∧t

0

g(s, ξ(s)) dw(s).(5.31)

Definition 5.24. Let τ ≤ ∞ be an accessible stopping time. A local solution ξ(t), t < τ

to (5.25), is a maximal solution to equation (5.25) iff for any other local solution ξ̂(t),
t < τ̂ , τ̂ ≤ ∞ being a stopping time such that P {τ̂ > τ} > 0 there exists a measurable set

Ω̂ ⊂ {τ̂ > τ} such that P(Ω̂) > 0 and ξ(τ) ̸= ξ̂(τ) on Ω̂. Thus, a local solution ξ(t), t < τ

is not a maximal one iff there exists another local solution ξ̂(t), t < τ̂ , such that

P (τ̂ > τ, ξ(τ) = ξ(τ̂)) > 0.

If ξ(t), t < τ to (5.25), is a maximal solution to equation (5.25), the stopping time τ is
called the explosion time of ξ.

Definition 5.25. A local solution ξ(t), t < τ to problem (5.25) is unique iff for any other

local solution ξ̂(t), t < τ̂ to (5.25) the restricted processes ξ[0,τ∧τ̂)×Ω and ξ̂[0,τ∧τ̂)×Ω are
equivalent.

Remark 5.26. In the Definition 5.22 ξ(t), t < τ is an admissible (so that a continuous)
process. Thus, the process g(s, ξ(s), 0 ≤ s < τ belongs to N 2

loc(0, τ ;M(H,X)) and so, in
view of Remark 5.15 the Itô integral∫ t∧σ

0

g(s, ξ(s)) dw(s)
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makes sense, for any stopping time σ < τ and any t ≥ 0.

In the following generalization of Theorem 5.19 the assumption of Lipschitz continuity
of the coefficients on all bounded balls is replaced by a weaker one: a true local Lipschitz
condition.

Theorem 5.27. Assume that i : H ↪→ E is an AWS and {w(t)}t≥0 is an E-valued Wiener
process. Assume that X is an M-type 2 Banach space, T ∈ (0,∞] is fixed and the functions

f : [0, T )×X → X,

g : [0, T )×X →M(H,X)

satisfy the local Lipschitz condition:
for any x0 ∈ X there exists r0 > 0 and L0 > 0 such that for any x1, x2 ∈ B̄(x0, r0) := {x ∈
X : |x− x0| ≤ r0} and all t ∈ [0, T )

(5.32) max{|f(t, x2)− f(t, x1)|, ∥g(t, x2)− g(t, x1)∥M(H,X)} ≤ L0|x2 − x1|.

Then, for any F0 measurable ξ0 : Ω → X there exists a unique process {ξ(t)}, t < τ (with
an accessible stopping time τ > 0) which is a maximal solution to (5.25).
Moreover, if the Linear Growth Condition from Theorem 5.19 holds, then the solution ξ(t),
t < τ is global, i.e. τ = T a.s. and

(5.33) E|ξ(t)|2 ≤ 3e3K
2(C2+T )t

(
E|ξ0|2 +K2T (C2 + T )

)
, t ∈ [0, T ].

Remark 5.28. It follows from the Definition of uniqueness, see Definition 5.25, that ξ is a
unique maximal solution to (5.25) iff for any local solution ξ̂(t), t < τ̂ to (5.25),

τ̂ ≤ τ, a.s.,

ξ̂ = ξ a.s. on [0, τ ∧ τ̂)× Ω.

Before we embark on prove of Theorem 5.27 we present some discussion needed later on.
One can also replace the initial condition in (5.25), deterministic in the sense that initial

time is 0, by a random one in the following sense. Let T be a finite stopping time and let
h : Ω → X be FT measurable. Then one seeks a stopping time τ > T and an admissible
X-valued process ξ(t), T ≤ t < τ which is a solution to

dξ(t) = f(ξ(t)) dt+ g(ξ(t)) dw(t),(5.34)

ξ(T ) = h, a.s..

Local, resp. maximal solution to the problem (5.34) we define analogously as the corre-
sponding notions with respect to problem (5.25), see Definitions 5.22 and 5.24. In particu-
lar, in the definition of local solution we require the existence of an increasing sequence of
{σn}n of stopping times such that T ≤ σn < τ a.s., σn → τ and for any t ≥ 0, any n ∈ N,
a.s. on {t ≥ T},

ξ(σn ∧ t) = h+

∫ σn∧t

T

f(s, ξ(s)) ds+

∫ σn∧t

T

g(s, ξ(s)) dw(s).(5.35)

Existence and uniqueness of maximal solutions to problem (5.34) holds as in Theorem
5.27. We have the following
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Corollary 5.29. Assume that ξ(t), t < T̂ is a solution to (5.25) and T is an accessible

stopping time such that T < T̂ a.s.. Let h(ω) := ξ(T (ω), ω), ω ∈ Ω and let η(t), T ≤ t < τ
be a solution to (5.34).

Then the process x(t), t < τ defined by

x(t, ω) :=

{
ξ(t, ω), if t ≤ T (ω),

η(t, ω), if T (ω) < t < τ(ω),

is a solution to (5.34)

Proof. First of all we notice h is FT -measurable, see e.g. [47] Proposition 2.18, ch. I.
To prove that the process x(t), 0 ≤ t < τ , is a solution, we need to prove that, firstly, it

is admissible and, secondly, that the integral identities (5.35) hold true for an appropriate
choice of stopping times. To prove the first property we observe that since obviously the
paths of the process x are continuous, we only need to show that for each t ≥ 0, the
function x(t) = x(t, ·) : {t < τ} → X is Ft measurable. To prove the latter we observe
that

x(t) = ξ(t)1A + η(t)1B,

where A = {T ≥ t}, B = {T < t, t < τ} = {T < t} ∩ {t < τ}. Since τ and T are
stopping times, the sets A and B belong to the σ-algebra Ft. Since moreover ξ(t) and η(t)
are Ft-measurable, we infer Ft-measurability of x(t).

We finish by observing that by using the additivity of the Itô and the Riemann integrals
with respect to limits of integration we infer that the process x(t), 0 ≤ t < τ is a (local)
solution.

�
Corollary 5.30. If ξ(t), 0 ≤ t < τ is the maximal solution to (5.25) then

P
{
w ∈ Ω : τ(ω) <∞,∃ lim

t↗τ(ω)
ξ(t)(ω) ∈ X

}
= 0.

Proof of Corollary 5.30. We argue by contradiction. Assume that there exists
Ω1 ⊂ Ω such that P(Ω1) > 0 and such that for any ω ∈ Ω1 we have τ(ω) < ∞ and
limt↗τ(ω) ξ(t)(ω) = η̄(ω) ∈ X.
Take an increasing sequence {σn}∞n=1 of stopping times such that σn < τ a.s. and σn ↗ τ
a.s. Since the function fn(ω) := ξ(σn(ω))(ω), ω ∈ Ω is Fσn–measurable, see e.g. [47]
Proposition 2.18, ch. I, and hence Fτ–measurable, the set Ω2 := {ω ∈ Ω : τ(ω) <
∞ and limn fn(ω) := η̄(ω)exists} belongs to the σ-algebra Fτ and the function η̄ is Fτ–
measurable. Note that obviously Ω1 ⊂ Ω2 so that P(Ω2) > 0.
Let η(t), τ(ω) ≤ t < τ2(ω), be the solution to (5.25) with initial condition ητ(ω)(ω) =

η̄(ω)1Ω2(ω). Then, by Corollary 5.29 the process ξ̃(t) defined by

ξ̃(t)(ω) =

{
ξ(t)(ω), if t < τ(ω),

η(t)(ω), if ω ∈ Ω2 and t ∈ [τ(ω), τ2(ω))

is a solution to (5.25). Obviously this contradicts the maximality of the solution ξ(t).
�
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Proof of Theorem 5.27. Existence Let U0 and U be two open and bounded subsets
of X such that U0 ⊂ Ū0 ⊆ U and both f and g satisfy the condition (5.32) in U . For
each such a pair of sets there exist functions fU : X → X and gU : [0, T )×X → L(E,X)
which satisfy the conditions of Theorem 5.19 and coincide on [0, T ) × U0 with f and g
respectively. There exists a global solution ξU(t) to the problem

(5.36)

{
dξU(t) = fU(ξU(t)) dt+ gU(ξU(t)) dw(t),
ξU(0) = ξ01{ξ0∈U0}.

Let τU be the exit time of the process ξU(t) from U0. Note that τU = 0 if {ξ0 /∈ U0}. If
P (ξ0 ∈ U0) > 0, then the process ξ(t), t < τU is a solution to (5.25).

Let Ξ denote the set of all solutions ξ(t), t < τ to (5.25). We have just seen Ξ to be a
nonempty set. Let D be the set of all stopping times τ , with ξ(t), t < τ belonging to Ξ.
Next we need the following result, see Lemma III.B in [36].

Lemma 5.31. Let A be a family of stopping times, each with values in [0,∞]. Assume
that τ := sup{α : α ∈ A} is > 0 a.s. Assume that for each α ∈ A, Iα : [0, α)× Ω → X is
an adapted process. Assume that for any t <∞ and any α, β ∈ A

P ({ω ∈ Ω : t < α(ω) ∧ β(ω) and Iα(t, ω) ̸= Iβ(t, ω)}) = 0.

Then there exists an adapted process I : [0, τ)× Ω → X such that for all t <∞, α ∈ A
(5.37) P ({ω ∈ Ω : t < α(ω), Iα(t, ω) ̸= I(t, ω)}) = 0.

Moreover,

(i) If Ĩ : [0, τ) × Ω → X is any process satisfying (5.37) then the process Ĩ is a version of
the process I, i.e. for any t ∈ [0,∞)

P
({
ω ∈ Ω : t < τ(ω), I(t, ω) ̸= Ĩ(t, ω)

})
= 0.

(ii) If each element of A is an accessible stopping time then also τ is an accessible stopping
time.
(iii) If also each Iα is admissible, then I can be chosen to be admissible as well.

Proof of Lemma 5.31. We simply repeat the arguments of the corresponding proof
from [36].

�
Using the above result we find a stopping time τ̂ : Ω → [0, T ] and an admissibleX-valued

process ξ̂(t), t < τ̂ such that for each τ ∈ D a.s. on Ωt(τ),

ξ̂(t) = ξ(t).

We need to prove that ξ̂(t), t < τ̂ is a solution to (5.25) with τ̂ > 0 an accessible stopping
time. We begin with the latter. For this let {Bn} be a sequence of balls in X such that, if
Bn = B(xn, rn),

∪
n(xn,

rn
2
) = X and the condition (5.32) is satisfied in each ball Bn. Let

Ωn := {ξ0 ∈ B(xn,
rn
2
)}. Then P (

∪
nΩn) = 1. If ξn(t), t < τn is a local solution to (5.25)

constructed as above (with U = Bn, U0 = B(xn,
rn
2
) then τ̂ ≥ τn. Since τn > 0 a.s. on Ωn

if P (Ωn) > 0 it follows (as P (
∪
nΩn) = 1) that τ̂ > 0 a.s.

Now we shall prove that ξ̂(t), t < τ̂ is a solution to (5.25).
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Denote

(5.38) η(t) = ξ̂(0) +

∫ t

0

f(s, ξ̂(s)) ds+

∫ t

0

g(s, ξ̂(s)) dw(s), 0 ≤ t < τ̂ .

If a process ξ(t), t < τ belongs to Ξ, then a process η defined by (5.38) by replacing

ξ̂ by ξ, is a version of ξ(t), 0 ≤ t < τ . Indeed, ξ(t), 0 ≤ t < τ is a solution to (5.25).
Therefore by the uniqueness part (i) of Lemma 5.31 we infer that η̂, 0 ≤ t < τ̂ is a version

of ξ̂, 0 ≤ t < τ̂ . This proves that ξ(t), 0 ≤ t < τ̂ is a solution to (5.25) and thus the proof
of the first part of Theorem 5.27 is finished.

Our aim is to show that in the presence of the Linear Growth Condition τ = T a.s. By
localization we may assume that ξ0 is bounded. In particular, E|ξ0|p < ∞ for all p ≥ 1.
For simplicity we assume that f = 0.

Lemma 5.32. Suppose that a.s. on a measurable set Ω1,

τ < T,(5.39)

lim sup
t↗τ

|ξ(t)| <∞.(5.40)

Then P (Ω1) = 0.

Proof of Lemma 5.32. By localization we may suppose that T is finite, a.s. on Ω1,
τ ≤ T and |ξ(t)| ≤ R, 0 ≤ t < τ for some R ∈ (0,∞). We shall prove that this implies
that ξ(t) has a limit as t↗ τ , what in view of Corollary 5.30 implies that P (Ω1) = 0.
In what follows we suppose that Ω1 = Ω. Denote

x(t) = 1{t<τ}g(t, ξ(t)), t ∈ [0, T ].

Then, since ∥g(t, ξ(t))∥2 ≤ K(1 + R2) (by the Linear Growth Condition) and T < ∞,
x ∈ Mp(0, T ;M(H,X)) for any p ≥ 2. Therefore the process y(t), 0 ≤ t ≤ T defined by

y(t) =

∫ t

0

x(s) dw(s), t ∈ [0, T ],

is a.s. continuous on [0, T ]. On the other hand, ξ(t) = y(t) a.s. on Ωt. Recall that
Ωt = at = {ω ∈ Ω : t < τ(ω)}. Hence, as ξ is an admissible process, a.s. on Ω, ξ(t) = x(t)
when t < τ . The proof of the Lemma is complete.

It follows from Lemma 5.32 that for each n ∈ N

(5.41) σn := inf{t < τ : |ξ(t)| > n}

is a well defined finite stopping time. First we shall show that

(5.42) lim
n→∞

σn = T.

Since ξ(t) is a solution to (5.25),

(5.43) ξ(t ∧ σn) = ξ0 +

∫ t∧σn

0

g(s, ξ(s)) dw(s) +

∫ t∧σn

0

f(s, ξ(s)) ds, t ∈ [0, T ).
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From formula (5.15) in our paper and the Linear growth condition above we get

E|ξ(t ∧ σn)|2 ≤ 3E|ξ0|2 + 3C2E
∫ t∧σn

0

|g(s, ξ(s))|2 ds+ 3TE
∫ t∧σn

0

|f(s, ξ(s))|2 ds

≤ 3E|ξ0|2 + 3(C2 + T )K2E
∫ t∧σn

0

(
1 + |ξ(s)|2

)
ds

≤ 3E|ξ0|2 + 3(C2 + T )K2E
∫ t∧σn

0

(
1 + |ξ(s ∧ σn)|2

)
ds

≤ 3E|ξ0|2 + 3(C2 + T )K2

∫ t

0

(
1 + E|ξ(s ∧ σn)|2

)
ds

= 3E|ξ0|2 + 3K2T (C2 + T ) + 3K2(C2 + T )E
∫ t

0

|ξ(s ∧ σn)|2 ds

Hence by the Gronwall Lemma, applied to function φ(t) = E|ξ(t ∧ σn)|2, t ∈ [0, T ), we
infer that

(5.44) E|ξ(t ∧ σn)|2 ≤ 3
(
E|ξ0|2 +K2T (C2 + T )

)
e3K

2(C2+T )t, t ∈ [0, T ).

Let us fix t ∈ [0, T ). Since

(5.45) E|ξ(t ∧ σn)|2 =
∫
{t>σn}

|ξ(σn)|2 +
∫
{t≤σn}

|ξ(t)|2

and |ξ(σn)| = n it follows that

n2P{σn < t} ≤ C

for all n ∈ N and some constant C > 0. Therefore, P{σn < t} → 0 as n → ∞ and hence
σn ↗ T as n→ ∞.

Since σn ≤ τ we infer that τ = T as required.
Next we will use (5.44) again. For a fixed t we take n → ∞. Then from (5.44) we see

that (5.33) holds.
Uniqueness. We return to the consideration from the beginning of the Existence part of the
proof. Thus, U0 and U are be two open and bounded subsets of X such that U0 ⊂ Ū0 ⊆ U
and both f and g satisfy the condition (5.32) in U . Moreover, both fU : X → X and
gU : [0, T ) × X → L(E,X) satisfy the conditions of Theorem 5.19 and both coincide on
[0, T )×U0 with f and g respectively. Let ξ(t), t < τ be a local solution to problem (5.25).
Let τU be the exit time of the process ξ(t) from U0. Then ξ(t), t < τ ∧ τU is also a local
solution to problem (5.25). By the properties of fU and gU we infer that ξ(t), t < τ ∧ τU
is also a local solution to problem (5.36). Since the latter problem has a unique global
solution, we infer that the processes ξ(t), t < τ ∧ τU and ξU(t), t < τ ∧ τU are equivalent.
This proves the following

Lemma 5.33. Let ξ1(t), t < τ1 and ξ2(t), t < τ2 be two local solutions to problem (5.25).
Set τ = τ1 ∧ τ2. Then there exists a positive accessible stopping time σ such that the
processes ξ1(t), t < τ ∧ σ and ξ2(t), t < τ ∧ σ are equivalent.

Let now ξ1, ξ2 and τ be as in Lemma 5.33. We need to show that the processes ξ1(t),
t < τ and ξ2(t), t < τ are equivalent. Define σ := inf{t ∈ [0, τ) : ξ1(t) ̸= ξ2(t)}. Since
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the diagonal is a closed subset of X2, σ is an accessible stopping time. We need to show
that σ = τ a.s. Suppose the set Ω̂ = {σ < τ} has positive measure. Since obviously

Ω̂ ∈ Fσ and ξ1(σ) = ξ2(σ) a.s. on Ω̂ are Fσ measurable, by employing a random initial
value modification of Lemma 5.33, we find out that there exist a stopping time σ̂ such that
σ̂ > σ a.s. on Ω̂ and the processes ξ1(t), t < τ ∧ σ̂ and ξ2(t), t < τ ∧ σ̂ are equivalent. This
contradicts the definition of σ and thus the uniqueness part of the proof of Theorem 5.27
is also completed.

�
Corollary 5.34. In addition to the assumptions of Theorem 5.27 let us assume that the
coefficients a and b do not depend on time, i.e.

a : X → X, b : X →M(H,X)

are such that for any R > there exists C = CR > 0 such that

(5.46) max{|a(x2)− a(x1)|X , |b(x2)− b(x1)|M(H,X)} ≤ CR|x2 − x1|, for |x1|, |x2| ≤ R.

Then the maximal solution ξ(t), t < τ to the following homogeneous in time version of the
problem (5.25)

(5.47)

{
dξ(t) = f(ξ(t)) dt+ g(ξ(t)) dw(t), t ≥ 0
ξ(0) = ξ0

satisfies a.s. on {τ <∞},
(5.48) |ξ(t)| → ∞ as t↗ τ.

Proof of Corollary 5.34. Since both f and g are uniformly Lipschitz continuous
on every ball in X, the proof is completely analogous to the finite dimensional case, see
e.g. the proof of Theorem 3.4.5 in [48].

�
Remark 5.35. It follows from the proof of Theorem 5.27 that if c < ∞ and the linear
growth condition holds, the maximal solution ξ(t), t ∈ [0, T ) has a.s. a limit as t↗ T .

The following result has already been used in [12], see Proposition 4.6 therein. We use
notation from Theorem 5.19

Proposition 5.36. Suppose that α(t) and β(t) are two progressively measurable, locally
bounded L(X;M(H;X)) and respectively M(H;X)–valued stochastic processes. Assume
that v0 is an F0 measurable, X–valued random variable. Assume finally that for some fixed
q ≥ 2 and T > 0

E|v0|q < ∞,(5.49)

E
∫ T

0

∥β(t)∥q dt < ∞.(5.50)

Suppose that an admissible X–valued process v(t), t ∈ [0, T ], is a solution to the following
problem

dv(t) = α(t)v(t) dw(t) + β(t) dw(t), t ≥ 0(5.51)

v(0) = v0.
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If n > 0 and τn := inf{t ∈ (0, T ] : |α(t)| > n}, then
E sup

0≤t≤T
|v(t ∧ τn)|q(5.52)

≤ 3q−1

(
E|v0|q + CqE(

∫ T∧τn

0

∥β(t)∥2 dt)q/2
)
e3

q−1CqnqT
q
2−1

.

Remark 5.37. An admissible X–valued process v(t), t ∈ [0, T ], is a solution to the problem
(5.51-5.52) iff for every n ∈ N and all t ∈ [0, T ],

v(t ∧ τn) = v(0) +

∫ t∧τn

0

(α(s)v(s) + β(s)) dw(s), a.s..

Under the conditions of Proposition 5.36 one can show existence of a unique solution to
the problem (5.51-5.52).

Proof. As in the proof of Lemma 5.32 we apply the Gronwall Lemma to the Lq-norm
of the stopped process v(t ∧ τn), t ∈ [0, T ]. We make an essential use of the Burkholder
inequality (5.13).

�
Remark 5.38. The main differences between our treatment and that given in [5] are first
that Belopolskaja and Daletskii considered Banach spaces with strong differentiability con-
ditions on their norms. Whereas we use the more general class of M -type 2 spaces (we
need to do this since the W ϑ,p spaces we need to use in section ?? below are M -type 2 but
do not have an equivalent norm satisfying the conditions of [5]). In fact a Banach space
with norm twice differential with both derivatives bounded is a Hilbert Space, see Fact
1.0 p. 184 in [27], so caution is needed in such differential assumptions. Secondly we use
Stratonovich calculus and our noise for Stratonovich equations has to be a genuine Wiener
process rather than a cylindrical process as used in [5], or for Itô equations in, for example,
Theorem 5.21 above. In other words our noise coefficients b takes values in L(E,X) rather
than M(H,X). This is discussed in more detail in the Appendix below.

6. Stochastic Integration in M-type 2 Banach Spaces

The following definition is fundamental for our work.

Definition 6.1. A Banach space X is called M-type 2 if and only if there exists a constant
C(X) > 0 such that for any X-valued martingale {Mk} the following inequality holds

(6.1) sup
k

E
[
|Mk|2

]
≤ C(X)

∑
k

E
[
|Mk −Mk−1|2

]
.

Any Hilbert space is an M-type 2 Banach space. In such a case we then have equality in
(6.1) with C(X) = 1. The Lebesgue Function spaces Lp, p > 2, are examples of M-type 2
Banach spaces which are not Hilbert spaces.

The theory of stochastic integration in infinite dimensional Hilbert spaces has been
developed and is well understood. However, for general separable Banach spaces there are
difficulties in defining a meaningful Itô integral. In an unpublished thesis by Neidhardt,
[51], a theory of stochastic integration was developed for a certain class of Banach spaces
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known as 2-uniformly smooth Banach spaces. A Banach space X is said to be 2-uniformly
smooth if and only if for each x, y ∈ X

(6.2)
1

2

(
|x+ y|2X + |x− y|2X

)
≤ |x|2X + A|y|2X ,

for some constant A > 0. If X is a Hilbert space then equality holds in (6.2) with A = 1,
i.e., the norm | . |X satisfies the parallelogram law. Independently of Neidhardt, similar
work on stochastic integrals was carried out by Dettweiler, see [83] and references therein.
It is known, see [106], that a Banach space is 2-uniformly smooth if and only if it is M-
type 2. Either of the above two inequalities make it possible to define a meaningful Itô
integral for this class of Banach spaces. However, the M-type 2 inequality (6.1) will prove
to be the most useful for our needs. We briefly outline the construction of the Itô integral in
M-type 2 Banach spaces and refer the reader to [73] and [77] for a more detailed summary
and further references.

Definition 6.2. For separable Hilbert and Banach spaces H and X we set

(6.3) R(H,X) := {T : H → X : T ∈ L(H,X) and T is γ-radonifying},
where L(H,X) denotes the Banach space of bounded linear operators between H and X.
By T being γ-radonifying we mean that the image T (γH) := γH ◦ T−1 of the canonical
finitely additive Gaussian measure γH on H is σ-additive on the algebra of cylindrical sets
in X.

Remark 6.3. The algebra of cylindrical sets in X generates the Borel σ-algebra, B(X) on
X, see [42]. Thus T (γH) extends to a Borel measure on B(X) which we denote by νT .
In particular, νT is a Gaussian measure on B(X), i.e., for each λ ∈ X∗ (the dual of X),
the image measure λ(νT ) is a Gaussian measure on B(R). The covariance operator of νT
equals TT ∗ : E∗ → E.

For T ∈ R(H,X) we put

(6.4) ∥T∥2R(H,X) :=

∫
X

|x|2 dνT (x).

As νT is Gaussian, then by the Fernique–Landau–Shepp Theorem, see [42], ∥T∥R(H,X) is
finite. Furthermore, see [51], R(H,X) is a separable Banach space endowed with the norm
(6.4).

Definition 6.4. Let E be a separable Banach space. We say that i : H ↪→ E is an Abstract
Wiener Space, AWS, if and only if i is a linear, one-to-one map and i ∈ R(H,E). If
i : H ↪→ E is an AWS, then the Gaussian measure νi on E will be denoted by µ and called
the canonical Gaussian measure on E.

Remark 6.5. Many authors require i(H) to be dense in E in the definition of an AWS.
This is an unnecessary restriction for us. In fact, Sato, [107], proved that given a separable
Banach space with Gaussian measure µ, then there always exists a Hilbert subspace H ⊂ E
such that i : H ↪→ E is an AWS, with µ = νi, where i is the inclusion mapping. The
imbedding i is not dense in general.

Remark 6.6. The Hilbert space H appearing in the above definition is often referred to as
the reproducing kernel Hilbert space, RKHS, of (E, µ).
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Suppose that a triple (Ω,F ,P) is a complete probability space and let i : H ↪→ E be an
AWS. Let w(t), t ≥ 0, denote the corresponding E-valued Wiener process, i.e., a continuous
process on E such that:

(i) w(0) = 0 a.s.;
(ii) the law of the random function t−1/2w(t) : Ω → E equals µ, for any t > 0;
(iii) if Fs is the σ-algebra generated by w(r), r ∈ [0, s], then w(t)−w(s) is independent

of Fs for any t ≥ s ≥ 0.

Remark 6.7. In view of (ii) it is not difficult to show that for p ≥ 0,

(6.5) mp := E
[∣∣∣∣w(t)− w(s)

(t− s)1/2

∣∣∣∣p
E

]
=

∫
E

|z|pE dµ(z).

Furthermore by the Fernique–Landau–Shepp Theorem, see [42], mp <∞ for each p ≥ 0.

Let X be an M-type 2 Banach space and T ∈ (0,∞). For p ≥ 1, let Mp(0, T ;L(E,X))
be the space of (equivalence classes of) progressively measurable functions ξ : [0, T ]×Ω →
L(E,X) which satisfy

E
[∫ T

0

|ξ(t)|pL(E,X) dt

]
<∞

(with an analogous definition for the space Mp(0, T ;R(H,X))).
LetMp

step(0, T ;L(E,X)) be the subspace of those ξ ∈Mp(0, T ;L(E,X)) for which there
exists a partition 0 = t0 < t1 < · · · < tn = T such that ξ(t) = ξ(tk) for t ∈ [tk, tk+1),
0 ≤ k ≤ n− 1, k ∈ N.

For ξ ∈M2
step(0, T ;L(E,X)) define a measurable map I(ξ) : Ω → X by

(6.6) I(ξ) :=
n−1∑
j=1

ξ(tk)
(
w(tk+1)− w(tk)

)
.

The following lemma is crucial for the successful construction of the Itô integral.

Lemma 6.8. Suppose i : H → E is an AWS with canonical E-valued Wiener process w(t),
t ≥ 0, X is an M-type 2 Banach space and T ∈ (0,∞). Then for
ξ ∈Mp

step(0, T ;L(E,X)), I(ξ) ∈ L2(Ω;X), E[I(ξ)] = 0 and

(6.7) E
[
|I(ξ)|2X

]
≤ C

∫ T

0

E
[
∥ξ(t) ◦ i∥2R(H,X)

]
dt.

Remark 6.9. Lemma 6.8 may be proved using either the inequality (6.1) or the inequality
(6.2), along with the fact that L(E,X) is contained in R(H,X) via the continuous map

L(E,X) ∋ ξ 7−→ ξ ◦ i ∈ R(H,X).

Remark 6.10. In the case when X is a Hilbert space (6.7) reads

E
[
|I(ξ)|2X

]
= E

[∫ T

0

∥ξ(t) ◦ i∥R(H,X) dt

]
,

which, of course, is the well-known Itô Isometry. The existence of the Itô Isometry is due
to the ‘nice’ geometrical properties of the Hilbert space, i.e., the existence of an inner
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product. In general Banach spaces we lose the notion of ‘geometry’ and this is where the
difficulty lies when one wishes to construct an Itô Integral. Although we do not have the
Itô Isometry, the inequality (6.7) is enough to ensure that we can control the ‘size’ of the
random variable I(ξ) given by (6.6).

The fundamental property of the map I is that it extends uniquely to a bounded
linear map from M2(0, T ;R(H,X)) into L2(Ω;X). This is a consequence of (6.7) and
the fact, proven in [51], that M2

step(0, T ;L(E,X)) is dense in M2(0, T ;R(H,X)). For

ξ ∈ M2(0, T ;R(H,X)), the value of this extension will be denoted by
∫ T
0
ξ(t) dw(t). Fur-

thermore, we have

Theorem 6.11. Suppose i : H → E is an AWS with corresponding E-valued Wiener
process w(t), t ≥ 0, and X is an M-type 2 Banach space. Assume that for T > 0,
ξ ∈M2(0, T ;R(H,X)) and let I(r) :=

∫ r
0
ξ(t) dw(t) for r > 0. Then, I(r) is a continuous

X-valued martingale and for any p ∈ (1,∞) there exists a constant Cp > 0, independent
of T and ξ, such that

(6.8) E
[
sup

0≤r≤T
|I(r)|pX

]
≤ Cp

(∫ T

0

E
[
∥ξ(t)∥2R(H,X)

]
dt

)p/2
.

The inequality (6.8) is the Burkholder inequality. The case p = 2 was proved in [51] and
later, using the M-type 2 inequality, was proved in [83] for any p ∈ (1,∞).

Remark 6.12. In the above we may replace R(H,X) by L(E,X), see Remark 6.9. In

particular,
∫ T
0
ξ(t) dw(t) exists for any ξ ∈M2(0, T ;L(E,X)) and satisfies

(6.9) E
[
sup

0≤r≤T

∣∣∣∣∫ r

0

ξ(t) dw(t)

∣∣∣∣p
X

]
≤ Cp

(∫ T

0

E|ξ(t)|2L(E,X) dt

)p/2
.

For suitable maps f : X → X and g : X → R(H,X) we consider the following problem

(6.10)

{
dξ(t) = f

(
ξ(t)

)
dt,+g

(
ξ(t)

)
dw(t)

ξ(0) = ξ0,

where ξ0 : Ω → X is F0-measurable. A continuous and adapted process
ξ : [0, T ] × Ω → X is said to be a solution to the Itô equation (6.10) if and only if
for all t ∈ [0, T ]

(6.11) ξ(t) = ξ(0) +

∫ t

0

f
(
ξ(r)

)
dr +

∫ t

0

g
(
ξ(r)

)
dw(r) a.s.

We have the following existence and uniqueness theorem (see Theorem 2.26 in [73], where
only the case p = 2 was studied; however, the proof carries over to any p ∈ [1,∞) without
any substantial difference).

Theorem 6.13. Assume that i : H ↪→ E is an AWS, {w(t)}t≥0 the corresponding Wiener
process on E and X is an M-type 2 Banach space. Let T > 0 be fixed. Suppose the
maps f : X → X and g : X → R(H,X) satisfy the following linear growth and Lipschitz
conditions:
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(i) (Linear Growth Condition) there exists K > 0 such that for each x ∈ X

max
{
|f(x)|X , ∥g(x)∥R(H,X)

}
≤ K(1 + |x|X);

(ii) (local Lipschitz continuity) for any x0 ∈ X there exists an r0 > 0 and L0 > 0 such
that for any x, y ∈ B̄(x0, r0) := {x ∈ X : |x− x0| ≤ r0}

max
{
|f(x)− f(y)|X , ∥g(x)− g(y)∥R(H,X)

}
≤ L0|x− y|X .

Let p ≥ 1 and ξ0 : Ω → X be F0-measurable such that E[|ξ0|pX ] <∞.
Then there exists a unique ξ ∈Mp(0, T ;X) which is the solution to the problem (6.10).

Moreover, the following estimate holds:

(6.12) E
[
sup
t∈[0,T ]

|ξ(t)|pX
]
≤ Cp

(
E
[
|ξ0|pX

]
+ T p

)
.

Remark 6.14. One should point out that the local Lipschitz condition (ii) above is weaker
than the usual one:

(ii′) (Lipschitz continuity on balls) for any R > 0 there exists CR > 0 such that

max
{
|f(x)− f(y)|X , ∥g(x)− g(y)∥R(H,X)

}
≤ CR|x− y|X

for all x, y ∈ X with |x|X , |y|X ≤ R.

The condition (ii) is more suitable for studying equations on Banach manifolds. Both
conditions are equivalent if dimX <∞.

So far we have introduced the Itô integral and defined what we mean by a solution to an
Itô equation. We now turn to Stratonovitch integrals and Stratonovitch equations. We first
need to introduce some notation. By L2(E;X) we denote the space of bounded bilinear
maps, Λ : E ×E → X. Let i : H → E be an AWS. We define the map tr : L2(E;X) → X
by

(6.13) tr Λ :=

∫
E

Λ(e, e) dµ(e),

where µ is the canonical Gaussian measure on E. In view of the Fernique–Landau–Shepp
Theorem, tr is a bounded linear map. Note that the tr map depends on the choice of AWS.

The following two definitions are taken from [73].

Definition 6.15. Suppose i : H → E is an AWS with canonical E-valued Wiener process
w(t), t ≥ 0, and X is an M-type 2 Banach space. Let T ∈ (0,∞) and ξ(t), t ∈ [0, T ] be a
stochastic process such that for any t ≥ 0

ξ(t) = ξ(0) +

∫ t

0

a(r) dr +

∫ t

0

b(r) dw(r) a.s.,

where a ∈ M1(0, T ;X) and b ∈ M2(0, T ;L(E,X)). For a C1 map g : X → L(E,X) we
define the Stratonovitch Integral of g(ξ(t)) as

(6.14)

∫ t

0

g
(
ξ(r)

)
◦ dw(r) :=

∫ t

0

g
(
ξ(r)

)
dw(r) +

1

2

∫ t

0

tr
[
g′
(
ξ(r)

)
b(r)

]
dr.
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Remark 6.16. By a C1 map we mean that g : X → L(E,X) is Fréchet differentiable with
continuous Fréchet derivative g′ : X → L(X,L(E,X)). Furthermore, note that

g′
(
ξ(r)

)
b(r) ∈ L

(
E,L(E,X)

)
≃ L2(E;X)

so that tr[g′(ξ(r)) b(r)] appearing in (6.14) is well defined.

Remark 6.17. In the definition of the Stratonovitch Integral, it is not acci-
dental that we have chosen

b ∈M2
(
0, T ;L(E,X)

)
rather than b ∈M2

(
0, T ;R(H,X)

)
.

For a discussion why one needs to consider processes in M2(0, T ;L(E,X)) and not in the
larger space M2(0, T ;R(H,X)), see [73], Appendix A.

Definition 6.18. Suppose i : H → E is an AWS with canonical E-valued Wiener process
w(t), t ≥ 0, and X is an M-type 2 Banach space. Let T ∈ (0,∞). Let g be as above and
let f : X → X be a continuous function. We say that an adapted and continuous X-valued
process ξ(t), t ∈ [0, T ], is a solution to the Stratonovitch equation

(6.15) dξ(t) = f
(
ξ(t)

)
dt+ g

(
ξ(t)

)
◦ dw(t)

if and only if it is a solution to the Itô equation

(6.16) dξ(t) =
(
f
(
ξ(t)

)
+

1

2
tr
[
g′
(
ξ(t)

)
g
(
ξ(t)

)])
dt+ g

(
ξ(t)

)
dw(t).

Thus ξ(t) is a solution to (6.15) if and only if it satisfies for each t ≥ 0

(6.17) ξ(t) = ξ(0) +

∫ t

0

f
(
ξ(r)

)
dr

+
1

2

∫ t

0

tr
[
g′
(
ξ(r)

)
g
(
ξ(r)

)]
dr +

∫ t

0

g
(
ξ(r)

)
dw(r) a.s.

6.1. From Brz+Elw paper. It follows from the discussion in Remark 6.16 that tr(g′(ξ(t))g(ξ(t)))
is an element of the Banach space X.

Remark 6.19. If g : X → L(E, Y ), g′(x)g(x) is meaningless unless Y ⊂ X.

We have introduced two different notions: Stratonovich integral and a solution to a
stochastic Stratonovich equation. They have been defined independently although one can
suspect they are intimately related. The following result shows that it is the case indeed.

Theorem 6.20. Assume that the functions f : X → X and g : X → L(E,X) are,
respectively, continuous and continuously differentiable. Let a function φ : X → Y be of
C2 class. Assume that an admissible X-valued process ξ(t), 0 ≤ t < τ is a local solution to
(6.14). Then the process η(t) = φ(ξ(t)), t < τ is representable via a Stratonovich equation
as below

η(t)− η0 =

∫ t

0

φ′(ξ(s))f(ξ(s)) ds+

∫ t

0

φ′(ξ(s))g(ξ(s)) ◦ dw(s).(6.18)
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Here, using the notation (6.20) below, the last term in (6.18) is the Stratonovich integral,
i.e. ∫ t

0

φ′(ξ(s))g(ξ(s)) ◦ dw(s) =

∫ t

0

g(ξ(s)) ◦ dw(s)

:=

∫ t

0

G(ξ(s)) dw(s) +
1

2

∫ t

0

tr[G′(ξ(s))g(ξ(s))] ds.

Taking X = Y and φ = id we get

Corollary 6.21. If ξ(t), t < τ is a local solution to the Stratonovich equation (6.15) then

ξ(t ∧ σ)− ξ(0) =

∫ t∧σ

0

f(ξ(s)) ds+

∫ t∧σ

0

g(ξ(s)) ◦ dw(s)

for any t ∈ [0,∞) and for any stopping time σ < τ , where the last term is the Stratonovich
integral∫ t∧σ

0

g(ξ(s)) ◦ dw(s) :=

∫ t∧σ

0

G(ξ(s)) dw(s) +
1

2

∫ t∧σ

0

tr [g′(ξ(s))g(ξ(s))] ds.

Proof of Theorem 6.20. Since ξ(t), t < τ is a (local) solution to the Stratonovich equation
(6.16) by using the Itô formula (Theorem 5.17) we see that η(t), t < τ is a (local) solution
to the Itô equation

dη(t) = φ′(ξ(t)
[
f(ξ(t)) +

1

2
tr
[
g′(ξ(t))g(ξ(t))

]]
dt+ φ′(ξ(t))g(ξ(t)) dw(t)

+
1

2
tr[φ′′(ξ(t))(g(ξ(t)), g(ξ(t)))] dt(6.19)

Having in mind that φ′(x) ∈ L(X, Y ) for x ∈ X, we set

G : X ∋ x 7→ φ′(x)g(x) ∈ L(E, Y ),

F : X ∋ x 7→ φ′(x)f(x) ∈ Y.(6.20)

Then,

G′(x) = φ′(x) ◦ (g′(x)·) + (φ′′(x)·) ◦ g(x) ∈ L(X,L(E, Y )), x ∈ X

and so identifying L(E,L(E, Y )) with L(E,E;Y ),

G′(x)g(x) ∈ L(E,E;Y ), x ∈ X.

Since also

G′(x)g(x) = φ′(x) ◦ (g′(x)g(x)) + (φ′′(x)g(x)) ◦ g(x)
= φ′(x) ◦ (g′(x)g(x)) + φ′′(x)(g(x), g(x)).

we find out that

(6.21) tr {φ′(x)[g′(x)] + φ′′(x)(g(x), g(x))} = tr[G′(x)g(x)], x ∈ X.
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From (6.19), (6.20) and (6.21), by taking into account Definition 6.15 we infer that η(t)
satisfies

dη(t) = F (ξ(t)) dt+G(ξ(t)) dw(t) +
1

2
tr[G′(ξ(t))g(ξ(t))] dt

= F (ξ(t)) dt+G(ξ(t)) ◦ dw(t).(6.22)

We have the following immediate and important

Corollary 6.22. Assume in addition that φ : X → Y is a diffeomorphism of class C2.
Then an admissible X-valued process ξ(t), t < τ is a local solution to (6.15) iff the process
η(t) := φ(ξ(t)), t < τ is a local solution to

(6.23) dη(t) = f̂(η(t)) dt+ ĝ(η(t)) ◦ dw(t),

where

f̂ : Y ∋ y 7→ φ′(φ−1y)f(φ−1y) ∈ Y,

ĝ : Y ∋ y 7→ φ′(φ−1y)g(φ−1y) ∈ L(E, Y ).(6.24)

Proof of Corollary 6.22. It’s enough to consider only the ”only if” part of the Corollary.
With G,F defined in (6.20) we have

(6.25) f̂ = H ◦ φ−1, ĝ = F ◦ φ−1.

Therefore (6.23) follows from (6.18).

We will find useful the following

Lemma 6.23. In the framework from Corollary 6.22

tr[G′(x)g(x)] = tr[ĝ′(y)ĝ(y)], y = φ(x) ∈ Y.(6.26)

Proof of Lemma 6.23. Since for x ∈ X ĝ′(y)G′(φ−1y) ◦ dyφ−1 and dyφ
−1 ◦φ′(φ−1y) = idX ,

we have, for y = φ(x),

ĝ′(y)ĝ(y) = G′(φ−1y) ◦ dyφ−1 ◦ φ′(φ−1y)G′(φ−1y)g(φ−1y).

This proves the Lemma.

We have the following variation on Theorem 6.20.

Theorem 6.24. Assume that a, b satisfy (??) and ξ satisfies (??). Let Z be an M-type 2
Banach space and φ : X → Z and g : Z → L(E, Y ) be respectively functions of C2 and C1

class. Put η(t) = φ(ξ(t)). Then the Stratonovich integrals
∫ t
0
g(η(s)) ◦ dw(s), t < τ and∫ t

0
(g ◦ φ)(ξ(s)) ◦ dw(s), t < τ are equivalent processes.



37

Proof of Theorem 6.24. As in the proof of Theorem 6.20 η(t) satisfies

dη(t) =

[
φ′(ξ(t)) +

1

2
tr[φ′′(ξ(t))(b(t), b(t))]

]
dt+ φ′(ξ(t))b(t) dw(t).

Therefore, by Definition 6.15∫ t

0

g(η(s)) ◦ dw(s) =

∫ t

0

g(η(s)) dw(s) +
1

2

∫ t

0

tr[g′(η(s))φ′(ξ(s))b(s)] ds,

in the sense that the processes on the LHS is a version of RHS. On the other hand,
g ◦ φ : X → L(E, Y ) is of C1 class and so by Definition 6.15∫ t

0

(g ◦ φ)(ξ(s)) ◦ dw(s) =

∫ t

0

(g ◦ φ)(ξ(s)) dw(s) + 1

2

∫ t

0

tr[(g ◦ φ)′(ξ(s))b(s)] ds,

in the sense, as before, that the processes on the LHS and RHS are equivalent. Since
(g ◦ φ)(ξ(s)) = g(η(s)) and (g ◦ φ)′(ξ(s)) = g′(η(s))φ′(ξ(s)) the proof is complete.

It is obvious how to reformulate Definition 6.15, Theorem 6.24 and Corollary 6.22 in
terms of processes defined up to a stopping times and local diffeomorphisms.

7. Approximations of SDEs with Lipschitz and bounded coefficients

Let X be an M-type 2 Banach space and i : H ↪→ E an AWS with corresponding E-
valued Wiener process w(t), t ≥ 0. We impose the following conditions on the coefficients
f and g.

(A1) f : X → X is a C1-map which is Lipschitz and bounded.
(B1) g : X → L(E,X) is a C1 map such that the maps g and g′ are Lipschitz and

bounded.

We should point out that as a consequence of (B1), the map tr(g′g) : X → X is Lipschitz
and bounded, where tr(g′g)(x) := tr[g′(x) g(x)], x ∈ X, see (6.13). Let x0 ∈ Lp(Ω, X),
p ≥ 2 and T > 0, be fixed but arbitrary. In view of Theorem 6.13 there exists a unique
continuous progressively measurable process x : [0, T ]×Ω → X such that for each t ∈ [0, T ],

(7.1) x(t) = x(0) +

∫ t

0

f
(
x(r)

)
dr

+
1

2

∫ t

0

tr
[
g′
(
x(r)

)
g
(
x(r)

)]
dr +

∫ t

0

g
(
x(r)

)
dw(r), a.s.

Moreover, we have the estimate

(7.2) E
[
sup

0≤t≤T
|x(t)|pX

]
≤ Cp

(
E
[
|x0|p

]
+ T p

)
.

Note x is a solution to the Stratonovitch equation

(7.3) dx(t) = f
(
x(t)

)
+ g
(
x(t)

)
◦ dw(t)
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and x may be written as

(7.4) x(t) = x(0) +

∫ t

0

f
(
x(r)

)
dr +

∫ t

0

g
(
x(r)

)
◦ dw(r),

where the last integral on the RHS of (7.4) is the Stratonovitch integral.
For each n ∈ N, let πn be a partition of [0, T ], i.e.,

0 = t0 < t1 < t2 < · · · < tN(n) = T.

We assume that each partition satisfies

(7.5) meshπn := max
0≤k≤N(n)−1

|tk+1 − tk| ≤
C1

n
,

(7.6) N(n) ≤ C2n,

where C1 and C2 are constants independent of n. For each partition πn, n ∈ N, we consider
the following piece-wise linear approximation of the E-valued Wiener process w(t):

wπn(t) = w(ti) +
t− ti
ti+1 − ti

(
w(ti+1)− w(ti)

)
, t ∈ [ti, ti+1], 0 ≤ i < N(n).

Let xπn : [0, T ]× Ω → X be the solutions to the family of ODEs (indexed by ω ∈ Ω)

(7.7)


dxπn(t)

dt
= f

(
xπn(t)

)
+ g
(
xπn(t)

)dwπn(t)
dt

,

xπn(0) = x0.

The family of equations (7.7) may sometimes be written{
dxπn(t) = f

(
xπn(t)

)
dt+ g

(
xπn(t)

)
dwπn(t)

xπn(0) = x0

In particular, for t ∈ (ti, ti+1), i = 0, . . . , N(n)− 1, xπn takes the form

xπn(t) = xπn(ti) +

∫ t

ti

f
(
xπn(s)

)
ds+

∫ t

ti

g
(
xπn(s)

)(w(ti+1)− w(ti)

ti+1 − ti

)
ds.

Using the above notation, we now state our first result.

Theorem 7.1. For p > 2 and n ∈ N

(7.8) E
[
sup
t∈[0,T ]

|x(t)− xπn(t)|
p
X

]
≤ Cn1−p/2 =

C

np/2−1
,

where C is a constant independent of n and depending only on the space X, p, T , mp (see
(6.5)), C1, C2 and the bounds and Lipschitz constants of f , g, g′ and tr(g′g).

Corollary 7.2. For each T > 0 xπn( . ) → x( . ) in C(0, T ;X) in probability, i.e., for each
ε > 0

(7.9) P
{
ω : |x( . , ω)− xπn( . , ω)|C(0,T ;X) > ε

}
−→ 0

as meshπn → 0. Here C(0, T ;X) is the space of X valued continuous functions on the
interval [0, T ].
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Corollary 7.3. For each T > 0,

(7.10) xπn( . ) −→ x( . ) in C(0, T ;X) almost surely as n→ ∞.

Remark 7.4. Theorem 7.1 is an extension of a result proved in the PhD thesis by Dowell,
[86]. There, the case p = 2 with X being a Hilbert space was treated. In particular, Dowell
proved the following two results (more or less independently of one another), see Theorems
5.2 and 5.7 in [86]:

• For each T > 0

(7.11) sup
t∈[0,T ]

E
[
|x(t)− xπn(t)|2X

]
−→ 0 as meshπn → 0.

• For each T > 0 and ε > 0

(7.12) P
{
ω : sup

t∈[0,T ]
|x(t, ω)− xπn(t, ω)|X > ε

}
−→ 0 as meshπn → 0.

Our result is a much stronger and more general result than Dowell’s for several reasons.
Firstly, Theorem 7.1 holds in the case when X is an M-type 2 Banach space. Secondly, we
have convergence in Lp(Ω;C(0, T ;X)), p ≥ 2, whereas Dowell only proved a weaker form of
convergence, i.e., uniform convergence in L2(Ω;X), see (7.11). With this stronger form of
convergence, convergence in C(0, T ;X) in probability is then a simple consequence of the
Chebyshev inequality and this gives us Corollary 7.2. Finally, for p > 2 we prove estimates
which give a rate of convergence, see (7.8). Using these estimates it is straightforward
to prove almost sure convergence in C(0, T ;X) (see Corollary 7.3). Indeed, the estimates
(7.8) imply that for p > 4,

E
[ ∞∑
n=1

|x− xπn |
p
C(0,T ;X)

]
≤ C

∞∑
n=1

1

np/2
<∞.

Thus, almost surely
∞∑
n=1

|x− xπn|
p
C(0,T ;X) <∞,

which implies that almost surely

|x− xπn|C(0,T ;X) −→ 0 as n→ ∞.

The method Dowell uses to prove (7.11), which itself is a generalization of a similar result
in [105], carries over to some extent to the case p > 2 and X is an M-type 2 Banach
space. The Burkholder inequality (6.9) is the main tool we use here. However, although
Dowell was familiar with stochastic integration in 2-uniformly smooth Banach spaces and
the Burkholder inequality (via the thesis of Neidhardt), he was not able to deal with the
Banach space case because of the term involving the tr map. There is a considerable level
of difficulty in dealing with the tr map in Banach spaces as opposed to Hilbert spaces.
We deal with this problem by making use of the M-type 2 property of our space X, in
particular, the inequality (6.1).
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Proof of Theorem 7.1. Fix a partition π = πn = {0 ≤ t0 ≤ t1 · · · ≤ tN(n) = T} and denote
xπ by y. Set xj = x(tj), yj = y(tj) = xπ(tj), ∆jt = tj+1 − tj and ∆jw = w(tj+1) − w(tj).
To simplify the notation we put f identically zero. This will not affect the result owing to
the conditions put on f . Moreover, C will denote a generic constant depending only on
the space X, p, T , mp, C1, C2 the bounds and Lipschitz constants of g, g′ and tr.

For t ∈ [0, T ], let k be the largest integer such that tk ≤ t. Moreover, for r ∈ [0, T ], set
R(n) = max{m : tm ≤ r}. Then, using the triangle inequality, we have

(7.13) E
[
sup
0≤t≤r

|x(t)− y(t)|pX
]
≤ C E

[
sup
0≤t≤r

(
|x(t)− x(tk)|pX + |y(tk)− y(t)|pX

)]
+ C E

[
sup

0≤k≤R(n)

|x(tk)− y(tk)|pX
]
.

Suppose, for the time being, we have the following estimates

(7.14) E
[
sup
t∈[0,r]

(
|x(t)− x(tk)|pX + |y(tk)− y(t)|pX

)]
≤ Cη(π),

(7.15) E
[

sup
0≤k≤R(n)

|x(tk)− y(tk)|pX
]
≤ η(π) + C

∫ r

0

E[γ(s)] ds,

where

(7.16) γ(s) = sup
t∈[0,s]

|x(t)− y(t)|pX

and η(π) satisfies

η(π) ≤ C n1−p/2.

(Note, for example, that N(n)(meshπ)p/2 is a term of the form η(π).) From (7.13), (7.14),
(7.15) and (7.16) we may deduce that for all r ∈ [0, T ] :

E[γ(r)] = E
[
sup
0≤t≤r

|x(t)− y(t)|pX
]
≤ C η(π) + C

∫ r

0

E[γ(s)] ds.

An application of Gronwall’s Lemma implies that

E[γ(T )] ≤ C η(π) exp(CT ),

i.e.,

E
[
sup
t∈[0,T ]

|x(t)− y(t)|pX
]
≤ C n1−p/2.

To complete the proof of Theorem 7.1 we need to prove the estimates (7.14) and (7.15).
We begin with (7.14).

Lemma 7.5. With the above notation,

(7.17) E
[
sup
t∈[0,r]

(
|x(t)− x(tk)|pX + |y(tk)− y(t)|pX

)]
≤ C N(n)(meshπ)p/2.
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Proof. Note first that from (7.1) and the boundedness of the maps g and tr(g′g) we have

E
[
sup
0≤t≤r

|x(t)− x(tk)|pX
]
≤ C (meshπ)p + C E

[
sup
0≤t≤r

∣∣∣∣∫ t

tk

g(x(s)) dw(s)

∣∣∣∣p
X

]
.

It then follows using the Burkholder inequality and the boundedness of g that

E
[
sup
0≤t≤r

|x(t)− x(tk)|pX
]
≤ CT p/2(meshπ)p/2.

Recall Taylor’s formula in integral form, see [78]:

(7.18) y(a)− y(b) =

∫ 1

0

y′
(
b+ r(a− b)

)
(a− b) dr.

For some 0 ≤ s ≤ 1, we have, using (7.18), (7.7) and the boundedness of g,

|y(t)− y(tk)|pX = |y(tk + s∆kt)− y(tk)|pX

=

∣∣∣∣∫ 1

0

y′(tk + r(s∆kt))(s∆kt) dr

∣∣∣∣p
X

=

∣∣∣∣∫ s

0

y′(tk + r ∆kt)(∆kt) dr

∣∣∣∣p
X

=

∣∣∣∣∫ s

0

g(y(tk + r ∆kt))(∆kw) dr

∣∣∣∣p
X

≤ C|∆kw|pE.(7.19)

Using (6.5) we infer that

E
[
sup
t∈[0,r]

|y(t)− y(tk)|pX
]
≤ C (mesh π)p/2.

This completes the proof of Lemma 7.5.

Fix an interval [ti, ti+1] in the partition π. We quote another form of Taylor’s formula,
see [78]:

(7.20) y(a)− y(b) = y′(b)(a− b) +

∫ 1

0

(1− s)y′′
(
b+ s(a− b)

)
(a− b, a− b) ds.

Using (7.20), the chain rule and (7.7) we obtain

y(ti+1)− y(ti) = y′(tj)∆jt+

∫ 1

0

(1− s) y′′(tj + s∆jt)(∆jt,∆jt) ds

= g(yj)∆jw

+

∫ 1

0

(1− s)
(
g′
(
y(tj + s∆jt)

)
g
(
y(tj + s∆jt)

)
(∆jw,∆jw)

)
ds.
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It then follows, denoting sj := tj + s∆jt, that

y(tk)− y(0) =
k−1∑
j=0

(yj+1 − yj)

=
k−1∑
j=0

(
g(yj)∆jw +

1

2
g′(yj) g(yj)(∆jw,∆jw)

)

+
k−1∑
j=0

∫ 1

0

(1− s) g′
(
y(sj)

)
g
(
y(sj)

)
(∆jw,∆jw) ds

−
k−1∑
j=0

∫ 1

0

(1− s) g′(yj) g(yj)(∆jw,∆jw) ds.

Recalling that

x(tk) = x(0) +

∫ tk

0

g
(
x(s)

)
dw(s) +

1

2

∫ tk

0

tr
[
g′
(
x(s)

)
g
(
x(s)

)]
ds,

we may write

y(tk)− x(tk) = Ak +Bk +
1

2
Ck +Dk +

1

2
Ek +

1

2
Fk,

where

Ak =
k−1∑
j=0

∫ 1

0

(1− s)
(
g′
(
y(sj)

)
g
(
y(sj)

)
− g′(yj) g(yj)

)
(∆jw,∆jw) ds

Bk =
k−1∑
j=0

(
g(yj)− g(xj)

)
∆jw

Ck =
k−1∑
j=0

(
g′(yj) g(yj)− g′(xj) g(xj)

)
(∆jw,∆jw)

Dk =
k−1∑
j=0

g(xj)∆jw −
∫ tk

0

g
(
x(s)

)
dw(s)

Ek =
k−1∑
j=0

(
g′(xj) g(xj)(∆jw,∆jw)− tr[g′(xj) g(xj)]∆jt

)
Fk =

k−1∑
j=0

tr[g′(xj) g(xj)]∆jt−
∫ tk

0

tr
[
g′
(
x(t)

)
g
(
x(t)

)]
dt.

We begin with proving:
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Lemma 7.6. Using the above notation we have

E
[

sup
1≤k≤R(n)

|Ak +Dk + Ek + Fk|pX
]
≤ C (meshπ)p/2.

Proof. Consider first the term Ak =
∑k−1

j=0 Γj, where

Γj :=

∫ 1

0

(1− s)
(
g′
(
y(sj)

)
g
(
y(sj)

)
(∆jw,∆jw)− g′(yj) g(yj)(∆jw,∆jw)

)
ds.

The boundedness and Lipschitz properties of g′ and g, along with (7.19), imply that

|Γj|X ≤
∫ 1

0

∣∣∣(g′(y(sj))− g′(yj)
)
g
(
y(sj)

)
(∆jw,∆jw)

∣∣∣
X
ds

+

∫ 1

0

∣∣∣g′(yj)(g(y(sj))− g(yj)
)
(∆jw,∆jw)

∣∣∣
X
ds

≤ C|∆jw|2E |y(sj)− yj|X
≤ C|∆jw|3E.(7.21)

Using (7.21) and Hölder’s inequality for sums we have

E
[

sup
1≤k≤N(n)

|Ak|pX
]
≤ CN(n)p−1 E

[
N(n)−1∑
j=0

|∆jw|3pE

]
.

Applying (6.5) (with p replaced by 3p) gives us

E
[

sup
1≤k≤N(n)

|Ak|pX
]
≤ CN(n)p−1

N(n)−1∑
j=0

|∆jt|3p/2.

It then follows, using (7.5) and (7.6), that

(7.22) E
[

sup
1≤k≤N(n)

|Ak|pX
]
≤ C np−1(mesh π)3p/2n ≤ C(mesh π)p/2.

Consider then the term Dk =
∑k−1

j=0 g(xj)∆jw −
∫ tk
0
g(x(s)) dw(s). Define

g̃(s) =

{
g(xj) for tj ≤ s < tj+1,

0 if s > tk.

g̃(s) is well-defined, adapted to the filtration {Fs}s≥0 and moreover, the integral
∫ t
0
g̃(s) dw(s)

makes sense for all t ∈ [0, T ]. We may write

Dk =

∫ tk

0

(
g̃(s)− g

(
x(s)

))
dw(s).
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Using the Burkholder inequality, the Lipschitz property of g and the properties (7.5) and
(7.6), it follows that

E
[

sup
1≤k≤R(n)

|Dk|pX
]

≤ E
[
sup
0≤t≤r

∣∣∣∣∫ t

0

(
g̃(s)− g

(
x(s)

))
dw(s)

∣∣∣∣p
X

]
≤ C E

[(∫ r

0

∣∣g̃(s)− g
(
x(s)

)∣∣2
L(E,X)

ds

)p/2]

= C E

[(
R(n)−1∑
j=0

∫ tj+1

tj

∣∣g(xj)− g
(
x(s)

)∣∣2
L(E,X)

ds

)p/2]

≤ C E
[(R(n)−1∑

j=0

∫ tj+1

tj

|xj − x(s)|2X ds

)p/2]

≤ C E
[
sup
0≤t≤r

|x(tl)− x(t)|pX
]

where l is such that t ∈ [tl, tl+1). Using Lemma 7.5 we deduce that

(7.23) E
[

sup
1≤k≤R(n)

|Dk|pX
]
≤ C(meshπ)p/2.

Consider next the term Fk. We have

|Fk|X =

∣∣∣∣k−1∑
j=0

∫ tj+1

tj

(
tr[g′(xj) g(xj)]− tr

[
g′
(
x(t)

)
g
(
x(t)

)])
dt

∣∣∣∣
X

≤
k−1∑
j=0

∫ tj+1

tj

∣∣∣tr[g′(xj) g(xj)− g′
(
x(t)

)
g
(
x(t)

)]∣∣∣
X
dt

≤ C
k−1∑
j=0

∫ tj+1

tj

∣∣g′(xj) g(xj)− g′
(
x(t)

)
g
(
x(t)

)∣∣
L2(E,X)

dt

≤ C
k−1∑
j=0

∫ tj+1

tj

(∣∣g′(xj) g(xj)− g′(xj) g
(
x(t)

)∣∣
L2(E,X)

+
∣∣g′(xj) g(x(t))− g′

(
x(t)

)
g
(
x(t)

)∣∣
L2(E,X)

)
dt.

Using the boundedness and the Lipschitz properties of functions g and g′, we deduce that

|Fk|X ≤ C
k−1∑
j=0

∫ tj+1

tj

|xj − x(t)|X dt

≤ CT sup
0≤t≤r

|x(tl)− x(t)|X ,
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where l is such that t ∈ [tl, tl+1). Again, using Lemma 7.5, we conclude that

(7.24) E
[

sup
1≤k≤R(n)

|Fk|pX
]
≤ C(meshπ)p/2.

Finally, we deal with the term Ek and we will prove

(7.25) E
[

sup
1≤k≤R(n)

|Ek|pX
]
≤ C(meshπ)p/2.

This part of the proof differs considerably from [86]. Dowell proves (7.25) using the prop-
erties of the inner product on a Hilbert space and the proof is quite straightforward. We do
not have an inner product to work with and instead we make use of the M-type 2 property
of our space X. Let Ek =

∑k−1
j=0 Λj, where

(7.26) Λj = g′(xj) g(xj)(∆jw,∆jw)− tr
(
g′(xj) g(xj)

)
∆jt

We first show that Ek is an X-valued martingale with respect to the discrete filtration
{Ftk}1≤k≤R(n). For 0 ≤ j ≤ k − 1, xj : Ω → X is Ftj -measurable and w(tj+1) − w(tj) :
Ω → E is Ftj+1

-measurable. Using the continuity of the maps g, g′ and tr(g′g) it follows
that each Λj is Ftj+1

-measurable. We deduce that Ek is Ftk-measurable. To prove Ek is a
martingale we are left with showing that E[Ek | Ftk−1

] = Ek−1. For this it suffices to prove
that E[Λk−1 | Ftk−1

] = 0.
Denote

Ψk−1 := g′(xk−1) g(xk−1)(∆k−1w,∆k−1w).

Then

E[Ψk−1 | Fk−1] = E[g′(xk−1) g(xk−1)(∆k−1w,∆k−1w) | Ftk−1
]

= g′(xk−1) g(xk−1)E[(∆k−1w,∆k−1w)]

= (tk − tk−1)

∫
E

g′(xk−1) g(xk−1)(e, e) dµ(e)

= (∆k−1t) tr
(
g′(xk−1) g(xk−1)

)
= E

[
(∆k−1t) tr

(
g′(xk−1) g(xk−1)

) ∣∣ Ftk−1

]
.(7.27)

As xk−1 is Ftk−1
-measurable, then so is tr(g′(xk−1) g(xk−1)), which explains the final step.

Thus (7.26) and (7.27) imply that E[Λk−1 | Ftk−1
] = 0. We conclude that {Ek}R(n)

k=1 is an
X-valued martingale with respect to the discrete filtration {Ftk}1≤k≤R(n). Since X is an
M-type 2 Banach space it follows that, see (6.1),

E
[

sup
1≤k≤R(n)

|Ek|pX
]
≤ C E

[(
R(n)−1∑
j=1

|Ej − Ej−1|2X

)p/2]
.

Thus

E
[

sup
1≤k≤R(n)

∣∣∣∣k−1∑
j=0

Λj

∣∣∣∣p
X

]
≤ C E

[(
R(n)∑
j=1

|Λj−1|2X

)p/2]
.
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Applying the Hölder inequality for sums gives

E
[

sup
1≤k≤R(n)

∣∣∣∣k−1∑
j=0

Λj

∣∣∣∣p
X

]
≤ CR(n)p/2−1 E

[
R(n)∑
j=1

|Λj−1|pX

]

≤ CN(n)p/2−1

N(n)∑
j=1

E
[
|Λj−1|pX

]
.(7.28)

Note that

E
[
|Λj|pX

]
≤ E

[(∣∣g′(xj) g(xj)(∆jw,∆jw)
∣∣
X
+
∣∣tr(g′(xj) g(xj))(∆jt)

∣∣
X

)p]
≤ C E

[
|∆jw|2pE + |∆jt|p

]
≤ C(∆jt)

p.(7.29)

It follows from (7.28) and (7.29) that

E
[

sup
1≤k≤R(n)

|Ek|pX
]

≤ CN(n)p/2−1

N(n)∑
j=1

(∆jt)
p

≤ CN(n)p/2−1

N(n)∑
j=1

(mesh π)p

≤ CN(n)p/2(meshπ)p ≤ C(meshπ)p/2.(7.30)

Lemma 7.6 now follows from (7.22), (7.23), (7.24) and (7.30).

Lemma 7.7. For a constant C independent of k and r,

(7.31) E
[

sup
1≤k≤R(n)

∣∣Bk + Ck

∣∣p
X

]
≤ C

∫ r

0

E[γ(s)] ds

Proof. As in the proof of Lemma 7.6, define

Y (s) =

{
g(yj)− g(xj) if tj ≤ s < tj+1, where 0 ≤ j ≤ k − 1,

0 if s > tk.

Y (s) is well-defined, adapted to the filtration {Fs}s≥0 and
∫ t
0
Y (s) dw(s) makes sense for

all t ∈ [0, T ]. Moreover,

|Bk|pX =

∣∣∣∣∫ tk

0

Y (s) dw(s)

∣∣∣∣p
X

.
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Using the Burkholder inequality and the Lipschitz properties of g, it follows that

E
[

sup
1≤k≤R(n)

|Bk|pX
]

= E
[
sup
0≤t≤r

∣∣∣∣∫ t

0

Y (s) dw(s)

∣∣∣∣p
X

]
≤ C E

[(∫ r

0

|Y (s)|2L(E,X) ds

)p/2]

= C E

[(
R(n)−1∑
j=0

∫ tj+1

tj

|g(yj)− g(xj)|2L(E,X) ds

)p/2]

≤ C E

[(
R(n)−1∑
j=0

|yj − xj|2X ∆jt

)p/2]

≤ C E

[(
R(n)−1∑
j=0

γ(tj)
2/p∆jt

)p/2]
.

Applying the Hölder inequality for sums gives

E
[

sup
1≤k≤R(n)

|Bk|pX
]

≤ CR(n)p/2−1 E

[
R(n)−1∑
j=0

γ(tj)(∆jt)
p/2

]

≤ CN(n)p/2−1(meshπ)p/2−1

R(n)−1∑
j=0

E[γ(tj)∆jt]

≤ C

∫ r

0

E[γ(s)] ds,

which constitutes the first in proving Lemma 7.7. Consider the final term Ck. Then∣∣Ck

∣∣
X

=

∣∣∣∣k−1∑
j=0

(
g′(yj)g(yj)− g′(xj)g(xj)

)
(∆jw,∆jw)

∣∣∣∣
X

≤
k−1∑
j=0

(∣∣(g′(yj)− g′(xj)
)
g(xj)(∆jw,∆jw)

∣∣
X

+
∣∣g′(yj)(g(yj)− g(xj)

)
(∆jw,∆jw)

∣∣
X

)
≤ C

k−1∑
j=0

|xj − yj|X |∆jw|2E.

Applying the Hölder inequality gives∣∣Ck

∣∣p ≤ CN(n)p−1

k−1∑
j=0

|xj − yj|pX |∆jw|2pE .
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On taking supremum over k and then expectations we get

E
[

sup
1≤k≤R(n)

∣∣Ck

∣∣p
X

]
≤ CN(n)p−1

R(n)−1∑
j=0

E
[
|xj − yj|pX |∆jw|2pE

]
.

Since both xj and yj are Ftj -measurable and ∆jw is independent of Ftj then using the
properties of conditional expectation and (6.5) we have

E
[
|xj − yj|pX |∆jw|2pE0

]
= E

[
E
[
|xj − yj|pX |∆jw|2pE

∣∣ Ftj

]]
= E

[
|xj − yj|pX E

[
|∆jw|2pE

∣∣ Ftj

]]
= E

[
|xj − yj|pX E

[
|∆jw|2pE

]]
≤ C|∆jt|p E

[
|xj − yj|pX

]
.(7.32)

It then follows using (7.32), (7.5) and (7.6) that

E
[

sup
1≤k≤R(n)

∣∣Ck

∣∣p
X

]
≤ CN(n)p−1

R(n)−1∑
j=0

E
[
|xj − yj|pX

]
|∆jt|p

≤ CN(n)p−1(meshπ)p−1

R(n)−1∑
j=0

(∆jt)E
[
sup

0≤r≤tj
|x(r)− y(r)|pX

]

≤ C

R(n)−1∑
j=0

E[(γ(tj)∆jt].

Since γ(s) is non-decreasing we can conclude that

E
[

sup
1≤k≤R(n)

∣∣Ck

∣∣p
X

]
≤ C

∫ r

0

E[γ(s)] ds,

which concludes the proof of Lemma 7.7. The proof of Theorem 7.1 is now complete.

Remark 7.8. In a very recent preprint [94] by M. Ledoux, T. Lyons and Z.Qian, the authors
extend the main results of [95] to a wide class of Banach spaces. The finite dimensional
case of the rough path theory, see [95], gives deep understanding of what approximation
procedure leads to Stratonovitch stochastic differential equations. The infinite dimensional
case discussed in the above cited preprint should give greater understanding of Corollary
7.3. On the other hand, our results could be used to show that the rough path theory
agrees with classical theory of stochastic differential equations in M-type 2 Banach spaces.
One can point out a difference concerning regularity assumptions between our paper and
[95], [94]. While we assume that the coefficient g is of C2-class (i.e., g′ is Lipschitz), the
assumption in the above two papers is that g is of C2+ε-class for some ε > 0 depending on
the roughness of the driving rough path.
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In another recent work [82] the author employs the Euler method to prove local existence
of solutions to differential equations in finite dimensional spaces driven by a finite dimen-
sional rough path. It would be interesting to extend his result to an infinite dimensional
case and to also consider the global existence of solutions when the input is a p-rough path
with p > 2. Such results would help to give a better understanding of the relationship be-
tween our paper and the T. Lyons theory, in particular with the above mentioned preprint
[94]. The authors would like to thank the anonymous referee for informing them about the
interesting paper by A.M. Davie [82].

8. Stochastic differential equations on Banach manifolds

Let us give a list of basic assumptions valid throughout the whole section. Assume that
i : H → E is an AWS, w(t), t ≥ 0 is an E-valued Wiener process on a complete probability
space (Ω,F ,P) and X is an M -type 2 Banach space.

Assume thatM is a metrizable differentiable manifold modelled on the Banach space X.
Let F denote the vector bundle L(E, TM) over M with fibres Fx = L(E, TxM), x ∈ M .
Assume that

f : M → TM,

where TM denotes the tangent vector bundle, is of C1,0 class, i.e. f is (Frèchet) differen-
tiable and its derivative f ′ : TM → T 2M is locally Lipschitz continuous. Assume also
that

g : M → F
is of C2,0 class, i.e. the second Frèchet derivative g′′ : T 2M → T 2F is locally Lipschitz
continuous.
Our aim is to study the following stochastic differential equation on M

(8.1) dξ(t) = f(ξ(t)) dt+ g(ξ(t)) ◦ dw(t)
Definition 8.1. Let τ : Ω → (0,∞] be an accessible stopping time. An admissible M-
valued process {ξ(t)}, t < τ , is a local solution to equation (8.1) iff for any M-type 2
Banach space Y and for any C2 function ψ : U → Y , where U is an open subset of M , the
process ζ(t) := ψ(ξ(t)), 0 ≤ t < τ , where τ := inf{t ∈ [0, τ) : ξ(t) /∈ U} is the first exit
time of ξ(t) from U , satisfies the following

(8.2) dζ(t) = ψ′(ξ(t))f(ξ(t)) dt+ ψ′(ξ(t))g(ξ(t)) ◦ dw(t),
where ◦ denotes the Stratonovich differential.

The main result of this section is the existence of maximal local solutions to SDE (8.2).
The proof of this result will be preceded by a discussion concerning the meaning of a
solution.

Theorem 8.2. In the framework described at the beginning of the section 8, if ξ0 is an F0

measurable M–valued random variable, then there exists a unique maximal solution ξ(t),
t < τ to the problem (8.1).

Remark 8.3. Taking into account Definition 6.15 we see that ζ(t) satisfies (8.2) iff it satisfies

(8.3) dζ(t) = ψ′(ξ(t))g(ξ(t)) dw(t) +

{
ψ′(ξ(t))f(ξ(t)) +

1

2
tr[g′ψ(ξ(t))g(ξ(t))]

}
dt
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where

(8.4) gψ :M ∋ x 7→ ψ′(x)g(x) ∈ L(E, Y )

so that

g′(x)g(x) ∈ L(TxM,L(E, Y )) ◦ L(E, TxM) ↪→ L(E,L(E, Y )) ∼= L(E,E;Y ).

We have first

Proposition 8.4. Assume that τ is an accessible stopping time and ξ(t), t < τ̂ is an
M-valued admissible process. Then the following three conditions are equivalent.

(i) The process ξ(t), t < τ is a local solution to (8.1);
(ii) for any open subset U of M and any diffeomorphism φ : U → V , where V is an open
subset of X, the process ζ(t) := φ(ξ(t)), t < τ is a solution to

(8.5) dζ(t) = f̂(η(t)) dt+ ĝ(η(t)) ◦ dw(t),
where

f̂ : V ∋ y 7→ φ′(φ−1y)f(φ−1y) ∈ X,

ĝ : V ∋ y 7→ φ′(φ−1y)g(φ−1y) ∈ L(E,X).(8.6)

(iii) There exists an atlas {(Uα, φα)} on M consisting of C2 diffeomorphisms φα : Uα → Vα
onto some open subset Vα of X, such that for each α, the process ηα(t) = φα(ξ(t)), t < τUα

is a solution to (8.5).

Corollary 8.5. An admissible M-valued process ξ(t), t < T , where T is an accessible
stopping time, is a local solution to (8.1) iff for any coordinate system φ : U → V ⊂ X
and for any stopping time S < T , there exists a stopping time τ such that{

τ > S, if ξ(S) ∈ U,

τ = S, otherwise

and such that the process η(t) := φ(ξ(t)), S ≤ T ≤ τ , is a solution to (8.5), with (random)
initial condition at time S:

η(S) = φ(ξ(S))1{ξ(S)∈U}.

Remark 8.6. The characterization of a solution to (8.1) as given in Corollary 8.5 is the
definition of a solution suggested first by Clark in [21].

Proof of Proposition 8.4. (i) ⇒ (ii). We observe first that for x ∈M

f̂(φ(x)) = φ′(x)g(x), ĝ(φ(x)) = φ′(x)g(x)

and hence (with g̃(x) = φ′(x)g(x) ∈ L(E,X), x ∈M) by (6.26)

tr[ĝ′ĝ](φ(x)) = tr[g̃′(x)g(x)].

Thus by using Definition 8.1 and (the second part of) Definition 6.15 we infer that (ii)
holds.
(ii) ⇒ (iii). Obvious.
(iii) ⇒ (i). Let us fix φ as in (iii) and let ψ : M → Y be of C2 class where Y is an M -type
2 Banach space. We want to show that ζ(t) := ψ(ξ(t)), t < τ satisfies (8.3) (with g̃ as
before). Since η(t) = φ(ξ(t)), η(t) = (ψ ◦ φ−1)(η(t)), t < τ .
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Since η(t) is a solution to (8.5), by applying Theorem 6.20 to η(t) and ψ ◦ φ−1 we see
that

dη(t) = (ψ ◦ φ−1)′(η(t))f̂(η(t)) dt+ (ψ ◦ φ−1)′(η(t))ĝ(η(t)) ◦ dw(t).
From (8.6) we have (x := φ−1y)

f̂(y) = φ′(x)f(x), ĝ(y) = φ′(x)g(x)

(ψ ◦ φ−1)′(y)f̂(y) = ψ′(x)(φ′(x))−1φ′(x)f(x)

and similarly

(ψ ◦ φ′)(y)ĝ(y) = ψ′(x)g(x).

Therefore, as φ−1(η(t)) = ξ(t),

dη(t) = ψ′(ξ(t))f(ξ(t)) dt+ ψ′(ξ(t))g(ξ(t)) ◦ dw(t),
what concludes the proof.

�
Proof of Theorem 8.2. We practically repeat the proof of Theorem 5.27.

�
The following is a manifold version of Corollary 5.30 and is of some importance.

Corollary 8.7. If ξ(t), t < τ is the maximal solution to the SDE (8.2) on the manifold M
then

P
{
w ∈ Ω : τ(ω) <∞,∃ lim

t↗τ(ω)
ξ(t)(ω) ∈M

}
= 0.

The next result deals with problems related to submanifolds. Suppose that N ⊂ M is
a submanifold and the vector fields f and g defined on M are tangent (in an appropriate
sense) to N . One may ask then if a solution to (8.1) with ξ0 ∈ N a.s. is also a solution to

(8.7) dξ(t) = fN(ξ(t)) dt+ gN(ξ(t)) ◦ dw(t),
with fN and gN being restrictions of f and g to N? One may also ask if ξ(t) is a solution
to (8.1) when it is a solution to (8.7). For the Hilbert manifold case see section VII.3 in
[36]. In our case we have

Theorem 8.8. Assume that i : H ↪→ E is an AWS and {w(t)}t≥0 is an E-valued Wiener
process. Assume that Y, Y2 and X are Banach spaces such that Y ⊕ Y2 = X (topological
direct sum). Suppose that all three spaces are of M-type 2. Let M and N be Banach
manifolds modelled respectively on X and Y . Suppose that N is a split closed submanifold
of M . Let f : M → TM be a C1 vector field such that h(x) ∈ TxN for any x ∈ N and
denote

fN : N ∋ x 7→ f(x) ∈ TxN.

Let F be the vector bundle L(E, TM) over M with a fibres L(E, TxM), x ∈M and let FN
be a vector bundle L(E, TN) over N with fibres L(E, TxN), x ∈ N .
Assume that a C2 section g of the vector bundle F, g : M → F, is such that g(x) ∈
L(E, TxN), x ∈ N , thus giving rise to a C2 section gN of the vector bundle FN :

gN : N ∋ x 7→ g(x) ∈ FN(x).
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Denote by j : N ↪→ M the natural imbedding. Let ξ(t), t < τ be an admissible N-valued
process.
Then

(i) if ξ(t), t < τ is a local solution to (8.7), the M-valued process jξ(t), t < τ is a solution
to (8.1);
(ii) if the M-valued process jξ(t), t < τ is a solution to (8.1), then the process ξ(t), t < τ

is equivalent to a solution ξ̂(t), t < τ of (8.7).

Proof. First we shall prove (i). Let Z is an M -type 2 Banach space, U open subset of
M and let ψ : U → Z be of C2 class. Then the process η(t) := (ψ ◦ j)(ξ(t)), t < τ satisfies

dη(t) = (ψ ◦ i)′(ξ(t))fN(ξ(t)) + (ψ ◦ i)′(ξ(t))gN(ξ(t)) ◦ dw(t).
However, for x ∈ N

(ψ ◦ i)′(x)hN(x) = ψ′(x)f(x),

(ψ ◦ i)′(x)gN(x) = ψ′(x)g(x).(gN)ψ◦i(x) = (ψ ◦ i)′(x)gN(x) = gψ(x).

Hence, for x ∈ N ,

(gN)
′
ψ◦i(x)gN(x) = G′

ψ(ix) ◦ i ◦ g(x) = g′ψ(x)g(x).

In particular

tr((gN)
′
ψ◦i(x)gN(x)) = tr(g′ψ(x)g(x)).

Hence, jξ(t) is a solution to (8.1).

Now we are ready to prove (ii). Let ξ̂(t), t < T be the maximal solution to (8.7). Then

by (i) the process jξ̂(t), t < T is a solution to (8.1). Moreover, since the embedding
j : N → M is closed, employing the same argument as in the proof of Theorem VII.3 in
[36], the latter is in fact a maximal solution. Hence, by uniqueness τ ≤ T a.s. and jξ is

equivalent to jξ̂|[0,τ)×Ω. This proves (ii) as j is one-to-one.
�

As usual solutions can be started at time r > 0. Also to deal with explosion times it is
convenient to add a ‘coffin’ state ∆ to M and topologise M+ := M ∪ {∆} as a disjoint
union. For Fr-measurable u : Ω → M+ we let F r

s (u) : Ω → M+, 0 ≤ s < ∞ be the
maximal solution with F r

r (u) = u; ∆ being treated as trap. When u is constant say
u(ω) = x0 for all ω we will write F r

s (u) as F r
s (x0) to get F r

s : M+ × Ω → M+. For 0 ≤
r ≤ t <∞ let Gr

t be the σ-algebra generated by the increments {w(s)− w(r) : r ≤ s ≤ t},
with Gr =

∨
t≥rG

r
t . Then Fr is independent of G

r. The following is sometimes called the
“flow Markov property”. From it follows easily the semigroup property for the associated
diffusion semigroup and the Markov property of the solutions to our s.d.e.. Its proof is
just as that of the corresponding result for Hilbert manifolds, Theorem 3B of Chapter IX,
in [36]. We have

Proposition 8.9. For each r ≥ 0 there is a version of F r
t : M+ × Ω → Ω, r ≤ t < ∞,

which is Borel(M+)×̄Gr-measurable and adapted to {Gr
t : r ≤ t <∞}. For such versions,

for each s ≥ r ≥ 0 and x ∈M

F s
t (F

r
s (x, ω), ω) = F r

t (x, ω) for all t ≥ s a.s.
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9. Stochastic Geometric heat flow on S1 × R+

In this section we assume that M is a compact riemannian manifold that is isometri-
cally embedded into an Euclidean space Rd. We consider the following one-dimensional
stochastic geometric heat flow equation

(9.1) ∂tu = Dx∂xu+ Yu ◦ Ẇ ,

with initial data

(9.2) u(0, ·) = ξ(·),
where S1 is the unit circle (usually identified with the interval [0, 2π), Y is a C1-class section
of a certain vector bundle M over M , see Theorem 9.6, and ξ : S1 → M is a continuous
map. We assume that (Ω,F , (Ft)t≥0,P) is a filtered probability space where F = (Ft)t≥0 is
a filtration such that F0 contains all P-negligible sets. Let us denote by S = (e−tA)t≥0 the
C0 analytic semigroup of bounded linear operators on the space L2(S1,Rd), generated by
an operator A := −∆ whose domain Dom(A) is equal to the Sobolev space H2,2(S1,Rd).

Let S denote the second fundamental tensor (form) of the manifold M with respect
to the above mentioned isometric embedding M ⊂ Rd. In particular, for each p ∈ M ,
Sp : TpM ×TpM → NpM , where Np := Rd⊖TpM is the normal space to p with respect to
the standard scalar product in Rd. The operator Dx∂x that appears in equation (9.1) acts
on smooth curves γ : S1 → M and is defined by the formula (see for instance [18, section
2] and references therein)

(9.3) Dx∂xγ(x) = ∂xxγ(x)− Sγ(x)(∂xγ(x), ∂xγ(x)), x ∈ S1.

We note that the following fundamental property of the operator Dx∂x, see [18, formula
(2.6)],

(9.4) ⟨∂xxγ(x)− Sγ(x)(∂xγ(x), ∂xγ(x)), ∂xxγ(x)⟩ = |∂xxγ(x)− Sγ(x)(∂xγ(x)|2, x ∈ I.

As far as the noise is concerned, we make the following standing assumption.

Assumption 9.1. W = (W (t))t≥0 is an E-valued F-Wiener process, where E is a separable
Banach space such that for some fixed natural number n, E ⊂ H1(S1,Rn) continuously.

Remark 9.1. It follows from Assumption 9.1 that the Reproducing Kernel Hilbert Space K
of the law of W (1) is contained in E (and so in H1(S1,Rn)) and the natural embedding
i : K ↪→ E is γ-radonifying.
Let us recall that if Λ : E → H is a bounded linear map, where H is a separable Hilbert
space, then Λ ◦ i : K → H is γ-radonifying, i.e. Hilbert-Schmidt.
If Λ : E × E → X is a bounded bilinear map where X is a separable Banach space then

(9.5) trK(Λ) :=
∑
j

Λ(ej, ej) ∈ X,

where (ej)j is an ONB basis of K is well defined. In other words the series on the RHS of
equality (9.5) is absolutely convergent, its sum is independent of choice of the ONB (ej)j
and the map L(E,E;X) ∋ Λ 7→ trK(Λ) is linear and bounded. In particular, if G : X →
L(E,X) is of C1-class, then for every a ∈ X, G′(a)G(a) ∈ L(E,L(E,H)) ∼= L(E,E;X)
and so trK[G

′(a)G(a)] ∈ X is well defined.
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For the deterministic version of our problem one can consult the fundamental works by
Eells-Sampson [35] and Hamilton [34].

Contrary to the case of a wave equation the solutions to the stochastic heat flow equation
can only be defined using an external formulation. However, we hope to be able to find an
appropriate definition of an intrinsic solution.

What concerns the initial data ξ we make the following assumption.

Assumption 9.2. The initial data ξ is an F0-measurable random variable with values in
H1(S1,M).

Remark 9.2. As is [16], see the end of the proof of Theorem 1.1 on page 133. it is sufficient
to assume that ξ is such that for some p > 2,

(9.6) E|ξ|p
H1(S1,Rd)

<∞.

Definition 9.3. A process u : R+ × S1 × Ω → M is called an extrinsic solution to
equation (9.1) if and only if the following five conditions are satisfied

(i) u(t, x, ·) is (Ft)-progressively measurable for every x ∈ S1,
(ii) u(·, ·, ω) belongs to C(R+ × S1;M) for every ω ∈ Ω,
(iii) R+ ∋ t 7→ u(t, ·, ω) ∈ H1(S1,M) is continuous for every ω ∈ Ω,
(vii) for all t ≥ 0 the following equality holds in H−1(S1,Rd), P almost surely,

u(t) = u(0) +

∫ t

0

[
∂xxu(s)− Su(s)(∂xu(s), ∂xu(s))

]
ds

+

∫ t

0

Yu(s) ◦ dW (s).(9.7)

Moreover, if Assumption 9.2 is satisfied, then process u : R+ × S1 × Ω → M is called
an extrinsic solution of problem (9.1)-(9.2) if and only if u is an extrinsic solution to
equation (9.1) and

(v) u(0, x, ω) = ξ(x, ω) for every x ∈ S1, P-a.s.
Finally, u is called a regular extrinsic solution if in addition the following two conditions
are satisfied

(viii) E
∫ T
0
|u(t)|2

H2(S1,Rd)
dt <∞ for each T > 0,

(ix) and for all t ≥ 0 the equality (9.7) holds in L2(S1,Rd), P almost surely.

Remark 9.4. Since a function ξ : Ω → C(S1;M) is F -measurable if and only if for every
x ∈ S1 the function ix ◦ ξ → M is F -measurable, in view of the Kuratowski Theorem,
Assumption 9.2 is equivalent to the following one.
The initial data ξ is a function taking values in H1(S1,M) such that for every x ∈ S1 the
function ix ◦ ξ →M is a F0-measurable.
In a similar vein, condition (i) in Definition 9.3 can be replaced by the following one

(i′) Ω ∋ ω 7→ u(t, ·, ω) ∈ H1(S1,M) is Ft-measurable for every every t ≥ 0.

Remark 9.5. Let us observe that the following is an informal version of equation (9.7)

(9.8) ∂tu = ∂xxu− Su(ux, ux) + Yu ◦ Ẇ .
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Both equations can also be formulated in the following mild form.

(9.9) u(t) = e−tAξ −
∫ t

0

e−(t−s)ASu(ux, ux) ds+

∫ t

0

e−(t−s)AYu ◦ dW (s), t ≥ 0.

Next we formulate the main result of this part of the paper.

Theorem 9.6. Let us denote by M a vector bundle over M whose fiber at m ∈M is equal
to L(Rn;TmM), where m is a fixed natural number. Assume that Y is a C1 class section
of the vector bundle M. Then there exists an F-adapted process u =

(
u(t)

)
t≥0

such that u

is a regular extrinsic solution to problem (9.1-9.2).
Moreover, suppose that u =

(
u(t)

)
t≥0

and ū =
(
ū(t)

)
t≥0

are two F-adapted processes

such that for some T > 0, they are extrinsic solutions to problem (9.1-9.2). Then
ū(t, x, ω) = u(t, x, ω) for all x ∈ S1 and t ∈ [0, T ), P-almost surely.

In the following generalization of the Itô Lemma, see [17, Lemma 6.5] we denote by
T2(K, H) the Hilbert space of Hilbert-Schmidt operators acting between separable Hilbert
spaces K and H.

Lemma 9.7. Let K and H be separable Hilbert spaces, and let f and g be progressively
measurable processes with values in H and T2(K, H) respectively, such that∫ T

0

{
|f(s)|H + ∥g(s)∥2T2(K,H)

}
ds <∞ almost surely.

For some H-valued F0-measurable random variable ξ define a process u by

u(t) = e−tAξ +

∫ t

0

e−(t−s)Af(s) ds+

∫ t

0

e−(t−s)Ag(s) dW (s), t ∈ [0, T ],

where W is a cylindrical Wiener process on K, and (e−tA)t≥0 is a C0-semigroup on H with
an infinitesimal generator −A. Let V be another separable Hilbert space and let (e−tB)t≥0

be a C0-semigroup on V with an infinitesimal generator −B. Suppose that Q : H → V is
a C2-smooth function such that Q[D(A)] ⊆ D(B) and there exists a continuous function
F : H → V such that

(9.10) −Q′(u)Au = −BQ(u) + F (u), u ∈ D(A).

Then, for all t ≥ 0,

Q(u(t)) = e−tBQ(ξ) +

∫ t

0

e−(t−s)BQ′(u(s))g(s) dW (s)

+

∫ t

0

e−(t−s)B
[
Q′(u(s))f(s) + F (u(s)) +

1

2
trKQ

′′(u(s)) ◦ (g(s), g(s))
]
ds.

10. Proof of Theorem 9.6

The basic idea of the proof of the main result comes from [34] and [10]. The nonlinearities
S and Y in equation (9.8) are extended from their domains (products of tangent bundles)
to the ambient space, and thus we obtain a classical SPDE in Euclidean space for which the
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existence of global solutions is known. However our proof of the existence of the manifold
valued solutions requires, that from the many extensions that can be constructed, we choose
those which satisfy certain “symmetry” properties.

10.1. Differential Geometry preliminaries. Let us denote by TM and NM the tan-
gent and the normal bundle respectively, and denote by E the exponential function TRd ∋
(p, ξ) 7→ p + ξ ∈ Rd relative to the Riemannian manifold Rd equipped with the standard
Euclidean metric. The following result about tubular neighbourhood of M can be found
in [55], see Proposition 7.26, p. 200.

Proposition 10.1. There exists an Rd-open neighbourhood O of M and an NM-open
neighbourhood V around the set {(p, 0) ∈ NM : p ∈ M} such that the restriction of the
exponential map E|V : V → O is a diffeomorphism. Moreover, V can be chosen in such a
way that (p, tξ) ∈ V whenever t ∈ [−1, 1] and (p, ξ) ∈ V .

Remark 10.2. In what follows, we will denote the diffeomorphism E|V : V → O by E ,
unless there is a danger of ambiguity.
Denote by i : NM → NM the diffeomorphism (p, ξ) 7→ (p,−ξ) and define

(10.1) h = E ◦ i ◦ E−1 : O → O.

The function h defined above is an involution on the normal neighbourhood O of M and
corresponds to multiplication by −1 in the fibers, having preciselyM for its fixed point set.
The identification of the manifold M as a fixed point set of a smooth function enables to
prove that solutions of heat equations with initial values on the manifold remain thereon,
see [34] for deterministic heat equations in manifolds and [10] for stochastic heat equations
in manifolds. Employing a partition of unity argument we may assume that h : Rd → Rd

is such that properties (1)-(5) of Corollary 10.3 are valid on O. Therefore, without loss of
generality we may assume that the function h is defined on the whole Rd.

Corollary 10.3. The function h has the following properties: (i) h : O → O is a diffeo-
morphism, (ii) h(h(q)) = q for every q ∈ O, (iii) if q ∈ O, then h(q) = q if and only
if q ∈ M , (iv) if p ∈ M , then h′(p)ξ = ξ, provided ξ ∈ TpM and h′(p)ξ = −ξ, provided
ξ ∈ NpM .

Next we define, for q ∈ Rd and a, b ∈ Rd,

Bq(a, b) = d2qh(a, b), Sq(a, b) =
1

2
Bh(q)(h

′(q)a, h′(q)b).(10.2)

Let us recall that the second fundamental tensor S was introduced before the formula
(9.4). We will be studying problem (9.7) with S replaced by S. The following result which
is essential for our paper is taken from [18, Proposition 4.2].

Proposition 10.4. If p ∈M and q ∈ O, then

(10.3) Sp(ξ, η) =
1

2
Bp(a, b) = Sp(ξ, η), ξ, η ∈ TpM,

(10.4) Sh(q)(h′(q)a, h′(q)b) = h′(q)Sq(a, b) +Bq(a, b), a, b ∈ Rd.

Let us formulate and prove the following result which shows importance of Proposition
(10.4).
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Corollary 10.5. Let us put

(10.5) ∆(u) = uxx − Su(ux, ux), u ∈ H2(S1,Rd).

Then,

(10.6) ∆(h ◦ u) = h′(u)∆(u), u ∈ H2(S1,Rd).

Proof. Assume that u ∈ C2(S1,Rd) and put v = h ◦ u. Then,

∆(v) = [h ◦ u]xx − Sh◦u((h ◦ u)x, h ◦ u)x)
= h′(u)uxx + h′′(u)(ux, ux)− Sh(u)(h′(u)ux, h′(u)ux)
= h′(u)uxx − h′(u)Su(ux, ux) = h′(u)∆(u),

where the second line above follows from (10.4).

To this end, let πp, p ∈ M be the orthogonal projection of Rd to TpM and let us define
vij(p) = Sp(πpei, πpej) for i, j ∈ {1, . . . , n} and extend the functions vij = vji smoothly to
the whole Rd.

Now we will shortly recall the construction of extensions of vector fields on M to vector
fields on O from [34], cf. [20]. To this end, let us define a new Riemannian metric g on O
by

(10.7) gq(a, b) = ⟨a, b⟩Rd + ⟨h′(q)a, h′(q)b⟩Rd , q ∈ O, a, b ∈ Rd.

Remark 10.6. h : (O, g) → (O, g) is an isometric diffeomorphism.

If q ∈ O then, by Proposition 10.1, there exists a unique (p, ξ) ∈ V such that q = E(p, ξ).
We will write p(q) = p for this dependence. Moreover, also by Proposition 10.1, E(p, tξ) ∈ O
for t ∈ [0, 1]. Hence we can define the curve γq : [0, 1] ∋ t 7→ E(p, tξ) ∈ O. If a ∈ Rd and
(X(t))t∈[0,1], X(0) = a is the parallel translation of a along γq in (O, g) then we denote by
Pqa the endpoint vector X(1).

Proposition 10.7. [17, Proposition 3.9] P : O → Lisom(Rd,Rd) is a smooth function.
Moreover, Pq = I for q ∈M and

h′(q)Pq = Ph(q)h
′(p(q)), q ∈ O.

Due to this setting, it is possible to extend conveniently various mappings defined on
the manifold M to its neighbourhood O, c.f. [20]. For example, if X is a vector field on
M , i.e. a section of the tangent bundle, then we can define a map X : O → Rd by the
following formula

(10.8) Xq = PqXp(q), q ∈ O.
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10.2. Existence of solutions to approximating equations. Note that the tangent
bundle TRd is isomorphic to Rd × Rd. Using formula (10.8) and Proposition 10.7 we can
find a C1-class map Y : Rd → L(Rn,Rd) that such

(10.9) Ym = Ym : Rn → TmM, m ∈M,

where we identify TmM with the corresponding subspace of Rd, and

(10.10) Yh(q) = h′(q) ◦Yq, q ∈ O.

Note that both sides of (10.10) belong to L(Rn,Rd).
Let us fix T > 0. In what follows we put H1 = H1(S1,Rd), L1 = L1(S1,Rd) etc. We will

also denote by H1(S1,M) the Hilbert manifold consisting of those γ ∈ H1(S1,Rd) which
satisfy γ(x) ∈M for all x ∈ S1.

Let us recall that E is a Banach space from Assumption 9.1.
We define maps F : H1 → L1, G : H1 → L(E,H1) and Q : H1 → H1 by the following

formulae,

[F(u)](x) = −Su(x)(ux(x), ux(x)), u ∈ H1, x ∈ S1,(
G(u)ξ

)
(x) = Yu(x)(ξ(x)), u ∈ H1, ξ ∈ E, x ∈ S1,

Q(u) = h ◦ u, u ∈ H1.

We begin with the following result which follows directly from Corollary 10.3 parts (3)
and (4) and the definitions of the function Q.

Lemma 10.8. If u ∈ H1(S1,M), then Q(u) = u. Conversely, if u ∈ H1(S1,Rd) is such
that for all x ∈ S1 u(x) ∈ O and Q(u) = u, then u ∈ H1(S1,M).

Let πn be the projection from H1 onto the ball B(0, n) ⊂ H1 defined by

(10.11) πn(v) =

{
v, if |v|H1 ≤ n,
n

|v|H1
v, if |v|H1 > n.

It is well known, see for instance [11, Lemma 2.3], that the map πn : H1(0, 1) → H1(0, 1)
is globally Lipschitz with Lipschitz constant 1. Moreover,

|(Dx(πnu))
2 − (Dx(πnv))

2|L1 ≤ 2n|u− v|H1 , for all u, v ∈ H1,(10.12)

|(πnu)2|L1 ≤
[
n ∧ |u|H1

]
|u|H1 , for all u ∈ H1.

Next we define maps Fn : H1 → L2 and Gn : H1 → L(E,H1) by analogous formulae

Fn(u) = −Su((πn ◦ u)x, (πn ◦ u)x), u ∈ H1,

Gn(u) = G(πnu), u ∈ H1.

Note that Fn = F and Gn = G on on the ball B(0, n) in H1. Moreover, since the function
G is Lipschitz continuous on the ball B(0, n) in H1, it follows, see for instance the proof of
[10, Corollary 3] that Gn : H1 → H1 is globally Lipschitz. Finally, the Lipschitz continuity
and boundedness of the map Fk : H1 → L1 can be derived as in [11]. Thus have the
following result.
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Lemma 10.9. The functions F : H1 → L1 and G : H1 → L(E,H1) are Lipschitz contin-
uous on balls, the function G is of C1-class and the the function

trK(G
′ ~G) : H1 ∋ u 7→ trK(G

′(u)G(u)) ∈ H1

is Lipschitz continuous on balls. For each k ∈ N, the functions Fk : H
1 → L1, Gk : H

1 →
L(E,H1) and trK(G

′
k ~Gk) : H

1 → H1 are globally Lipschitz continuous, i.e. there exists
a constant Ck such that for all u, v ∈ H1

|Fk(u)− Fk(v)|L1 + |Gk(u)−Gk(v)|L(E,H1)

+ |trK(G′
k(u)Gk(u))− trK(G

′
k(v)Gk(v))|H1 ≤ Ck|u− v|H1 .(10.13)

We will also need the following result which is related to the proofs of Lemmae 2.11 and
2.12 in [11].

Lemma 10.10. Let
(
e−tA

)
t≥0

be the heat semigroup on the scale of Banach spaces Lp(S1,Rd),

p ∈ [1,∞). Then for each α ≥ 0, there exists a constant C = Cα > 0 such that

(10.14) ∥e−tA∥L(L1,Hα,2) ≤ Ct−
1
4
−α

2 , t > 0.

In particular, for each for each T > 0 and α ∈ [0, 3
2
) and for any bounded and strongly-

measurable function v : (0, t) → L1(0, 1) the following inequality holds

(10.15) sup
t∈[0,T ]

|
∫ t

0

|e−(t−s)Av(s) ds|Hα,2 ≤ CαT
3
4
−α

2 sup
t∈[0,T ]

|v(t)|L1 .

The following result can be proved by using Lemma 10.9 and employing similar methods
as used in the proof of Theorem 2.14 in [11]. One should point out here that this result is
different from more standard existence results as those for instance in Theorem 4.3 in [9].

Proposition 10.11. Let us fix p > 2. Let the initial data ξ from Assumptions 9.2 satisfy
in addition condition (9.6).

Then there exists a unique H1-valued continuous process uk satisfying

(10.16) E sup
t∈[0,T ]

|uk(s)|pH1 <∞

and such that for all t ∈ [0, T ], P-a.s.

uk(t) = e−tAξ +

∫ t

0

e−(t−s)AFk(uk(s)) d s+

∫ t

0

e−(t−s)AGk(uk(s)) dW (s)

+

∫ t

0

e−(t−s)AtrK[G
′
k ~Gk](uk(s)) d s.(10.17)

Moreover,

(10.18) E
∫ T

0

|uk(s)|2H2 ds <∞.

Proof of Proposition 10.11. As mentioned above the proof of the first part follows the ideas
from the proof of Theorem 2.14 in [11]. The proof of the second part uses ideas from [15].
Since ξ ∈ Lp(Ω, H1) ⊂ L2(Ω, H1) and H1 = Dom(A1/2) = (D(A), L2)1/2,2, by invoking [46]
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we infer that the 1st term on the RHS of (10.17) satisfies the condition (10.18). Because
uk satisfies the condition (10.16) in view of the Lipschitz condition (10.13) satisfied by
Gk and trK(G

′
k ~Gk), both the 3rd and the 4th terms on the RHS of (10.17) satisfy the

condition (10.18). The only difficulty lies with the 2nd term because so far we only know
that for each t > 0, Fk(uk(t)) belongs to L1. By [46] again, it is enough to show that

E
∫ T
0
|Fk(uk(s))|2L2 ds <∞. In view of the definition of Fk, it is enough to show that

(10.19) E
∫ T

0

|(uk)x(s)|4L4 ds <∞.

Obviously, it is enough to show that each term on the RHS of (10.17) satisfies the above
condition (10.19). To this end it is sufficient to verify the following two claims.
Claim 1. If v ∈ L2(0, T ;H1) ∩ L∞(0, T ;L2) then v ∈ L4(0, T ;L4) and there exists a
constant C > 0 such that∫ T

0

|v(s)|4L4 ds ≤ CT 1/2 sup
t∈[0,T ]

|v(t)|2L2

( ∫ T

0

|v(s)|2L2

)1/2
.

Claim 2. If α > 5
4
, then there exists a constant C > 0 such that for all v∫ T

0

|vx(s)|4L4 ds ≤ C sup
t∈[0,T ]

|v(t)|4Hα .

Claim 1 follows from a special case of the Gagliardo-Nirenberg inequality |v|4L4 ≤ C|v|3L2 |vx|L2 .
Claim 2 follows from a special case of the Sobolev embedding (valid for β > 1

4
) that

|v|L4 ≤ C|v|Hβ .

Therefore, the proof of Proposition 10.11 is completed by applying Claim 2 to the 2nd term
on the RHS of (10.17) and Claim 1 to all three remaining terms.

We will apply Lemma 9.7 to the process uk and the function Q. We have the following
result.

Lemma 10.12. The map Q : H1 → H1 is of C2-class and, with u, v, z ∈ H1, it satisfies

Q′(u)v = h′(u)v, Q′′(u)(v, z) = h′′(u)(v, z),

Q′(u)[−Au] = −AQ(u) + L(u), u ∈ H2,(10.20)

Q′(u)[G(u)] = [G ◦Q](u), u ∈ H1(S1, O),(10.21)

where, with the map B being defined in (10.2), the function L : H2 → L2 is defined by

L(u) = Bu(ux, ux).

Proof. Identity (10.20) can be proved in the same way as identity (10.6). Identity (10.21)
is a consequence of the invariance property (10.10). Indeed, if ξ ∈ E, then

Q′(u)[G(u)ξ] = h′(u)Yuξ = Yh(u)ξ

= G(h(u))(ξ) = (G(Q(u))(ξ).
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Define now the following two auxiliary functions

F̃k : H
1 ∋ u 7→ Q′(u)

(
Fk(u)

)
− L(u) = h′(u)(Fk(u))−Bu(ux, ux) ∈ L1,(10.22)

G̃k : H
1 ∋ u 7→ Q′(u) ◦Gk(u) = h′(u)(Gk(u)) ∈ L(E,H1).(10.23)

This leads to the following result that rigorously expresses the fact that F̃k, resp. G̃k is
the push forward by Q of Fk, resp. Gk.

Proposition 10.13. The following identities hold.

F̃k(u) = Fk(Q(u)), G̃k(u) = Gk(Q(u)), u ∈ H1,(10.24)

G̃′
k(u)G̃k(u) = G′

k(Q(u))Gk(Q(u)), u ∈ H1(S1, O).(10.25)

Proof of Proposition 10.13. It is enough to prove the identities for the original operators,
i.e. without the subscript k.

We begin with the second identity in (10.24). By the invariance property (10.10) of the
function Y and the identities (10.21) and (10.23) we have,

[G(Q(u))](ξ) = YQ(u)(·)ξ(·) = Yh(u(·))ξ(·)
= h′(u(·))Yu(·)ξ(·) = [h′(u)G(u)](ξ) = [G̃(u)](ξ).

To prove the first part of (10.24) we can argue as in the proof of identity (10.6).
Identity (10.25) is a consequence of identity (10.21).

Let us also observe that it follows from Lemma 10.12 that the assumptions of Lemma
9.7 are satisfied with the linear operator B being equal to A. Thus we have the following
fundamental result.

Corollary 10.14. Let uk be the solution to (10.17) as in Proposition 10.11 and a process
ũk be defined by the following formula

(10.26) ũk = Q ◦ uk.
Then for all t ∈ [0, T ], P-a.s.,

ũk(t) = e−tAQ(ξ) +

∫ t

0

e−(t−s)AF̃k(uk(s)) ds+

∫ t

0

e−(t−s)AG̃k(uk(s)) dW (s)

+

∫ t

0

e−(t−s)AtrK[G̃
′
k(uk(s))G̃k(uk(s))] d s.(10.27)

10.3. Construction of a maximal local solution. In the first part of this subsection
we will show that the approximate solutions stay on the manifoldM . This will follow from
Corollary 10.14. As usual, we begin with some notation.

Let for each k ∈ N, et uk be the solution to problem (10.17). Let us define the following
four [0,∞]-valued functions on Ω.

τ 1k = inf {t ∈ [0, T ] : |uk(t)|H1 > k},
τ 2k = inf {t ∈ [0, T ] : |ũk(t)|H1 > k},
τ 3k = inf {t ∈ [0, T ] : ∃x ∈ S1 : uk(t, x) /∈ O},
τk = τ 1k ∧ τ 2k ∧ τ 3k .
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The following result is borrowed from [18], see Lemma 5.4.

Lemma 10.15. Each function τ jk , j = 1, 2, 3, k ∈ N, is a stopping time.

Proposition 10.16. The process uk and ũk coincide on [0, τk) almost surely. In particular,
uk(t, x) ∈M for x ∈ S1 and t ≤ τk almost surely. Consequently,

τk = τ 1k = τ 2k ≤ τ 3k .

Proof. By Proposition 10.13 we infer that for all s ∈ [0, T ], x ∈ S1, P-a.s.

1[0,τk)(s)[F̃k(uk(s))](x) = 1[0,τk)(s)[Fk(ũk(s))](x),

1[0,τk)(s)[G̃k(uk(s))e](x) = 1[0,τk)(s)[Gk(ũk(s))e](x), e ∈ K,

1[0,τk)(s)trK[G̃
′
k ~ G̃k](uk(s)) = 1[0,τk)(s)trK[G

′
k ~Gk](ũk(s)).

Let us denote

(10.28) p(t) = |uk(t)− ũk(t)|2L2 , t ∈ [0, T ].

Then the process p stopped at τk is continuous and uniformly bounded. Note that since
ξ = Q(ξ), we infer that p(0) = 0. Moreover, by the Itô Lemma from [56] and Lemma 10.9,
we can find a continuous martingale I with I(0) = 0 such that for all k ∈ N,

p(t ∧ τk) ≤
∫ t

0

1[0,τk)(s)|Fk(uk(s))− Fk(ũk(s))|2H−1 ds

+

∫ t

0

1[0,τk)(s)|G
′
k(uk(s))Gk(uk(s))−G′

k(uk(s))Gk(ũk(s))|2L2 ds

+

∫ t

0

1[0,τk)(s)|Gk(uk(s))−Gk(ũk(s))|2T2(K,L2) ds+ I(t ∧ τk)

≤ 3C

∫ t

0

1[0,τk)(s)|uk(s)− ũk(s)|2H1 ds+ I(t ∧ τk)

≤ 3C

∫ t

0

p(s ∧ τk) ds+ I(t ∧ τk), t ∈ [0, T ].

Therefore, by taking the expectation and then applying the the Gronwall lemma, we
infer that p = 0 on [0, τk] almost surely. In other words, P almost surely, uk = ũk on
[0, τk]. Consequently, P-a.s. uk(t, x) ∈ O and uk(t, x) = h(uk(t, x)) for x ∈ S1 and t ≤ τk.
Hence, by Corollary 10.3 (or Lemma 10.8), P-a.s. uk(t, x) ∈ M for x ∈ S1 and t ∈ [0, τk] .
Therefore, τk ≤ τ 3k and so τk = τ 1k ∧ τ 2k . Finally, since p = 0 on [0, τk] we infer that τ

1
k = τ 2k .

Remark 10.17. Although the process uk − ũk is H
1-valued, there is no error in considering

the L2 norm of it (and not the H1 norm) in order to prove that this process is equal to
a 0 process. Moreover, we had to use the framework of Pardoux for the Gelfand triple
H1 ⊂ L2 ⊂ H−1 (and not the H2 ⊂ H1 ⊂ L2 one) because we had to use the Lipschitz
property of Fk. We have implicitly used an embedding L1 ⊂ H−1.
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The same comments apply to the proof of Proposition 10.18 below.

In the second part of this subsection we will show that the approximate solutions extend
each other. To be precise we will prove the following result.

Proposition 10.18. Let k ∈ N. Then uk+1(t, x, ω) = uk(t, x, ω) on x ∈ S1, t ≤ τk(ω), and
τk(ω) ≤ τk+1(ω) almost surely.

Proof. Define a process p as before by formula (10.28). As in the proof of Proposition 10.16,
we apply the Itô Lemma from [56]. Since p(0) = 0 we can find continuous martingale I
satisfying I(0) = 0 such that for all t ∈ [0, T ], P-a.s.

p(t ∧ σk) ≤
∫ t

0

1[0,σk)(s)|Fk+1(uk+1(s))− Fk(uk(s))|2L2 ds

+

∫ t

0

1[0,σk)(s)|1[0,τk+1)trK[G
′
k+1 ~Gk+1(uk+1(s))]− trK[G

′
k ~Gk(uk(s))]|2L2 ds

+

∫ t

0

1[0,σk)(s)|Gk+1(uk+1(s))−Gk(uk(s))|2T2(K,L2) ds+ I(t ∧ σk),

where σk := τk ∧ τk+1. Since for s ∈ [0, σk), Fk(uk(s)) = F(uk(s)) = Fk+1(uk+1(s))
and similarly, Gk(uk(s)) = G(uk(s)) = Gk+1(uk+1(s)), by the Lipschitz continuity of the
functions Fk+1, Fk+1 and G′

k+1 ~Gk+1 we infer that for some constant C > 0,

p(t ∧ σk) ≤ C

∫ t

0

1[0,σk)(s)p(s) ds+ I(t ∧ σk) = C

∫ t∧σk

0

p(s ∧ σk) ds.

Hence by the Gronwall Lemma we infer that p = 0 on [0, σk]. This implies that τk,
τk ≤ τk+1. Indeed, if |ξ|H1 > k + 1 then τk+1 = τk = 0 and if if k < |ξ|H1 ≤ k + 1 then
τk+1 > 0 and τk = 0. Thus, one can assume that |ξ|H1 ≤ k. If τk+1 were smaller than τk
then by the just proved property we would have uk(t) = uk+1(t) for t ∈ [0, τk+1]. Hence
|uk(0)|H1 ≤ k and |uk(τk+1)|H1 ≥ k + 1 and therefore we can find t̄ ∈ [0, τk+1) such that
|uk(t̄)|H1 = k + 1

2
. This implies that τk ≤ t̄ and this contradicts the assumption that

τk+1 < τk. The proof is complete.

By Proposition 10.18 the sequence (τk)
∞
k=1 of stopping times is non-decreasing and so

the limit of (τk) exists. We denote it by τ , i.e. τ = limk→∞ τk . Moreover, we can define
a process ũ(t, x), t ∈ [0, τ), x ∈ S1 by ũ(t, x, ω) = uk(t, x, ω) provided k is so large that
t ∈ [0, τk(ω)). Note that ũ(t, ·) ∈ H1.

In the following subsection we will show that τ = T P almost surely.

10.4. No explosion for approximate solutions. In this final subsection we will show
that the maximal local solution constructed in the previous subsection is a global solution.
We begin with proving that the local maximal solution is a global one.

Proposition 10.19. τ = T almost surely.
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Proof. We first notice that we have, for t ∈ [0, T ],

uk(t) = ξ −
∫ t

0

Auk(s) ds+

∫ t

0

Fk(uk(s)) ds+

∫ t

0

[G′
k ~Gk(uk(s))] ds

+

∫ t

0

Gk(uk(s)) dW (s).(10.29)

By applying the Itô Lemma from [56] and Lemma 10.9 we can find a continuous local
martingale J0 such that for t ∈ [0, T ], P-a.s.,

1

2
|∇uk(t)|2 +

∫ t

0

1[0,τk)(s)⟨Auk(s), Auk(s)⟩ ds =
1

2
|∇ξ|2 + J0(t)

+

∫ t

0

1[0,τk)(s)⟨Auk(s),Fkuk(s)⟩ ds(10.30)

+

∫ t

0

1[0,τk)(s)⟨∇uk(s),∇G′
k(uk(s))Gk(uk(s))uk(s)⟩ ds,

where the norms and the scalar product are those from the L2 = L2(S1,Rd) space. Note
the following fundamental property. If u ∈ D(A) then, see (9.4),

⟨−∆u(x) + F (u(x)), F (u(x))⟩ = 0, for a.a. x ∈ S1.(10.31)

Since for s ∈ [0, τk), Fk(uk(s)) = F(uk(s)), in view of identity (10.31), equality (10.30) can
be rewritten as

1

2
|∇uk(t ∧ τk)|2 +

∫ t

0

1[0,τk)(s)|Auk(s)− Fk(uk(s))|2 ds−
1

2
|∇ξ|2 − J0(t)

=

∫ t

0

1[0,τk)(s)⟨∇uk(s), trK[∇G′
k(uk(s))Gk(uk(s))uk(s)]⟩ ds,

≤ C

∫ t

0

1[0,τk)(s)
[
1 + |∇uk(s)|2

]
ds = C

∫ t∧τk

0

[
1 + |∇uk(s ∧ τk)|2

]
ds.(10.32)

Hence, for each j ∈ N there exists a constant Kj such that with Bj =
{
ω ∈ Ω :

|∇ξ(ω)|2L2 ≤ j
}
, one has, by the Gronwall Lemma,

(10.33) E 1Bj
[1 + |∇uk(t ∧ τk)] ≤ Kj, t ∈ [0, T ], j ∈ N.

Let us now fix t ∈ [0, T ). Then, since 1{τk≤t}|uk(τk)|Hr−τk
≥ k1{τk≤t}, we infer that

(10.34) log(1 + k2)P ({τk ≤ t} ∩Bj) ≤ E 1Bj
q(t ∧ τk) ≤ Cr,j.

Since τk ↗ τ as k → ∞, from (10.34) we infer that for all t ∈ [0, T ), j ∈ N, P ({τ ≤
t} ∩Bj) = 0 what in turn implies that τ = T almost surely. This completes the proof.
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[10] Brzeźniak, Z.; Carroll, A.: The stochastic nonlinear heat equation, in preparation
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22 (1946), 299–343
[53] M. Ondreját, Brownian representations of cylindrical local martingales, martingale problem and strong

Markov property of weak solutions of SPDEs in Banach spaces, Czechoslovak Math. J. 55 (130) (2005),
1003–1039.

[54] J. L. Garcia-Palacios and F. J. Lázaro, Langevin-dynamics study of the dynamical properties of small
magnetic particles, Phys. Rev. B 58 no. 22 (1998), 14937–14958

[55] B. O’Neill, Semi-Riemannian geometry. With applications to relativity, Pure and Applied
Mathematics 103, Academic Press, Inc., New York, 1983.

[56] E. Pardoux, Stochastic Partial Differential Equations and Filtering of Diffusion Processes, Stochas-
tics, 3, 127-167 (1979)

[57] Revuz, D. & Yor, M., Continuous Martingales and Brownian Motion, Grundlehren der
mathematischen Wissenschaften 293, Springer Verlag, Berlin 1991

[58] JF Scott, Nano-scale ferroelectric devices for memory applications, Ferroelectric 314 (2005), 207–222
[59] J. Simon, Sobolev, Besov and Nikolskii fractional spaces: imbeddings and comparisons for vector valued

spaces on an interval, Ann. Mat. Pura Appl. 157 (1990), 117–148
[60] R. Temam, Navier-Stokes equations and nonlinear functional analysis, CBMS-NSF Re-

gional Conference Series in Applied Mathematics, 41, Society for Industrial and Applied Mathematics
(SIAM), Philadelphia, PA, 1983.

[61] R. Temam, Navier-Stokes equations. Theory and numerical analysis. , Reprint of the 1984
edition. AMS Chelsea Publishing, Providence, RI, 2001
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