ICTS Summer School on Numerical Relativity 2013 — Mathematical formulation

Important Results

General Relativity

e Christoffel symbols

a

1
be = and(acgdb + Ob9dc — Odgbe)

e Riemann tensor

Definition
vavbvc - vaavc = Rgbavd

Compute from
gcd = acrgd - 8drgc + FZC Zd - Zd gc
Symmetries
Rapea = —Rpacd Rapea = —Rabde Rapea = Redab

Rabcd + Radbc + Racdb =0

(also Bianchi identities.) In n dimensions have n?(n? — 1)/12 independent components.

e Ricci tensor and Ricci scalar

Ray = RS, R=¢"Ry

Three ways to compute Ricci

Rayy = 0TI, — 05, + TGI8, — T4t

1
Rab = ing (aaadgcb + acab.gad - aaabgcd - aCadgab) + QCd (ngrecb - F(e;brecd)
1

Raypy = _ingadacgab + gc(aab)FC + Fcr(ab)c + QQedFZ(an)cd + ngFZdFecb

where ' = gbCI“bLC.
e FEinstein tensor 1
Gab = Rab - §gabR

e Einstein’s equations

where Ty, is stress-energy tensor, and where we assume A = 0.

The 3 + 1 Decomposition

e normal vector
a

n® = —ag®Vyt

e induced or spatial metric
Yab = Jab + NaMb

e Extrinsic curvature

1
Kb = Y1 Veng = —=Vany — naay = _§£n7ab

where a, = n’Vyn, is acceleration of normal observer.

(12)

(13)

(14)



e ADM equations

— Constraint equations
R+ K?+ KK “ =16wp  Hamiltonian constraint

Di(K% — %K) =8rS" momentum constraint

— Evolution equations
Ovij = —2aKi; + Dif; + D;p;

1
8th'j = Oz(Rij — 2KikKkj + KKU) — DiDjOé — 8t (SU - 5’)’@‘(5 - ,0))

+ 680, Kij + Kipd;B* + Ky;0i8*

Conformal decompositions
e metric
Yij = P
e extrinsic curvature 1 1
Kij = Aij + g7 K = Y2 Ay + 5@54%‘1(
e Hamiltonian constraint
D%y —
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e momentum constraint
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