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Lecture 1.

Navier–Stokes equations.

Controllability and stabilization

The Navier–Stokes equations

yt(x, t) = ν∆y(x, t) + (y, ·∇)y(x, t) = f(x, t) +∇p(x, t),

x ∈ Ω, t ∈ (0, T )

(∇ · y)(x, t) = 0 ∀(x, t) ∈ Ω× (0, T )

y = 0 on ∂Ω ∈ (0, T )

y(x, 0) = y0(x), x ∈ Ω

(1)

describe the non slip motion of a viscous, incompressible, Newtonian fluid in an open domain
Ω ⊂ Rn, n = 2, 3. Here y = (y1, y2, ..., yn) is the velocity field, p is the pressure, f is the density
of an external force and ν0 > 0 is the viscosity.

We have used the following notation

∇ · y = div y =
n∑

i=1

Diyi, Di =
∂

∂xi

, i = 1, ..., n

(y · ∇)y =

{
n∑

i=1

yiDiyj

}n

j=1

If the force f = fe is independent of f then the motion of the fluid is governed by the stationary
(steady–state) Navier–Stokes equation

−ν0∆y(x) + (y · ∇)y(x) = fe(x) +∇p(x), x ∈ Ω

∇ · y = 0 in Ω

y = 0 on ∂Ω.

(2)

A steady–state (equilibrium) solution to the Navier–Stokes equation (6.1) with f ≡ fe is a
solution (ye, pe) to stationary equation (6.2).

The linearized equation

yt − ν0∆y = f +∇p in Ω× (0, T )

∇ · y = 0 in Ω× (0, T )
y = 0 in Ω
y(x, 0) = y0(x) in Ω

(3)

is called the Stokes equation.
The boundary value problem (7.1) can be written as an infinite dimensional Cauchy pro-

blem in appropriate function space on Ω. To this end we shall introduce the following spaces

H = {y ∈ (L2(Ω))n; ∇ · y = 0, y · ν = 0 on ∂Ω} (4)

V = {y ∈ (H1
0 (Ω))n; ∇ · y = 0}. (5)
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Here ν is the outward normal to ∂Ω.
The space H is a closed subspace of (L2(Ω))n and it is a Hilbert space with the scalar

product

(y, z) =

∫

Ω

y · z dx

and the norm

|y| =
(∫

Ω

|y|2dx

)1/2

(6)

(We shall denote by the same symbol | · | the norm in Rn, (L2(Ω))n and H, respectively.)
The norm of the space V will be denoted by ‖ · ‖, i.e.,

‖y‖ =

(∫

Ω

|∇y(x)|2dx

)1/2

. (7)

We shall denote by P : (L2(Ω))n −→ H the orthogonal projection of (L2(Ω))n onto H (the
Leray projector) and set

a(y, z) =

∫

Ω

∇y · ∇z dx, ∀y, z ∈ V. (8)

A = −P∆, D(A) = (H2(Ω))n ∩ V. (9)

Equivalently,
(Ay, z) = a(y, z), ∀y, z ∈ V. (9′)

The Stokes operator A is self–adjoint in H, A ∈ L(V, V ′) (V ′ is the dual of V ) and

(Ay, y) = ‖y‖2, ∀y ∈ V. (10)

Finally, consider the trilinear functional

b(y, z, w) =

∫

Ω

n∑
i,j=1

yiDizjwj dx, ∀y, z, w ∈ V (11)

and denote by B : V −→ V ′ the operator defined by

By = P (y · ∇)y (12)

or, equivalently,
(By, w) = b(y, y, w), ∀w ∈ V. (11′)

Then, taking in account that P (∇p) = 0, problem (6.1) can be written as

dy

dt
(t) + ν0Ay(t) + By(t) = Pf(t), t ∈ (0, T )

y(0) = y0.
(6.1′)

(We have assumed of course that y0 ∈ H.)
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Similarly, equation (6.2) can be rewritten as

ν0Ay + By = Pfe. (6.2′)

Let f ∈ L2(0, T ; V ′) and y0 ∈ H. The function y : [0, T ] −→ H is said to be a weak solution
to equation (6.1) if

y ∈ L2(0, T ; V ′) ∩ Cw([0, T ]; H) ∩W 1,1([0, T ]; V ′) (13)

d

dt
(y(t), ψ)+ν0a(y(t), ψ)+b(y(t), y(t), ψ)=(f(t), ψ), a.e. t∈(0, T ),

y(0) = y0 ∀ψ∈V.
(14)

(Here (·, ·) is, as usually, the pairing between V, V ′ and the scalar product of H.)
Equation (14) can be, equivalently, written as

dy

dt
(t) + ν0Ay(t) + By(t) = f(t), a.e. t ∈ (0, T )

y(0) = y0

(15)

where
dy

dt
is the strong derivative of function y : [0, T ] −→ V ′.

The function y is said to be strong solution to (6.1) if y ∈ W 1,1([0, T ]; H)∩L2(0, T ; D(A))

and (15) holds with
dy

dt
∈ L1(0, T ; H) the strong derivative of function y : [0, T ] −→ H.

Before proceeding with the existence for problem (6.1), we pause briefly to present some
fundamental properties of the trilinear functional b (see [4], [6]).

Proposition 1 Let 1 ≤ n ≤ 4. Then

b(y, z, w) = −b(y, w, z) ∀y, z, w ∈ V (16)

|b(y, z, w)| ≤ C‖y‖m1
‖z‖m2+1‖w‖m3

, ∀u ∈ Vm1 , v ∈ Vm2 , w ∈ Vm3 (17)

where mi ≥ 0, i = 1, 2, 3 and

m1 + m2 + m3 ≥ n

2
if mi 6= n

2
, ∀i = 1, 2, 3,

m1 + m2 + m3 ≥ n

2
if mi =

n

2
, for some i = 1, 2, 3.

(18)

Here Vmi
= {u ∈ (Hmi(Ω))n; ∇ · u = 0}.

In particular, it follows that B is continuous from V to V ′. Indeed, we have

(By −Bz,w) = b(y, y − z, w) + b(y − z, z, w), ∀w ∈ V

and this yields

|(By −Bz,w)| ≤ C(‖y‖‖y − z‖‖w‖+ ‖y − z‖‖z‖‖w‖).
Hence

‖By −Bz‖V ′ ≤ C‖y − z‖(‖y‖+ ‖z‖), ∀y, z ∈ V. (19)
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For each N > 0, define the operator BN : V −→ V ′ by

BNy =





By if ‖y‖ ≤ N

N2

‖y‖2By if ‖y‖ > N
(20)

and consider the operator ΓN : D(ΓN) ⊂ H −→ H

ΓN = ν0A + BN , D(ΓN) = D(A). (21)

Let us show that ΓN is well defined. Indeed, we have

|ΓNy| ≤ ν0|Ay|+ |BNy|, ∀y ∈ D(A).

On the other hand, by (17) for m1 = 1, m2 =
1

2
, m3 = 0, we have for ‖y‖ ≤ N

|(BNy, w)| = |b(y, y, w)| ≤ C‖y‖3/2|Ay|1/2|w|

because ‖y‖3/2 ≤ ‖y‖1/2|Ay|1/2. This yields

|BNy| ≤ C|Ay|1/2‖y‖3/2, ∀y ∈ D(A).

Similarly, we get for ‖y‖ > N

|BNy| ≤ CN2

‖y‖2 |Ay|1/2‖y‖3/2 ≤ C|Ay|1/2‖y‖3/2.

This yields
|ΓNy| ≤ ν|Ay|+ C|Ay|1/2‖y‖3/2, ∀y ∈ D(A), (22)

as claimed.

Lemma 2 There is αN such that ΓN + αNI is m–accretive in H ×H.

For each N > 0, consider the equation

dy

dt
+ ν0Ay + BNy = f, t ∈ (0, T )

y(0) = y0.
(23)

Proposition 3 Let y0 ∈ D(A) and f ∈ W 1,1([0, T ]; H) be given. Then there is a unique
solution yN ∈ W 1,∞([0, T ]; H) ∩ L∞(0, T ; D(A)) ∩ C([0, T ]; V ) to equation (23). Moreover,
d+

dt
yN(t) exists for all t ∈ [0, T ) and

d+

dt
yN(t) + ν0AyN(t) + BNyN(t) = f(t), ∀t ∈ [0, T ). (24)
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Proof. Proposition 3 follows by Theorem 1.5, Chapter 4 of [1]. Since ΓNyN = ν0AyN+BNyN ∈
L∞(0, T ; H), by (??) we infer that AyN ∈ L∞(0, T ; H). As

dyN

dt
∈ L∞(0, T ; H), we conclude

also that yN ∈ C([0, T ]; V ),as claimed.

Now, we are ready to formulate the main existence result for the strong solutions to the
Navier–Stokes equation (6.1) ((6.1′)).

Theorem 4 Let n = 2, 3 and f ∈ W 1,1([0, T ]; H), y0 ∈ D(A), where 0 < T < ∞. Then, there
is a unique function y ∈ W 1,∞([0, T ∗]; H) ∩ L∞(0, T ∗; D(A)) ∩ C([0, T ∗]; V ) such that

dy(t)

dt
+ ν0Ay(t) + By(t) = f(t), a.e. t ∈ (0, T ∗)

y(0) = y0

(25)

for some T ∗ = T ∗(‖y0‖) ≤ T. If n = 2 then T ∗ = T. Moreover, y is right differentiable and

d+

dt
y(t) + ν0Ay(t) + By(t) = f(t), ∀t ∈ [0, T ∗). (26)

Proof. Let yN be the solution to (23), i.e.,

dyN

dt
+ ν0AyN + ByN = f, a.e. t ∈ (0, T )

y(0) = y0.
(27)

If multiply (27) by yN and integrate on (0, t), we get

|yN(t)|2 + ν0

∫ t

0

‖yN(s)‖2ds ≤ C

(
|y0|2 +

1

ν0

∫ T

0

|f(t)|2dt

)
, ∀N.

Next, we multiply (27) (scalarly in H) by AyN(t). We get

1

2

d

dt
‖yN(t)‖2 + ν0|AyN(t)|2 ≤ |(BNyN(t), AyN(t))|+ |f(t)||AyN |, a.e. t ∈ (0, T ).

This yields

‖yN(t)‖2 + ν0

∫ t

0

|AyN(s)|2ds

≤ C

(
‖y0‖2 +

1

ν0

∫ T

0

|f(t)|2dt +

∫ t

0

|(BNyN , AyN)|ds

)
.

(28)

On the other hand, for n = 3, by (17) we have (the case n = 2 will be treated separately
below)

|(BNyN , AyN)| < |b(yN , yN , AyN)| ≤ C‖yN‖‖yN‖3/2|AyN |
≤ C‖yN‖3/2|AyN |3/2, a.e. t ∈ (0, T ).
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(Everywhere in the following C is independent of N, ν.) Then, by (28), we have

‖yN(t)‖2 + ν0

∫ t

0

|AyN(s)|2ds

≤ C

(
‖y0‖2 +

1

ν

∫ T

0

|f(t)|2dt +

∫ t

0

|AyN(s)|3/2‖yN(s)‖3/2ds

)

≤ C

(
‖y0‖2 +

1

ν

∫ T

0

|f(t)|2dt +
1

ν0

∫ t

0

‖yN(s)‖6ds

)
+

ν

2

∫ t

0

|AyN(s)|2ds,

∀t ∈ [0, T ].

Finally,

‖yN(t)‖2 +
ν0

2

∫ t

0

|AyN(s)|2ds

≤ C0

(
‖y0‖2 +

1

ν0

∫ T

0

|f(s)|2ds +
1

ν0

∫ t

0

‖yN(s)‖6ds

)
.

(29)

Next, we consider the integral inequality

‖yN(t)‖2 ≤ C0

(
‖y0‖2 +

1

ν0

∫ T

0

|f(s)|2ds +
1

ν0

∫ t

0

‖yN(s)‖6ds

)
. (30)

We have
‖yN(t)‖2 ≤ ϕ(t), ∀t ∈ (0, T )

where

ϕ′ =
1

2
ϕ3, ∀t ∈ (0, T ),

ϕ(0) = C0

(
‖y0‖2 +

1

ν0

∫ T

0

|f(s)|2ds

)
.

This yields

ϕ(t) =

(
ν0ϕ

3(0)

ν0 − 3tϕ3(0)

)1/3

, ∀t ∈
(

0,
ν0

3ϕ3(0)

)
.

Hence

‖yN(t)‖2 ≤
(

ν0ϕ
3(0)

ν0 − 3tϕ3(0)

)1/3

, ∀t ∈ (0, T ∗), (31)

where
T ∗ =

ν0

3C3
0

(
‖y0‖2 +

1

ν0

∫ T

0

|f(s)|2ds

)3 ·

Then, by (29) we get

‖yN(t)‖2 +
ν0

2

∫ t

0

|AyN(s)|2ds

≤ C1

(
|y0|2 +

1

ν0

∫ T

0

|f(t)|2dt

)(∫ t

0

ds

T ∗ − s
+ 1

)
, 0 < t < T ∗.

(32)
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For n = 2, we have (see (17))

|(BNyN , AyN)| ≤ C|yN |1/2‖yN‖|AyN |3/2 ≤ ν0

2
|AyN |2 +

C

ν0

‖yN‖4.

This yields

‖yN(t)‖2 +
ν0

2

∫ t

0

|AyN(s)|2ds

≤ C

(
‖y0‖2 +

1

ν0

∫ T

0

|f(t)|2dt +
1

ν0

∫ t

0

‖yN(s)‖4ds

)
.

Then, by (29) and the Gronwall lemma, we obtain

‖yN(t)‖2 +
ν0

2

∫ t

0

|AyN(s)|2ds

≤ C

(
‖y0‖2 +

1

ν0

∫ T

0

|f(t)|2dt

)
, ∀t ∈ (0, T ).

(33)

By (33) we infer that, for N large enough, ‖yN(t)‖ ≤ N on (0, T ∗) if n = 3 or on the whole of
(0, T ) if n = 2.

Hence BNyN = ByN on (0, T ∗) (respectively on (0, T )) and so yN = y is a solution to (25).
This completes the proof of the existence.

Uniqueness. If y1, y2 are two solutions to (25), we have

1

2

d

dt
|y1(t)− y2(t)|2 + ν0‖y1(t)− y2(t)‖2

≤ |(B(y)(t)−By2(t), y1(t)− y2(t))|
= |b(y1(t), y1(t), y1(t)− y2(t))− b(y2(t), y2(t), y1(t)− y2(t))|
= |b(y1(t)− y2(t), y1(t), y1(t)− y2(t))|
≤ C‖y1(t)− y2(t)‖2‖y1(t)‖, a.e. t ∈ (0, T ∗).

Hence y1 ≡ y2.
Hence

BNyj −→ BNyN = ηN strongly in L1(0, T ; V ′).

We have shown therefore that for each y0 ∈ H and f ∈ L2(0, T ; V ′) the equation

dyN

dt
+ νAyN + BNyN = f, a.e. t ∈ (0, T )

yN(0) = y0

(34)

has a solution yN ∈ L2(0, T ; V ) ∩ C([0, T ]; H) with
dyN

dt
∈ L4/3(0, T ; V ′) if n = 3,

dyN

dt
∈

L
2

1+ε (0, T ; V ′) if n = 2.
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Now, we let N −→∞. Then, on a subsequence, again denoted N , we have

yN −→ y∗ weak star in L∞(0, T ; H)

weakly in L2(0, T ; V )

dyN

dt
−→ dy∗

dt
weakly in L4/3(0, T ; V ′) if n = 3

weakly in L
2

1+ε (0, T ; V ′) if n = 2

AyN −→ Ay∗ weakly in L2(0, T ; V ′)

BNyN −→ η weakly in L4/3(0, T ; V ′) if n = 3

weakly in L
2

1+ε (0, T ; V ′) if n = 2.

We have
dy∗

dt
+ ν0Ay∗ + η = f, a.e. in (0, T )

y∗(0) = y0.
(35)

To conclude the proof it remains to be shown that η(t)=By∗(t), a.e. t∈(0, T ).
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2 Internal controllability of Navier–Stokes equations

Consider the controlled Navier–Stokes system

yt(x, t)− ν0∆y(x, t) + (y · ∇)y(x, t) = m(x)u(x, t)+

+fe(x) +∇p(x, t), (x, t) ∈ Q

(∇ · y)(x, t) = 0, ∀(x, t) ∈ Q = Ω× (0, T )

y = 0, on Σ = ∂Ω× (0, T )

y(x, 0) = y0(x), x ∈ Ω.

(36)

Here y = (y1, y2, ..., yn), u = (u1, u2, ..., un), Ω is an open smooth domain of Rn, ∇ · y is the
divergence of y and ∆ is the Laplacian in the space variables x = (x1, ..., xn). The function
m is the characteristic function of an open subset ω of Ω and y0 is a given divergence free
vector field. These equations describe the motion of an incompressible fluid in Rn (n = 2
or 3); the vector field y = y(x, t) is the velocity, p = p(x, t) is the pressure, u = u(x, t) (the
control variable) is the density of external forces and ν0 is a positive constant (the viscosity).
Throughout in the sequel we shall take ν0 = 1. Recall the notations

H = {y ∈ (L2(Ω))n; ∇ · y = 0, y · ν = 0 on ∂Ω}
the space of solenoidal vectors on Ω (here ν = (ν1, ..., νn) is the normal to ∂Ω) and let

V = {y ∈ (H1
0 (Ω))n; ∇ · y = 0}

b(y, z, w) =
n∑

i,j=1

∫

Ω

yiDizjwjdx

(By, w) = b(y, y, w), ∀y, w ∈ V.

Then, as noticed earlier, we may rewrite equation (7.1) as

dy

dt
(t) + Ay(t) + By(t) = P (mu) + Pfe, t ∈ (0, T )

y(0) = y0 t ∈ (0, T )
(7.1′)

where A ∈ L(V, V ′) is the Stokes operator.
Let (ye, pe) be a steady–state (equilibrium) solution to (7.1), i.e.,

−∆ye + ye · ∇ye = ∇pe + f0(x) in Ω

∇ · ye = 0 in Ω

ye = 0 on ∂Ω.

Substituting y by y + ye into (7.1) we are lead to the null controllability of the equation

yt −∆y + (y · ∇)y + (ye · ∇)y + (y · ∇)ye = mu +∇p in Q

∇ · y = 0 in Q

y = 0 on Σ

y(x, 0) = y0(x)− ye(x) = y0(x), x ∈ Ω.

(37)
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Theorem 5 Let Ω be a bounded and open subset of Rn, n = 2, 3, and let ω be an open subset
of Ω. Let (ye, pe) ∈ ((W 2,4(Ω))n ∩ V )×H1(Ω) be a steady–state solution to (7.1). Then there
is η > 0 such that for all y0∈(H2(Ω))n ∩ V satisfying the condition

‖y0 − ye‖(H2(Ω))n ≤ η

there are u∈H1(0, T ; (L2(Ω))n), y∈(L∞(0, T ; (H2(Ω))n∩V ))∩H1(0, T ; V ), p∈L2(0, T ; H1(Ω))
which satisfy (7.1) and

y(x, T ) ≡ ye(x), a.e. x ∈ Ω.

Proof. As seen earlier, it suffices to prove the local null controllability of equation (7.1). To
this purpose we shall invoke the fixed point argument. Namely, we consider the set

K = {w ∈ L∞(0, T ; (H2(Ω))n ∩ V )) ∩H1(0, T ; V ); µ(w) ≤ M} (38)

where
µ(w) = ‖w‖L∞(0,T ;(H2(Ω))n∩V ) + ‖w‖H1(0,T ;V ).

We fix w in K and consider the solution

(y, p) ∈ ((H2,1(Q))n ∩ V )× L2(0, T ; H1(Ω))

to the linear problem

yt −∆y + ((w + ye) · ∇)y + (y · ∇)ye = mu +∇p in Q

∇ · y = 0 in Q

y(x, 0) = y0 − ye = y0 in Ω; y = 0 on Σ

(39)

The main step is Lemma 6 below.

Lemma 6 There is M > 0 such that for all w ∈ K there are u ∈ H1(0, T ; (L2(Ω))n) and
y ∈ L2(0, T ; H2(Ω) ∩ V ) ∩H1(0, T ; (L2(Ω))n), p ∈ L2(Q) satisfying (7.4) and such that

y(T ) ≡ 0 (40)

‖u‖H1(0,T ;(L2(Ω))n) ≤ β(1 + M)2
∣∣y0

∣∣
2

(41)

for some constant β > 0 independent of M , w and y0.

Proof of Theorem 1. (continued) Define the map

Φ : K −→ (L2(Q))n

by
Φ(w) = {yu,w∈L2(0, T ; (H2(Ω))n ∩ V ) ∩H1(0, T ; (L2(Ω))n,

yu,w(T ) ≡ 0, ‖u‖H1(0,T ;(L2(Ω))n ≤ β(1 + M)2|y0|2}.
Here yu,w is the solution to (1.4) and β is the constant arising in Lemma 6. Then, by Lemma 6,
Φ(w) 6= ∅, for each w ∈ K, and it follows by a standard device that Φ is upper–semicontinuous
in (L2(Q))n, i.e., if wk −→ w strongly in (L2(Q))n and yk ∈ Φ(wk) is strongly convergent to y
in (L2(Q))n, then y ∈ Φ(w), i.e., y = yu,w for some u satisfying equation (7.6).
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3 Stabilization of Navier–Stokes equations

Consider the Navier-Stokes equation in a domain O ⊂ Rd, d = 2, 3, with the smooth boundary
∂O,

∂y

∂t
− ν∆y + (y · ∇)y = fe +∇p in R+ ×O,

∇ · y = 0 in R+ ×O,

y = 0 on R+ × ∂O,

y(0) = y0 on R+ ×O,

(42)

where fe ∈ (L2(O))d, ∇ · fe = 0, fe · n = 0.
Here n is the normal to ∂O.
Let ye ∈ (H2(O))d be an equilibrium solution to (8.1), that is,

−ν∆ye + (ye · ∇)ye = fe +∇pe in O,

∇ · ye = 0 in O, ye = 0 on ∂O.
(43)

3.1 Internal stabilization

Let O0 ⊂ O be an open subdomain of O and consider the controlled system associated with
(8.1)

∂y

∂t
− ν∆y + (y · ∇)y = fe +∇p + 1O0u in R+ ×O,

∇ · y in R+ ×O; y = 0 on R+ × ∂O,

y(0) = y0 in O,

(44)

where the controller u is in L2(0,∞; (L2(O))d).

Problem 7 Find the controller u in feedback form, that is
u(t) = φ(y(t) − ye) such that the solution to the corresponding solution y to the closed loop
system (8.3) satisfies for all y0 in a neighborhood of ye

‖y(t)− ye‖(L2(O))d ≤ Ce−γt‖y0 − ye‖(L2(O))d , ∀t ≥ 0, (45)

where γ > 0.

If we set y − ye → y, Problem 7 reduces to find u = φ(y) such that the solution y to the
equation

∂y

∂t
− ν∆y+(y·∇)y+(ye·∇)y+(y·∇)ye=∇p+1O0u, t ≥ 0,

∇ · y = 0 in R+ ×O,

y = 0 on R+ × ∂O,

y(0, x) = y0(x)− ye(x) = y0(x), x ∈ O.

(46)

satisfies
‖y(t)‖(L2(O))d ≤ Ce−γt‖y0‖(L2(O))d , ∀t ≥ 0. (47)
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We use the standard formalism to represent the Navier–Stokes equations as infinite-dimensional
differential equations (see, e.g., [2], [3]). That is we set

H = {y ∈ (L2(O))d;∇ · y = 0 in O, y · n = 0 on ∂O},
Ay = −P (∆y), ∀y ∈ D(A) = y ∈ H ∩ (H1

0 (O))d ∩ (H2(O))d,

A0y = P ((ye · ∇)y + (y · ∇)ye), D(A0) = H ∩ (H1
0 (O))d,

By = P ((y · ∇)y),

where P : (L2(O))d → H is the Leray projector.
We may rewrite (8.5) as

dy

dt
+ νAy + A0y + By = P (1O0u), t ≥ 0,

y(0) = y0,
(48)

or, in a more compact form,

dy

dt
+Ay + By = P (1O0u), t ≥ 0,

y(0) = y0,
(49)

where A : D(A) ⊂ H → H is the so called Oseen–Stokes operator

A = νA + A0, D(A) = D(A). (50)

Then the internal stabilization problem reduces to find a feedback controller u = φ(y) such
that the corresponding solution y to (49), that is,

dy

dt
+Ay + By = P (1O0φ(y)), ∀t ≥ 0,

y(0) = y0,
(51)

satisfies
|y(t)|H ≤ Ce−γt|y0|H , ∀t ≥ 0, (52)

for γ > 0 and all y0 in a neighborhood of the origin. Here and everywhere in the following,
| · |H is the norm of the space H and (·, ·)H is the corresponding scalar product.

3.2 Boundary stabilization

Consider the boundary control system associated with (8.1)

∂y

∂t
− ν∆y + (y · ∇)y = fe +∇p in R+ ×O,

∇ · y = 0 on R+ ×O,

y = u on R+ × ∂O,

y(0) = y0 in O.

(53)
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Problem 8 Find a boundary controller u in the feedback form u = ψ(y − ye) such that the
corresponding solution y to (8.5) satisfies (8.4) for all y0 in a neighborhood of ye.

Equivalently, the solution y to

∂y

∂t
− ν∆y+(y·∇)y+(y·∇)ye+(ye·∇)y = ∇p in R+×O,

y = u on R+ × ∂O, y(0) = y0 − ye,

∇ · y = 0 on R+ ×O,

(54)

where u = ψ(y), satisfies (8.4).
If u is tangential, that is u ·n = 0 on R+×∂O, then the stabilization is said to be tangential

while, if u · τ = 0 on R+×∂O (where τ is the tangent vector to ∂O), the stabilization is called
normal.

Denote by D : (L2(∂O))d → H the Dirichlet map defined by

−ν∆(Du)+(ye·∇)Du+(Du·∇)ye+kDu = ∇p in O,

Du = u on ∂O,
(55)

where k > 0 is sufficiently large but fixed.
It turns out that D is well defined on the space of all u ∈ (L2(∂O))d such that u · n = 0

on ∂O and that D is continuous from (Hs(∂O))d → (Hs+ 1
2 (O))d ∩H if s ≥ 1

2
. (See Theorem

A.2.1 in [1].) Then, (55) reduces to

dy

dt
+A(y −Du) + By = kDu, t ≥ 0,

y(0) = y0.
(56)

If we denote by Ã the extension, by transposition, Ã : H → (D(A∗))′ with respect to H as

pivot space of the original operator A, that is, (Ãy, z) = (y,A∗z), ∀z ∈ D(A), we can write
(56) as

dy

dt
+ Ãy + By = kDu + ÃDu, t ≥ 0,

y(0) = y0,
(57)

and so, the tangential stabilization problem reduces to find a feedback controller u = ψ(y)
such that the solution y to (57) satisfies (8.4) for all y in a neighborhood of the origin.

It is obvious that the solution y to the Cauchy problem is taken here in a mild sense

y(t) = e−Aty0 − ∫ t

0
e−Ã(t−s)(By(s) + kDu + ÃDu(s))ds,

t ≥ 0.
(58)

Of course, if
d

dt
Du ∈ L2

loc(0,∞; H), we may rewrite (58) as

y(t) = Du(t) + e−At(y0 −Du(0))

−
∫ t

0

e−A(t−s)

(
By(s) + kDu(s)− d

ds
Du(s)

)
ds,

∀t ≥ 0.

(59)
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The functional representation of system (54) with normal boundary controller is a more
delicate problem.

3.3 Main results

Theorem 9 (Barbu & Triggiani 2004) There is a feedback controller

u =
M∑
i=1

(R(y − ye), ψi)(L2(O0))dψi, R ∈ (L2(O)), (60)

which stabilizes exponentially ye for

‖y0 − ye‖W ≤ ρ, W = (H
1
2 (O))d.

Here M∗ is dependent of the multiplicity of eigenvalues λj of the Oseen–Stokes operator
Re λj ≤ 0, j = 1, ..., N . The functions ψj are linear combinations of eigenfunctions ϕ∗j .

Theorem 10 (Barbu, Lasiecka & Triggiani 2006) Under additional assusmptions of eigen-
functions ϕj to the Oseen–Stokes operator, there is a tangential boundary controller

u =
M∑
i=1

(∫

∂O
R(y − ye)ψidx

)
ψi on ∂O, (61)

which stabilizes ye for y0 in a neighborhood of ye.

Other stabilization results are due to A. Fursikov (2004, 2006), J.P. Raymond (2006, 2007),
Badra (2008).

Normal stabilization

The existence of a normal feedback controller stabilizing ye was studied so far for special
domains O ⊂ Rd and fluid flows. Most results refer to periodic fluid flows in 2 − D channel
(V. Barbu [2007], R. Triggiani [2008], I. Munteanu [2010], Vazquez & Krstc [2001]-[2007], the
later for a large viscosity coefficient ν).

Stochastic stabilization

The results obtained here refer to design a feedback controller of the form

u = η

N∑
i=1

(y − ye, φ̃
∗
i )(L2(O))dφiβ̇i,

which, inserted into (8.1), that is,

dy − ν∆ydt + (y·∇)y dt = η

N∑
i=1

(y − ye, φ̃
∗
i )(L2(O))dφidβ̇i + fedt +∇p

in (0,∞)×O,

∇ · y = 0, y|∂O = 0,

yields
lim
t→∞

y(t) = ye with probability 1.
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3.4 General description of the spectral stabilization technique

dy

dt
+Ay + By = Du, t ≥ 0,

y(0) = y0,
(62)

where −A generates a C0-analytic semigroup in a Hilbert space H, B is a nonlinear on H,
D ∈ L(U,H).

Problem 11 Find u = φ(y) such that the solution to the closed loop system

dy
dt

+Ay + By −Dφ(y) = 0, t ≥ 0,

y(0) = y0,
(63)

satisfies for some γ > 0
|y(t)|H ≤ Ce−γt|y0|, ∀t > 0, (64)

for y0 ∈ V a neighborhood of origin.

Let λj eigenvalues of A, Aϕj = λjϕj, A∗ϕ∗j = λjϕ
∗
j and N the number of eigenvalues with

Re λj < 0.
Let Xu = lin span{ϕj}N

j=1, Xs = {ϕj}∞j=N+1.
First, one stabilizes the linear part of (8.2), that is

dy

dt
+Ay = Du, t ≥ 0,

y(0) = y0,
(65)

y = yu + ys, yu =
N∑

i=1

yiϕi, ys = (I − PN)y,

u =
M∑

j=1

ujψj,

dyj

dt
+

N∑
i=1

aijyi =
M∑

j=1

bijui, j = 1, ..., N,

(66)

dys

dt
+Asys = (I − PN)

M∑
j=1

ujDψj,

aij = (Auϕi, ϕ
∗
j), As = A|Xs , bij = (Dψj, ϕ

∗
i ).

(67)

One proves first that (66) is exactly null controllable via Kalman criteria

rank[B̃, B̃A, ..., B̃AN−1] = N, B̃ = ‖bij‖M
i,j=1.

Then, since |e−Ast| ≤ Ce−γt, we see that

|y(t)| ≤ Ce−γt|y0|. (68)
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Next, we construct a feedback controller via the optimization problem

Min

{∫ ∞

0

(
|y(t)|2+|u|2dt; y′+Ay = Du, y(0) = y0, u =

M∗∑
i=1

uiψi

)}
.

We get
u = −D∗Ry = −φ(y),

A∗R + RA+ RDD∗R = I.
(69)

Next, we insert the feedback (69) into (65) and prove the stabilization.

3.5 Stochastic stabilization

Look for a stochastic feedback

u = η

N∑
i=1

(y, φi)ψiβ̇i

and show that it stabilizes in probability (62), that is,

dy + (Ay + By)dt− η

N∑
i=1

(y, φi)Dψidβi,

y(0) = y0.

To this end, if B ≡ 0, we decompose the equation in

dyu +Auyudt = ηPN

N∑
i=1

(y, φi)Dψidβ,

dys +Asysdt = η(I − PN)
N∑

i=1

(y, φi)Dψi.

Assume that |ϕ∗i , ϕj) = δi,j,

yu =
N∑

j=1

yjϕj, φi = ϕ∗i , (Dψi, ϕ
∗
j) = δij.

Then
dyj + λjyjds = ηyjdβj, j = 1, ..., N,

yj(t) = e−λjte−
1
2

η2t+ηβj(t) → 0, P-a.s.

if η2 > −Re λj.
The stabilizing effect of the noise is better illustrated by the following simple example.

dX + aX dt = ηX dβ

dX + aX dt = ηX dβ, X(0) = x,

X(t) = e−at− 1
2

η2t+ηβ(t)x, ∀t > 0, P-a.s.,

Hence, X(t) → 0, P-a.s. for t → 0.
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Lecture 2.

The internal stabilization by noise

of the linearized Navier-Stokes equation

2.1 Introduction

Consider the Navier-Stokes equation

Xt − ν0∆X + (X · ∇)X = fe +∇p in (0,∞)×O
∇ ·X = 0, X

∣∣
∂O = 0

X(0) = x0, in O,

(1)

where O is an open and bounded subset of Rd, d ≥ 2, with smooth boundary ∂O. Here
fe ∈ (L2(O))d is given.

Let Xe be an equilibrium solution to (1), i.e.,

−ν0∆Xe + (Xe · ∇)Xe = fe +∇pe in O
∇ ·Xe = 0 in O, Xe

∣∣
∂O = 0.

(2)

If X −→ X −Xe equation (1) reduces to

Xt−ν0∆X+(X · ∇)Xe+(Xe · ∇)X+(X · ∇)X = ∇p in (0,∞)×O,

∇ ·X = 0 in O, X
∣∣
∂O = 0, ∀t ≥ 0,

X(0) = x in O,

(3)

where x = x0 −Xe.
Then, the linearized system around Xe associated with (1) is the Stokes-Oseen system

Xt − ν0∆X + (X · ∇)Xe + (Xe · ∇)X = ∇p in (0,∞)×O
∇ ·X = 0 in O, X

∣∣
∂O = 0, t ≥ 0

X(0) = x in O.

(4)

If set H={X ∈ (L2(O))d; ∇ · X = 0, X · n
∣∣
∂O=0}, where ν is the normal to ∂O and P :

(L2(O))d → H is the Leray projector on H, we can rewrite system (4) as

Ẋ(t) +AX(t) = 0, t ≥ 0,

X(0) = x,
(5)

where A = ν0A + A0, A = −P∆, D(A) = (H1
0 (O) ∩H2(O))d ∩H, A0(X) = P ((X · ∇)Xe +

(Xe · ∇)X), D(A) = D(A).
Our purpose here is to stabilize (5) or, equivalently, the stationary solution Xe to (1),

using a stochastic controller with support in an arbitrary open subset O0 ⊂ O. To this aim
we associate with (5) the control stochastic system

dX(t) +AX(t)dt =
N∑

i=1

Vi(t)ψidβi(t),

X(0) = x,

(6)
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where {βi}N
i=1 is an independent system of real Brownian motions in a probability space

{Ω,P,F ,Ft}t>0. The main results, Theorems 1 and 4 below, amounts to saying that, in the

complexified space H̃ associated with H, under appropriate assumptions on A (and, impli-

citly, on Xe), for each γ > 0 there exists N ∈ N, {ψi}N
i=1 ⊂ H̃ and an N -dimensional adapted

process {Vi = Vi(t, ω)}N
i=1, ω ∈ Ω such that t → eγtX(t, ω) is convergent to zero in probability

for t → ∞. Moreover, it turns out that the stabilizable controller {Vi}i=N
i=1 can be expressed

as a linear feedback controller of the form

Vi(t) = η(X(t), ϕ∗i )H̃ , ψi = P (mφi), i = 1, ..., N, (7)

where ϕ∗i are the eigenfunctions of the dual Stokes-Oseen operator A∗ corresponding to eigen-
values λj with Re λj ≤ γ, {φi}N

i=1 is a system of functions related to ϕ∗i and m = XO0 is the
characteristic function of O0.

We may view (6) as the deterministic system (5) perturbed by the white noise controller
N∑

i=1

Vi(t)ψiβ̇i, i.e.,

Ẋ +AX =
N∑

i=1

Vi(t)ψiβ̇i.

The proof uses some spectral techniques developed in [5, 6] (see also [4, 13, 14, 20, 21])
for stabilization of Navier-Stokes equations. The previous treatment for the stabilization of
Navier-Stokes equations is a Riccati based approach which can be described in a few words as
follows; one shows first that the unstable finite dimensional part of the Stokes-Oseen equation
is stabilizable and one uses this to construct, via the algebraic infinite dimensional Riccati
equations associated with the Stokes-Oseen operator, a stabilizable feedback controller. In
this context, we note also that in [12] was developed a statistical approach to stabilization
of Stokes-Oseen equation in order to treat the unpredictible fluctuations arising in feedback
mechanism. This is related to some long-time behaviour results for solutions to Navier-Stokes
equations perturbed by random kick-forces (see [16, 22]). However, the results obtained here
are essentially stochastic not only because the stabilizable controller arises as multiplicative
term of a Brownian N -dimensional motion but mainly because the asymptotic nature of
stabilization results as well as the stochastic approach have no analogue in deterministic
stabilization technique. As a matter of fact, it was known long time ago that one might use
the multiplicative noise to stabilize differential systems (see [3]) and more recent results in
this direction can be found in [1, 2, 7, 8, 9, 19]. (See also [11] for related results.) It must be
said however that in the context of Navier-Stokes equations the results obtained here are new.
The apparent advantage of the stochastic feedback controller (7) compared with deterministic
stabilizable controllers constructed by spectral techniques (see [5, 6, 13, 14, 20, 21]) is that it
avoids the infinite dimensional algebraic Riccati equations which are not numerically tractable
by discretization with a larger number of grid points and so are inadequate to treat most fluid
dynamic problems with a sufficient degree of resolution. One might suspect that the controller
(7) is locally stabilizable as well for the Navier-Stokes equation (3), and we expect to study
this problem in a forthcoming paper.

The plan of the paper is the following. The internal stabilization result, Theorem 1, is
formulated in Section 2 and proven in Section 3. The boundary stabilization by noise is
studied in Section 4.
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Notations

Throughout in the following βi, i = 1, ..., are independent real Brownian motions in a prob-
ability space {Ω,P,F ,Ft}t>0 and we shall refer to [10, 17] for definition and basic results on
stochastic analysis of differential systems and spaces of stochastic processes adapted to filtra-
tion {Ft}t>0. We shall denote by H̃ the complexified space H+iH with scalar product denoted
by 〈·, ·〉 and norm by | · |H̃ . The scalar product of H is denoted (·, ·)H and the norm | · |H .

CW ([0, T ]; L2(Ω, H̃)) is the space of all adapted square-mean H̃-valued continuous processes
on [0, T ].

2.2 The main result

To begin with, let us briefly recall a few elementary spectral properties of the Stokes-Oseen
operator A.

Denote again by A the extension of A to the complex space H̃. The operator A has a
compact resolvent (λI −A)−1 and −A generates a C0-analytic semigroup e−At in H̃. Conse-
quently, A has a countable number of eigenvalues {λj}∞j=1 with corresponding eigenfunctions
ϕj each with finite algebraic multiplicity mj. Of course, certain eigenfunctions ϕj might be
generalized and so, in general, A is not diagonalizable, i.e., the algebraic multiplicity of λj

might not coincide with its geometric multiplicity. Also, each eigenvalue λj will be repeated
according to its algebraic multiplicity mj.

We shall denote by N the number of eigenvalues λj with Re λj ≤ γ, j = 1, ..., N, where γ
is a fixed positive number.

Denote by PN the projector on the finite dimensional subspace

Xu = lin span{ϕj}N
j=1.

We have Xu = PNH̃ and

PN = − 1

2πi

∫

Γ

(λI −A)−1dλ, (8)

where Γ is a closed smooth curve in C which is the boundary of a domain containing in interior
the eigenvalues {λj}N

j=1.
Let Au = PNA, As = (I − PN)A. Then Au, As leave invariant the spaces Xu,Xs =

(I − PN)H̃ and the spectra σ(Au), σ(As) are given by (see [15])

σ(Au) = {λj}N
j=1, σ(As) = {λj}∞j=N+1.

Since σ(As) ⊂ {λ ∈ C; Re λ > γ} and As generates an analytic C0-semigroup on H̃, we have

|e−Astx|H̃ ≤ Ce−γt|x|H̃ , ∀x ∈ H̃, t ≥ 0. (9)

The eigenvalue λj is said to be semi-simple if for it the algebraic and geometrical multiplicity
coincides, or, equivalently, λj is a simple pole for (λI −A)−1. If all the eigenvalues {λj}N

j=1 of
the matrix Au are semi-simple, then Au is diagonalizable.

Herein, we shall assume that the following hypothesis holds.

(A1) All the eigenvalues λj, j = 1, ..., N, are semi-simple.
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It should be said that hypothesis (A1) is less restrictive as it might appear to be at first glance.
Indeed, it follows by a standard argument involving the Sard-Smale theorem that the property
of eigenvalues of the Stokes-Oseen operator to be simple (and, consequently, semi-simple) is
generic in the class of coefficients Xe. So, ”almost everywhere” (in the sense of a set of first
category), hypothesis (A1) holds.

Denote by A∗ the adjoint operator and by P ∗
N the adjoint of PN . We have

P ∗
N = − 1

2πi

∫

Γ

(λI −A∗)−1dλ. (10)

The eigenvalues of A∗ are precisely the complex conjugates λj of eigenvalues λj of A and
they have the same multiplicity. Denote by ϕ∗j the eigenfunction of A∗ corresponding to the
eigenvalue λj. We have, therefore,

Aϕj = λjϕj, A∗ϕ∗j = λjϕ
∗
j , j = 1, ... . (11)

Since the eigenvalues {λj}N
j=1 are semi-simple, it turns out that the system consisting of

{ϕj}N
j=1, {ϕ∗j}N

j=1 can be chosen to form a bio-orthonormal sequence in H̃, i.e,

〈ϕj, ϕ
∗
i 〉 = δij, i, j = 1, ..., N, (12)

(see, e.g., [5]). We notice also that the functions ϕj and ϕ∗j have the unique continuation
property, i.e.,

ϕj 6≡ 0, ϕ∗j 6≡ 0 on O0 for all j = 1, ..., N, (13)

(see, e.g., Lemma 3.7 in [5]). We shall assume also that the following condition holds:

(A2) The system {ϕ∗j}N
j=1 is linearly independent in (L2(O0))

d.

It should be noticed that hypothesis (A2) automatically holds if Xe is analytic because in this
case ϕ∗j are analytic too and so (A2) is the consequence of linear independence of {ϕ∗j}N

j=1

on O0. Also, in the case where the system {ϕ∗j}N
j=1 contains only one distinct eigenvalue

(which might be multiple), hypothesis (A2) is implied by the unique continuation property
(13). It turns out via unique continuation arguments that (A2) holds under more general
conditions on Xe but the presentation of this result is beyond the goals of this work.

Consider the following stochastic perturbation of the linearized system (5) considered in
the complex space

dX +AXdt = η

N∑
i=1

〈X,ϕ∗i 〉P (mφi)dβi,

X(0) = x,

(14)

where η ∈ R and m = χO0 is the characteristic function of the open subset O0 ⊂ O. Here

{φi}N
i=1 ⊂ H̃ is a system of functions to be made precise below. We may rewrite (14) as

X(t)=e−Atx+η

N∑
i=1

∫ t

0

〈X(s), φi〉 e−A(t−s)P (mφi)dβi(s), t≥0, P-a.s. (15)

which, by the standard existence theory (see [10]), has a unique solution X ∈ CW ([0, T ]; L2(Ω, H̃)),
∀T > 0.
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The closed loop system (14) can be equivalently written as (see (4))

dX(t)− ν0∆X(t)dt + (X(t) · ∇)Xedt + (Xe · ∇)X(t)dt

= ηm

N∑
i=1

〈X(t), ϕ∗i 〉φidβi(t) +∇p(t)dt in (0,∞)×O, P-a.s.

∇ ·X(t) = 0 in O, X(t)
∣∣∣
∂O

= 0, ∀t ≥ 0, P-a.s.

X(0) = x in O.

(16)

Hence, in the space (L2(O))d, the feedback controller {ui = ηm 〈X, ϕ∗i 〉φi}N
i=1 has the support

in O0.
We shall define now φj, j = 1, ..., N, as follows.

φj(ξ) =
N∑

i=1

αijϕ
∗
i (ξ), ξ ∈ O, (17)

where αij are chosen such that

N∑
i=1

αij 〈ϕ∗i , ϕ∗k〉0 = δjk, j, k = 1, ..., N.

(Since, in virtue of hypothesis (A2), the matrix {〈ϕ∗i , ϕ∗j
〉

0
}N

i,j=1 is not singular, this is possible.)
With this choice, we have

〈φj, ϕ
∗
i 〉0 = δij, i, j = 1, ..., N. (18)

Here, we have used the notation 〈u, v〉0 =

∫

O0

u(ξ)v̄(ξ)dξ.

Theorem 1 below is the main result.

Theorem 1 Under hypotheses (A1), (A2), the solution X to equation (14), where {φi}N
i=1 are

given by (17), satisfies for |η| sufficiently large

P
[
lim
t→∞

eγt|X(t, x)|H̃ = 0
]

= 1, ∀x ∈ H. (19)

Remark 2 As mentioned earlier, system (16) is written here in the complex space H̃. If set
X1(t) = Re X(t), X2(t) = Im X(t), it can be rewritten as a real system in (X1, X2). In this
case, the feedback controller is an implicit stabilizable feedback controller with support in O0

for the real Stokes-Oseen equation (4). Of course, if λj, j = 1, ..., N , are real, then we may
view X(t) as a real valued function and so, in (19), |X|H̃ = |X|H .

2.3 Proof of Theorem 1

The idea is to decompose equation (14) in a finite dimensional system and an infinite dimen-
sional exponentially stable system. To this end, we set Xu = PNX, Xs = (I − PN)X and we
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shall rewrite equation (14) as

dXu(t)+AuXu(t)dt=ηPN

N∑
i=1

〈Xu(t), ϕ
∗
i 〉P (mφi)dβi(t), t ≥ 0, P-a.s.,

Xu(0) = PNx.

(20)

dXs(t) +AsXs(t)dt = η(I − PN)
N∑

i=1

〈Xu(t), ϕ
∗
i 〉P (mφi)dβi(t), t ≥ 0, P-a.s.,

Xs(0) = (I − PN)x.

(21)

Then, we may represent Xu as Xu(t) =
N∑

i=1

yi(t)ϕi and reduce so equation (20) via biorthogonal

relations (12) and (18) to the finite dimensional complex system

dyj + λjyjdt = ηyjdβj, j = 1, ..., N, t ≥ 0, P-a.s.

yj(0) = y0
j ,

(22)

where y0
j =

〈
PNx, ϕ∗j

〉
.

Applying Ito’s formula in (22) to ϕ(y) = eγt|y|2, we obtain that

1

2
d

(
e2γt|yj(t)|2

)
+e2γt (Re λj−γ) |yj(t)|2dt

=
1

2
η2e2γt|yj(t)|2dt + ηe2γt|yj(t)|2dβj(t), for j=1, ..., N.

(23)

Now, in (23) we take z(t) = e2γt|yj(t)|2 and get that

dz + 2e2γt (Re λj − γ) |yj|2dt = η2e2γt|yj|2dt + 2ηe2γt|yj|2dβj, j = 1, ..., N.

In the latter equation, we shall apply Itô’s formula to the function

φ(r) = (ε + r)δ, where 0 < δ <
1

2
and ε > 0.

We have
φ′(r) = δ(ε + r)δ−1, φ′′(r) = δ(δ − 1)(ε + r)δ−2, r > 0

and we obtain therefore that

dφ(z) = φ′(z)dz + 2η2e4γtφ′′(z)|yj|4dt.

This yields
dφ(z) = −δe2γt(ε + z)δ−1[2(Re λj − γ)|yj(t)|2dt− η2|yj|2dt

−2η|yj|2dβj] + 2η2δ(δ−1)e4γt(ε+z)δ−2|yj|4dt.

Now, in the latter equation, if replace z by e2γt|yj|2, we obtain that

d((ε+e2γt|yj|2)δ)+2δ(ε+e2γt|yj|2)δ−1e2γt(Re λj−γ)|yj(t)|2dt

= 2η2(δ−1)δe4γt(ε+e2γt|yj|2)δ−2|yj|2dt

+η2δe2γt(ε+e2γt|yj|2)δ−1|yj|dt

+2ηδe2γt(ε + e2γt|yj|2)δ−1|yj|dβj, j=1, ..., N.

(24)
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We set
Kj

ε(t) = 2δ e2γt(ε + e2γt|yj|2)δ−1(Re λj − γ)|yj(t)|2
−δη2e2γt(ε + e2γt|yj(t)|2)δ−1|yj(t)|2
−2δ(δ − 1)η2e4γt(ε + e2γt|yj(t)|2)δ−2|yj(t)|4, j=1, ..., N.

(25)

Now, taking into account (25), we may rewrite (24) as

(ε + e2γt|yj|2)δ +

∫ t

0

Kj
ε(s)ds = (ε + |y0

j |2)δ + M j
ε (t), t ≥ 0, j = 1, ..., N, P-a.s., (26)

where M j
ε is the following stochastic process

M j
ε (t) = 2δη

∫ t

0

e2γs|yj(s)|2(ε + e2γs|yj(s)|2)δ−1)dβj(s), j = 1, ..., N.

Taking into account that

lim
ε→0

|yj(s)|2(ε + e2γs|yj(s)|2)δ−1e2γs = e2γδs|yj(s)|2δ, P-a.s.

uniformly on [0, T ], we may pass to limit into the stochastic equation (26) to get that

e2γδt|yj(t)|2δ +

∫ t

0

Kj(s)ds = |y0
j |2δ + Mj(t), P-a.s., t > 0, (27)

where

Kj(t) = lim
ε→0

Kj
ε(t) = 2δ(Re λj − γ)e2γδt|yj(t)|2δ + 2δ(1− 2δ)η2e2γδt|yj(t)|2δ,

Mj(t) = 2δη

∫ t

0

e2γδs|yj(s)|2δdβj(s), P-a.s.

If in (27) we take the expectation E, we obtain that

e2γδtE|yj(t)|2δ + E

∫ t

0

Kj(s)ds = |y0
j |2δ, ∀t ≥ 0.

This yields

2δ(η2(1− 2δ) + Re λj − γ)E

∫ t

0

e2γδs|yj(s)|2δds ≤ |y0
j |2δ, j = 1, ..., N,

and, since 0 < δ <
1

2
, for all j = 1, ..., N, we get therefore, for η sufficiently large,

E

∫ t

0

e2γδs|yj(s)|2δds ≤ C, ∀t ≥ 0, j == 1, ..., N.

This yields

E

∫ ∞

0

e2γδs|yj(s)|2δds < ∞, ∀j = 1, ..., N,
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and, in particular, it follows that
∫ ∞

0

e2γδs|yj(s)|2δds < ∞, P-a.s., j = 1, ..., N. (28)

It should be said however that the latter does not imply automatically that e2γδt|yj(t)|2δ is
P-a.s. convergent to zero as t → ∞ and for this we need to invoke some more sophisticated
stochastic argument.

We write ∫ t

0

Kj(s)ds = Ij(t)− (Ij)1(t), j = 1, ..., N, ∀t ≥ 0, P-a.s.,

where

Ij(t) = 2(1− 2δ)δη2

∫ t

0

e2γδs|yj(s)|2δds

(Ij)1(t) = 2δ(γ − Re λj)

∫ t

0

e2γδs|yj(s)|2δds.

Then, we may rewrite (27) as

e2γδt|yj(t)|2δ + Ij(t) = |y0
j |2δ + (Ij)1(t) + Mj(t), t ≥ 0, P-a.s. (29)

Taking into account that, for each ε > 0 and j = 1, ..., N , Mj(t) is a local martin-
gale and t → Ij(t), t → (Ij)1(t) are nondecreasing processes, we see by equation (29) that
t → e2γδt|yj(t)|2δ is a semi-martingale, as the sum of a local martingale and of an adapted
finite variation process (see, e.g., [17]). Then, we may apply to equation (29) the following
asymptotic result which is a variant of the martingale convergence theorem (see Theorem 7 in
[18], p. 139 or Lemma 1 in [1]).

Lemma 3 Let I and I1 be nondecreasing adapted processes, Z be a nonnegative semi-martingale
and M a local martingale such that E(Z(t)) < ∞, ∀t ≥ 0, I1(∞) < ∞, P-a.s. and

Z(t) + I(t) = Z(0) + I1(t) + M(t), ∀t ≥ 0.

Then, there is lim
t→∞

Z(t) < ∞, P-a.s. and I(∞) < ∞, P-a.s.

We are going to apply Lemma 3 to processes Z(t) = e2γδt|yj(t)|2)2δ, I = Ij, I1 = (Ij)1,
M = Mj defined above.

In virtue of (28), (Ij)1(∞) < ∞. This implies, in virtue of Lemma 3, that there exists the
limit

lim
t→∞

(e2γδt|yj(t)|2δ) < ∞, j = 1, ..., N, P-a.s. (30)

Since, by (28), e2γδt|yj|2δ ∈ L1(0,∞), P-a.s., the limit in (30) is zero. It follows therefore that

lim
t→∞

eγt|y(t)| = 0, P-a.s., (31)

where |y|2 =
N∑

j=1

|yj|2. We have therefore that

lim
t→∞

e2γt|Xu(t)|2H̃ = 0, P-a.s. (32)
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By (28) and (31), it follows also that
∫ ∞

0

e2γt|y(t)|2dt < ∞, P-a.s.,

because, by (30), it follows that e2γδt|y|2δ ∈ L∞(0,∞) P-a.s. This yields
∫ ∞

0

e2γt|Xu(t)|2H̃dt < ∞, P-a.s. (33)

Next, we come back to the infinite dimensional system (21). Since, as seen earlier, the

operator−As generates a γ-exponentially stable C0-semigroup on H̃, by the Lyapunov theorem
there is Q ∈ L(H̃, H̃), Q = Q∗ ≥ 0 such that

Re 〈Qx,Asx− γx〉 =
1

2
|x|2

H̃
, ∀x ∈ D(As).

(We note that though Q is not positively definite in the sense that inf{〈Qx, x〉 ; |x| = 1} > 0,
we have nevertheless that 〈Qx, x〉 > 0 for all x 6= 0.)

Applying Itô’s formula in (21) to the function ϕ(x) =
1

2
〈Qx, x〉, we obtain that

1

2
d 〈QXs(t), Xs(t)〉 +

1

2
|Xs(t)|2H̃dt + γ 〈QXs(t), Xs(t)〉 dt =

1

2
η2

N∑
i=1

(QYi(t), Yi(t))Hdt

+ η

N∑
i=1

((Re(QXs(t)), Re Yi(t))H + (Im(QXs(t)), Im Yi(t))H)dβi(t),

where Yi are processes defined by

Yi(t) = 〈Xu(t), ϕ
∗
i 〉 (I − PN)P (mφi), i = 1, ..., N.

This yields

e2γt 〈QXs(t), Xs(t)〉+

∫ t

0

e2γs|Xs(s)|2H̃ds

= 〈Q(I − PN)x, (I − PN) x >

+η2

N∑
i=1

∫ t

0

e2γs 〈QYi(s), Yi(s)〉 ds

+2η
N∑

i=1

∫ t

0

e2γs((Re(QXs(s)), Re Yi(s))H

+(Im(QXs(s)), Im Yi(s)))H)dβi(s), t ≥ 0, P-a.s.

(34)

We shall once again apply Lemma 3 to processes Z, I, M defined below

Z(t) = e2γt 〈QXs(t), Xs(t)〉 ,

I(t) =

∫ t

0

e2γs|Xs(s)|2H̃ds, I1(t) = η2

N∑
i=1

∫ t

0

e2γs 〈QYi, Yi〉 ds,

M(t) = 2η
N∑

i=1

∫ t

0

e2γs((Re(QXs(s)), Re Yi(s))H

+(Im(QXs(s)), Im Yi(s)))H)dβj(s), P-a.s., t ≥ 0.
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Since, by the first step of the proof (see (33)), I1(∞) < ∞, we conclude therefore that

lim
t→∞

e2γt 〈QXs(t), Xs(t)〉 = 0, P-a.s.,

and, since Q is positive definite in the sense that 〈Qx, x〉 = (Qx, x)H > 0 for all x ∈ H̃, we
have that

lim
t→∞

eγt|Xs(t)|H̃ = 0, P-a.s.

Recalling that X = Xu + Xs and again invoking (32), the latter implies (19), thereby com-
pleting the proof of Theorem 1.

2.4 The tangential boundary stabilization by noise

We shall keep the notations of Section 3.
We come back to the Stokes-Oseen system with boundary controller, i.e.,

Xt − ν0∆X + (X · ∇)Xe + (Xe · ∇)X = ∇p in (0,∞)×O,

∇ ·X = 0 in (0,∞)×O,

X · ν = 0, X = u in (0,∞)× ∂O,

X(0) = x in O.

(35)

Our purpose here is to stabilize the null solutions to (35) by a noise boundary controller u of
the form

u = η

N∑
i=1

∂φ̃i

∂ν
〈X, ϕ∗i 〉 β̇i, (36)

where N is, as above, the number of eigenvalues λj of the operator A with Re λj ≤ γ and φ̃i

will be defined below. As in the previous case, ϕ∗j are the eigenfunctions of A∗ corresponding to

λj (see (11)) and {βi}N
i=1 is an independent system of real Brownian motions in {Ω,P,F ,Ft}.

Here, we shall assume that hypothesis (A1) holds and also that

(A3) The system

{
∂ϕ∗i
∂ν

}N

i=1

is linearly independent in (L2(∂O))d.

One might suspect that this property is generic in the class of equilibrium solutions Xe as is
the case with the following weaker version of (A3):

”each
∂ϕ∗j
∂ν

is not identically zero on ∂O.”

We set
Ly = −ν0∆y + (Xe · ∇)y + (y · ∇)Xe in O. (37)

The Stokes-Oseen system

Xt + LX = ∇p in (0,∞)×O
∇ ·X = 0 in (0,∞)×O
X · ν = 0, X = u in (0,∞)× ∂O
X(0) = x in O

(38)
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can be equivalently written as (see, e.g., [6])

d

dt
X(t) + ÃX(t) = ÃαDu(t), t ≥ 0,

X(0) = x,
(39)

where y = Du is the solution to the equation

αy + Ly = ∇p in O
∇ · y = 0 in O, y = u, y · ν = 0 on ∂O

and α > 0 is fixed and sufficiently large. (D : (L2(∂O))d → H is the Dirichlet map associated
with the operator L+ αI).

Indeed, subtracting the latter from (38), we obtain

Xt + (α + L)(X −Du)− αX = ∇p in (0,∞)×O
∇ ·X = 0, X(0) = x

X −Du = 0 on (0,∞)× ∂O

and this can be expressed in the form (39), where Ã : H̃ → (D(A))′ is the extension by

transposition of A = PL to all of H̃ and with values in (D(A))′, defined by

Ãy(ϕ) =

∫

O
yA∗

ϕdξ = 〈y,A∗ϕ〉 , ∀ϕ ∈ D(A∗), y ∈ H̃, (40)

and Ãα = αI + Ã. Here, (D(A))′ = (D(A∗))′ is the dual of the space D(A) endowed with the

graph norm in pairing induced by H̃ as pivot space; we have D(A) ⊂ H̃ ⊂ (D(A))′ algebraically
and topologically. It should be noticed that in this formulation, which is standard in boundary
control theory, the right hand side of (39) is an element of (D(A))′ = (D(A∗))′, i.e., roughly
speaking is a ”pure” distribution on O, which incorporates the boundary control u. We note
also that (see [6]) the dual D∗A∗

α of AαD is given by

D∗A∗
αϕ = −ν0

∂ϕ

∂ν
, ∀ϕ ∈ D(A). (41)

Our aim here is to insert into the controlled system (39) a stochastic boundary controller of
the form (36). Namely, we shall consider the stochastic differential equation

dX(t) + ÃX(t)dt = η

N∑
i=1

ÃαD

(
∂φ̃i

∂ν

)
〈X(t), ϕ∗i 〉 dβi(t), t ≥ 0,

X(0) = x.

(42)

Here, {φ̃i}N
i=1 is given by (17), where αij are chosen such that

N∑
i=1

αij

〈
∂ϕ∗i
∂ν

,
∂ϕ∗k
∂ν

〉

1

= δjk, j, k = 1, ..., N.
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Here, | · |1 = | · |(L2(∂O))d and 〈u, v〉1 =

∫

∂O

∂u

∂ν

∂v̄

∂ν
dξ. By assumption (A3), it is clear that the

system {φ̃i}N
i=1 is well defined and

〈
ϕ∗i , φ̃j

〉
1

= δij, i, j = 1, ..., N. (43)

We can, equivalently, write (42) as

X(t) = e−Ãtx + η

∫ t

0

N∑
i=1

e−Ã(t−s)

(
ÃαD

(
∂φ̃i

∂ν

))
〈X(s), ϕ∗i 〉 dβi(s). (44)

Equation (44) has a unique solution X = X(t), which is an H̃-valued continuous process which
can be viewed as solution to problem (see [10], p. 244)

Xt − ν0∆X + (X · ∇)Xe + (Xe · ∇)X = ∇p in (0,∞)×O
∇ ·X = 0 in (0,∞)×O
X(0, ξ) = x(ξ) in O

X =
N∑

i=1

∂φ̃i

∂ν
〈X, ϕ∗i 〉 β̇i on (0,∞)× ∂O.

(45)

In other words, the boundary controller u = X
∣∣∣
∂O

is a white noise on ∂O. Moreover, since(
∂φ̃i

∂ν
· ν

)
· ν = 0 on ∂O (see, e.g., Lemma 3.3.1 in [6]) this stochastic controller is tangential,

i.e., X · ν = 0 on (0,∞)× ∂O.

Theorem 4 Assume that hypothesis (A1), (A3) are satisfied. Then, for |η| large enough we
have for the solution X to (42) (equivalently, (44))

P
[
lim
t→∞

eγt‖X(t)‖(D(A))′

]
= 0. (46)

In particular, we have

lim
t→∞

eγt 〈X(t), ϕ〉 = 0, P-a.s., ∀ϕ ∈ D(A). (47)

Proof. We shall argue as in the proof of Theorem 1. Namely, as in the previous case, we shall
decompose system (42) in two parts,

dXu +AuXudt = ηP̃N

N∑
i=1

Ãα

(
∂φ̃i

∂ν

)
〈X,ϕ∗i 〉 dβi, P-a.s.

Xu(0) = PNx

(48)

dXs +AsXsdt = η(I − P̃N)
N∑

i=1

Ãα

(
∂φ̃i

∂ν

)
〈X, ϕ∗i 〉 dβi, P-a.s.

Xs(0) = (I − PN)x.

(49)
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Here P̃N : (D(A))′ → Xu = lin span{ϕj}N
i=1 is the projector defined as in (8) and Au =

P̃NA
∣∣
Xu

, As = (I − P̃N)A
∣∣
Xs

. The operator Ãs is the extension of As to all of H̃, i.e., Ãs :

H̃ → (D(A))′ is defined by (40).

We represent the solution Xu to (48) as Xu =
N∑

j=1

yjϕj and taking into account (12), (43),

we obtain for {yj}N
j=1 the finite dimensional stochastic system

dyj + λjyjdt = ηyjdβj, j = 1, ..., N,

yj(0) = y0
j .

(50)

System (50) will be treated in the same way as system (22). In fact, we get by exactly the
same argument as in the proof of Theorem 1, that (see (31), (33))

lim
t→∞

eγt|y(t)| = 0, P-a.s. (51)

∫ ∞

0

e2γt|y(t)|2dt < ∞, P-a.s. (52)

where |y|2 =
N∑

j=1

y2
j , y = Xu.

Now, coming back to system (49), we shall write it as

dXs + ÃsXsdt = η

N∑
i=1

Yi(t)dβi, t ≥ 0,

Yi(t) = (I − P̃N)ÃsD

(
∂φ̃i

∂ν

)
〈Xu(t), ϕ

∗
i 〉 , i = 1, ..., N.

(53)

By (9), it follows that

‖e−Astx‖(D(A))′ ≤ Ce−γt‖x‖(D(A))′ , ∀x ∈ (D(A))′

and so, by the Lyapunov theorem, there is a self-adjoint, continuous and positive operator
Q = L((D(A))′, (D(A))′) such that

Re
〈
Qx, Ãsx

〉
∗

= γ 〈Qx, x〉∗ +
1

2
‖x‖2

(D(A))′ , ∀x ∈ (D(A))′ (54)

where 〈·, ·〉∗ is the natural scalar product in (D(A))′.
Applying Itô’s formula in (53), we obtain that

1

2
d 〈QXs(t), Xs(t)〉∗ +

1

2
‖X)s(t)‖2

(D(A))′dt + γ 〈QXs(t), Xs(t)〉∗ dt

=
1

2
η2

N∑
i=1

(QYi(t), Yi(t))Hdt + η

N∑
i=1

(〈Re(QXs), Yi〉∗ + 〈Im(QXs), Im Yi〉∗)dβi.
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This yields

e2γt 〈QXs(t), Xs(t)〉∗ +

∫ t

0

e2γs‖Xs(s)‖2
(D(A))′ds

= 〈Q(I − PN)x, (I − PN)x〉∗ + 2η
N∑

i=1

∫ t

0

e2γs 〈QYi(s), Yi(s)〉∗ ds

+2η
N∑

i=1

∫ t

0

e2γs(〈Re(QXs), Im Yi〉∗ + 〈Im(QXs), Im Yi〉∗)dβi.

Then, applying Lemma 3 exactly as in the proof of Theorem 1, we infer that

P
[
lim
t→∞

〈QXs(t), Xs(t)〉∗ e2γt = 0
]

= 1

and, since 〈Qx, x〉∗ = 0 implies x = 0, we infer that

P
[
lim
t→∞

eγt|Xs(t)|(D(A))′ = 0
]

= 1,

as claimed. This completes the proof.

References

[1] J.A.D. Apleby, X. Mao, A. Rodkina, Stabilization and destabilization of nonlinear dif-
ferential equations by noise, IEEE Transactions on Automatic Control, vol. 53 (2008),
683-691.

[2] J.A.D. Apleby, X. Mao, A. Rodkina, Stochastic stabilization of functional differential
equations, Systems & Control Letters, vol. 54 (2005), 1069-1081.

[3] L. Arnold, H. Craul, V. Wihstutz, Stabilization of linear systems by noise, SIAM J.
Control Optimiz., vol. 21 (1983), 451-461.

[4] V. Barbu, Feedback stabilization of Navier-Stokes equations, ESAIM COCV, 9 (2003),
197–206.

[5] V. Barbu, R. Triggiani, Internal stabilization of Navier-Stokes euations with finite di-
mensional controllers, Indiana Univ. Math. J., vol. 53 (2004), 1443–1494.

[6] V. Barbu, I. Lasiecka, R. Triggiani, Boundary stabilization of Navier-Stokes equations,
Memoires Amer. Math. Soc., 2006.

[7] T. Caraballo, H. Craul, J.A. Langa, J.C. Robinson, Stabilization of linear PDEs by
Stratonovich noise, Systems & Control Letters, vol. 53 (2004), 41-50.

[8] T. Caraballo, K. Liu, X. Mao, On stabilization of partial differential equations by noise,
Nagoya Math. J., vol. 101 (2001), 155-170.

33



[9] S. Cerrai, Stabilization by noise for a class of stochastic reaction-diffusion equations,
Probab. Theory Rel. Fields, 133 (2000), 190-214.

[10] G. Da Prato, An Introduction to Infinite Dimensional Analysis, Springer-Verlag, Berlin,
2006.

[11] H. Ding, M. Krstic, R.J. Williams, Stabilization of stochastic nonlinear systems driven by
noise of unknown covariance, IEEE Transactions on Automatic Control, vol. 46 (2001),
1237-1253.

[12] J. Duan, A. Fursikov, Feedback stabilization for Oseen Fluid Equations. A stochastic
approach, J. Math. Fluids Mech., 7 (2005), 574–610.

[13] A. Fursikov, Real processes of the 3−D Navier-Stokes systems and its feedback stabi-
lization from the boundary, M.S. Agranovic and M.A. Shubin (eds.), AMS Translations,
Partial Differential Equations, M. Vı̂shnik Seminar, vol. 206, 2002, 95-123.

[14] A. Fursikov, Stabilization for the 3−D Navier-Stokes systems by feedback boundary
control, Discrete and Con6tinuous Dynamical Systems, 10 (2004), 289-314.

[15] T. Kato, Perturbation Theory of Linear Operators, Springer-Verlag, New York, Berlin,
1966.

[16] S. Kuksin, A. Shirikyan, Ergodicity for the randomly forced 2D Navier-Stokes equations,
Math. Phys. Anal. Geom., 4 (2001), 147–195.

[17] T. Kurtz, Lectures on Stochastic Analysis, Wisconsin 2007 (Lecture Notes Online).

[18] R. Lipster, A.N. Shiraev, Theory of Martingals, Dordrecht, Kluwer, 1989.

[19] X.R. Mao, Stochastic stabilization and destabilization, Systems & Control Letters, vol.
23 (2003), 279-290.

[20] J.P. Raymond, Feedback boundary stabilization of the two dimensional Navier-Stokes
equations, SIAM J. Control Optimiz., vol. 45, 3 (2006), 790-828.

[21] J.P. Raymond, Feedback boundary stabilization of the three dimensional incompressible
Navier-Stokes equations, J. Math. Pures et Appl., vol. 87 (2007), 627-669.

[22] A. Shirikyan, Exponential mixing 2D Navier-Stokes equations perturbed by an un-
bounded noise, J. Math. Fluids Mech., 6 (2004), 169–193.

34



Lecture 3.

Internal stabilization by noise

of the Navier–Stokes equation

3.1 Introduction

Consider the Navier-Stokes equation





Xt − ν0∆X + (X · ∇)X = fe +∇p, in (0,∞)×O,

∇ ·X = 0, in (0,∞)×O,

X = 0, on (0,∞)× ∂O,

X(0) = x0, in O.

(3.1)

where O is an open and bounded subset of Rd, d = 2, 3, with smooth boundary ∂O. Here
fe ∈ (L2(O))d is given.Let Xe be an equilibrium solution to (3.1), i.e.,





−ν0∆Xe + (Xe · ∇)Xe = fe +∇pe, in O,

∇ ·Xe = 0 in O,

Xe = 0 on (0,∞)× ∂O.

(3.2)

If we replace X by X −Xe equation (3.1) reduces to





Xt − ν0∆X + (X · ∇)Xe + (Xe · ∇)X + (X · ∇)X = ∇p in (0,∞)×O,

∇ ·X = 0 in O,

X = 0 on (0,∞)× ∂O,

X(0) = x in O,

(3.3)

where x = x0 −Xe. If we set

H =
{
X ∈ (L2(O))d : ∇ ·X = 0, X · ν

∣∣
∂O=0

}
,

where ν is the normal to ∂O and denote by P : (L2(O))d → H the Leray projector on H, we
can rewrite system (3.3) as

{
Ẋ(t) +AX(t) + B(X(t)) = 0, t ≥ 0,

X(0) = x,
(3.4)

where
A = −P∆, D(A) = (H1

0 (O) ∩H2(O))d ∩H,

A0x = P ((x · ∇)Xe + (Xe · ∇)x), B(x) = P ((x · ∇)x),

A = ν0A + A0, D(A) = D(A)

We have
〈B(x), y〉H = b(x, x, y), ∀ x, y ∈ D(A),
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where 〈·, ·〉H is the scalar product induced by H as pivot space and

b(x, z, y) =
d∑

j,k=1

∫

O
xjDjzkyk, ∀ x, y, z ∈ D(A).

We recall that for large values of the Reynolds number 1
ν0

the stationary solution Xe to
(3.1) is unstable. i.e. the corresponding flow is turbulent. Our purpose here is to stabilize
(3.4) or, equivalently, the stationary solution Xe to (3.1), using a stochastic controller with
support in an arbitrary open subset O0 ⊂ O. To this aim we associate with (3.4) the controlled
stochastic system





dX(t) + (AX(t) + B(X(t))dt =
N∑

j=1

Vj(t)ψjdβj(t),

X(0) = x,

(3.5)

where {βj}N
j=1 is an independent system of real Brownian motions in a filtered probability

space (Ω,P,F , {Ft}t>0).

The main result, Theorems 3.2 below, amounts to saying that, in the complexified space H̃
associated with H, under appropriate assumptions onA (and, implicitly, on Xe), for each γ > 0

there exist N ∈ N, {ψj}N
j=1 ⊂ H̃, and an N -dimensional adapted process {Vj = Vj(t, ω)}N

j=1,

ω ∈ Ω, such that for all x in a sufficiently small neighbourhood of the origin, t → e
γt
4 X(t, ω)

is decaying to zero for t →∞ in a set Ω∗
x of positive probability which is precisely estimated.

Moreover, it turns out that the stabilizable controller arising in the right hand side of (3.5) is
a linear feedback controller of the form

Vj(t) = η〈X(t), ϕ∗j〉H̃ , ψj = P (mφj), j = 1, ..., N, (3.6)

where |η| > 0 and ϕ∗j are the eigenfunctions of the dual Stokes-Oseen operator A∗ corre-

sponding to eigenvalues λj with Re λj ≤ γ, {φj}N
j=1 is a system of functions related to ϕ∗j and

m = 1lO0 is the characteristic function of O0 where O0 is a given arbitrary open subset of O.
We may view (3.5) as the deterministic system (3.4) perturbed by the white noise controller∑N

j=1 Vj(t)ψjβ̇j with the support in O0.

This work is a continuation of [2] where such a result is proved for the linearized Navier-
Stokes equation associated with (3.3). The previous treatment of internal stabilization of
Navier-Stokes equations ([1],[4]) is based on the stabilization by a linear feedback provided by
the solution of an algebraic infinite dimensional Riccati equation associated with the Stokes-
Oseen operator A. (This approach was also used in [5],[6],[15],[16],[20],[21] for boundary
stabilization of Navier-Stokes equations.)

The main advantage of this stochastic based stabilization technique with respect to the
Riccati-feedback based approach in above mentioned works, is that it avoids the difficult
computation problems related to infinite dimensional Riccati equations. Also a nice features
of this feedback control which has a stabilizing influence with high probability if applied in a
small neighbourhood of a stationary solution is that besides its simplicity it is robust in the
class of finite dimensional Gaussian multiplicative perturbations.

36



It should be said also that stabilization by noise of the dynamic PDEs was already used
in the literature and we refer to [6],[7],[8],[9],[10],[12],[14] for related results. However, there is
not overlap with existing literature and methods used here are different and may be viewed as
a combination of spectral stabilization techniques ([1],[4]) with that of noise stabilization. In
particular in [9] is studied the stabilization of some classes of PDE using Stratonovich noise
which has a special interest in construction of an approximating stabilizing controller.

Notations

Throughout in the following βj, j = 1, ..., N are independent real Brownian motions in a
filtered probability space (Ω,P,F , {Ft}t>0) and we shall refer to [12, 14] for definition and
basic results on stochastic analysis of differential systems and spaces of stochastic processes
adapted to filtration {Ft}t>0. The scalar product of H is denoted 〈·, ·〉H and the norm | · |H .

We shall denote by H̃ the complexified space H + iH with scalar product denoted by 〈·, ·〉H̃
and norm by | · |H̃ . CW ([0, T ]; L2(Ω, H̃)) is the space of all adapted square-mean H̃-valued
continuous processes on [0, T ].

3.2 The main result

To begin with, let us briefly recall a few elementary spectral properties of the Stokes-Oseen
operator A. Denote again by A the extension of A to the complex space H̃. The operator
A has a compact resolvent (λI −A)−1 and −A generates a C0-analytic semigroup e−At in H̃.
Consequently, A has a countable number of eigenvalues {λj}∞j=1 with corresponding eigenfunc-
tions ϕj each with finite algebraic multiplicity mj. Of course, certain eigenfunctions ϕj might
be generalized and so, in general, A is not diagonalizable, i.e., the algebraic multiplicity of λj

might not coincide with its geometric multiplicity. Also, each eigenvalue λj will be repeated
according to its algebraic multiplicity mj.

We shall denote by N the number of eigenvalues λj with Re λj ≤ γ, j = 1, ..., N, where γ
is a fixed positive number.

Denote by PN the projector on the finite dimensional subspace

Xu = lin span{ϕj}N
j=1.

We have Xu = PNH̃ and

PN = − 1

2πi

∫

Γ

(λI −A)−1dλ, (3.7)

where Γ is a closed smooth curve in C which is the boundary of a domain containing in interior
the eigenvalues {λj}N

j=1.
Let Au = PNA, As = (I − PN)A. Then Au, As leave invariant the spaces Xu and Xs =

(I − PN)H̃ and the spectra σ(Au), σ(As) are given by (see [10])

σ(Au) = {λj}N
j=1, σ(As) = {λj}∞j=N+1.

Since σ(As) ⊂ {λ ∈ C; Re λ > γ} and As generates an analytic C0-semigroup on H̃, we have

|e−Astx|H̃ ≤ Ce−γt|x|H̃ , ∀x ∈ H̃, t ≥ 0. (3.8)
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The eigenvalue λj is said to be semi-simple if its algebraic and geometrical multiplicity co-
incides, or, equivalently, λj is a simple pole for (λI − A)−1. If all eigenvalues {λj}N

j=1 of the
matrix Au are semi-simple, then Au is diagonalizable.

Herein, we shall assume that the following hypothesis holds.

(H1) All eigenvalues λj, j = 1, ..., N, are semi-simple.

As regards Hypothesis (H1), it should be said that it follows by a standard argument involving
the Sard-Smale theorem that the property of eigenvalues of the Stokes-Oseen operator to be
simple (and, consequently, semi-simple) is generic in the class of coefficients Xe. (See [3], p.
159.) So, one might say that “almost everywhere” (in the sense of a set of first category),
hypothesis (H1) holds.

Denote by A∗ the adjoint operator and by P ∗
N the adjoint of PN . We have

P ∗
N = − 1

2πi

∫

Γ

(λI −A∗)−1dλ. (3.9)

The eigenvalues of A∗ are precisely the complex conjugates λj of eigenvalues λj of A and
they have the same multiplicity. Denote by ϕ∗j the eigenfunction of A∗ corresponding to the

eigenvalue λj. We have, therefore,

Aϕj = λjϕj, A∗ϕ∗j = λjϕ
∗
j , j ∈ N. (3.10)

Since the eigenvalues {λj}N
j=1 are semi-simple, it turns out that the system consisting of

{ϕj}N
j=1, {ϕ∗j}N

j=1 can be chosen to form a bi-orthonormal sequence in H̃, i.e,

〈ϕj, ϕ
∗
k〉H̃ = δjk, j, k = 1, ..., N, (3.11)

where δjk is the Kronecker symbol (see, e.g., [4]). We notice also that the functions ϕj and ϕ∗j
have the unique continuation property, i.e.,

ϕj 6≡ 0, ϕ∗j 6≡ 0 on O0 for all j = 1, ..., N, (3.12)

(see, e.g., Lemma 3.7 in [4]).
We have also the following property which will be proven in Appendix.

Lemma 3.1 The system {ϕ∗1, ..., ϕ∗N} is linearly independent in (L2(O0))
d.

If the eigenvalues λj are the same then Lemma 3.1 follows by the unique continuation
property (3.12).

Consider the following stochastic perturbation of the system (3.4) considered in the com-
plex space 




dX + (AX + B(X))dt = η

N∑
j=1

〈X, ϕ∗j〉H̃P (mφj)dβj,

X(0) = x,

(3.13)
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where |η| > 0 and m = 1lO0 is the characteristic function of the open subset O0 ⊂ O. Here

{φj}N
j=1 ⊂ H̃ is a system of functions to be precised in (3.15). This is a closed loop system

with a stochastic linear feedback controller associated with (3.4).
In two dimensions the stochastic differential equation (3.13) has a global solution X ∈

CW ([0, T ]; L2(Ω, H̃)) for all T > 0 (see e.g. [14]).
The closed loop system (3.13) can be equivalently written as





dX(t)−ν0∆X(t)dt+(X(t)·∇)Xedt+(Xe·∇)X(t)dt+(X(t)·∇)X(t)dt

= ηm

N∑
j=1

〈X(t), ϕ∗j〉H̃φjdβj(t) +∇p(t)dt in (0,∞)×O, P-a.s.

∇ ·X(t) = 0 in O, X(t)
∣∣∣
∂O

= 0, ∀t ≥ 0, P-a.s.

X(0) = x in O.

(3.14)

Hence, in the space (L2(O))d, the feedback controller {uj = ηm〈X, ϕ∗j〉H̃φj}N
j=1 has the support

in O0.
We shall define now φj, j = 1, ..., N, as follows.

φj(ξ) =
N∑

l=1

αljϕ
∗
l (ξ), ξ ∈ O, (3.15)

where αlj are chosen in such a way that

N∑

l=1

αlj〈ϕ∗l , ϕ∗k〉0 = δjk, j, k = 1, ..., N.

(Since, in virtue of Lemma 3.1 the Gram matrix {〈ϕ∗l , ϕ∗k〉0}N
l,k=1 is not singular, this is possi-

ble.) With this choice, we have

〈φj, ϕ
∗
k〉0 = δkj, k, j = 1, ..., N. (3.16)

Here, we have used the notation 〈u, v〉0 =
∫
O0

u(ξ)v̄(ξ)dξ.
In the following we shall denote by Aα, α ∈ (0, 1), the fractional power of order α of A, by

D(Aα) its domain and set |x|α = |Aαx| for all x ∈ D(Aα). Moreover, we shall denote by W

the space D(A
1
4 ) if d = 2 and D(A

1
4
+ε) if d = 3 where ε > 0 is small.

Theorem 1 below is the main result of the paper.

Theorem 3.2 Let d = 2, 3, Xe ∈ C2(O) and

|η| ≥ max
1≤j≤N

√
6γ − 2Re λj. (3.17)

Then, there is C∗ > 0, independent of ω such that, for each x ∈ W , |x|W ≤ (C∗)2 there is
Ω∗

x ⊂ Ω with

P(Ω∗
x) ≥ 1− 2

(
C∗|x|−

1
2

W − 1
)− γ

2(ηN)2

, (3.18)

the solution X(t, x) to (3.13) satisfies

lim
t→∞

(
e

γt
4 |X(t, x)|H̃

)
= 0, P-a.s. in Ω∗

x. (3.19)
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In particular, Theorem 3.2 implies that if |x|W ≤ ρ0 < (C∗)−2 then X = X(t, x) is
exponentially decaying to 0 on a set Ω∗

x of probability greater than

1− 2
(
C∗|x|−

1
2

W − 1
)− γ

2(ηN)2

.

The constant C∗ depends of Xe only. The optimal η for which P(Ω∗
x) is maximal is of course

that which follows by (3.17), i.e.,

|η| = max
1≤j≤N

√
6γ − 2Re λj,

and we see that P(Ω∗
x) → 1 as |x|W ≤ ρ0 → 0.

For the linearized Navier–Stokes equation, that is if one takes B = 0, the exponential
decay in (3.13) occurs with probability one. In fact, as seen from the proof of Theorem 3.2
the constant C∗ comes out from estimates on the nonlinear inertial term B and so, it is zero
if this term is absent from the equation.

Remark 3.3 As mentioned earlier, system (3.14) is written here in the complex space H̃. If
set X1(t) = Re X(t), X2(t) = Im X(t), it can be rewritten as a real system in (X1, X2). In
this case, the feedback controller is an implicit stabilizable feedback controller with support
in O0 for the real Navier–Stokes equation (3.3). Of course, if λj, j = 1, ..., N , are real, then
we may view X(t) as a real valued function and so, in (3.18), |X|H̃ = |X|H .

In particular, by Theorem 3.2 we have

Corollary 3.4 Under the assumptions of Theorem 3.2 the feedback controller

ηm

N∑
j=1

〈X −Xe, ϕ
∗
j〉H̃φj (3.20)

stabilizes exponentially the stationary solution Xe, P-a.e in Ω∗
x.

3.3 Proof of Theorem 3.2

The idea of the proof is to transform equation (3.13) in a deterministic equation with random
coefficients via substitution

y(t) =
N∏

j=1

e−βj(t)Γj X(t), t ≥ 0, (3.21)

where Γj : H̃ → H̃ is the linear operator

Γjx := η〈x, ϕ∗j〉H̃P (mφj), x ∈ H̃, j = 1, ..., N (3.22)

and esΓj ∈ L(H̃, H̃) is the C0-group generated by Γj, i.e.,

d

ds
esΓjx− Γje

sΓjx = 0, ∀ s ∈ R, x ∈ H̃. (3.23)
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We have by (3.22) and by (3.15) that

ΓjΓkx = η2〈x, ϕ∗j〉H̃P (mφj)δjk, ∀ j, k = 1, ..., N (3.24)

and therefore the operators Γ1, ..., ΓN commute, because the Leray operator P is self-adjoint.
Then, by [13, p. 176] equation (3.13) reduces to





dy(t)

dt
+Ay(t) +

1

2

N∑
j=1

Γ2
jy(t) + F (t)y(t)

e−
∑N

j=1 βj(t)ΓjB
(
e

∑N
j=1 βj(t)Γjy(t)

)
= 0, ∀ t ≥ 0, P-a.s.

y(0) = x,

(3.25)

where
F (t)y(t) = e−

∑N
j=1 βj(t)ΓjA

(
e

∑N
j=1 βj(t)Γjy(t)

)
−Ay(t).

By a solution to (3.25) we mean a function y ∈ C([0,∞); D(A
1
4 )) ∩ L2(0,∞; D(A)) which

fulfills (3.25) P-a.s. in the mild sense (see Lemma 3.7 below).
Conversely, if y is a solution to (3.25), then it is an adapted process and so

X(t) =
N∏

j=1

eβj(t)Γj y(t), t ≥ 0, (3.26)

belongs to CW ([0, T ]; L2(Ω,P; D(A
1
4 ))∩L2(Ω,P, C([0, T ]; D(A

3
4 ))) and satisfies equation (3.13).

Then we shall confine in the following to study existence and exponential convergence in
probability to solutions y to equation to (3.25).

We notice first that, as easily follows by (3.22) and (3.24), we have

esΓjy = η−1Γjy(eηs − 1) + y = (eηs − 1)〈y, ϕ∗j〉H̃P (mφj) + y,

∀ s > 0, j = 1, ..., N, y ∈ H.
(3.27)

respectively

e−sΓjy = η−1Γjy(e−ηs − 1) + y = (e−ηs − 1)〈y, ϕ∗j〉H̃P (mφj) + y,

∀ s > 0, j = 1, ..., N, y ∈ H.

This yields

F (t)y =
N∑

j=1

(
eβj(t) − 1

) 〈y, ϕ∗j〉H̃(AP (mφj)− λjP (mφj)). (3.28)

We consider the operator

AΓy := Ay +
1

2

N∑
j=1

Γ2
jy, ∀ y ∈ D(A) (3.29)
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and notice that the C0-semigroup e−AΓt generated by −AΓ on H̃ is analytic. The operator
AΓ + F (t) generates an evolution operator U(t, τ) on H̃, that is





d

dt
U(t, τ) + (AΓ + F (t))U(t, τ) = 0, 0 ≤ τ ≤ t

U(τ, τ) = I.

Lemma 3.5 Let γ the number fixed at the beginning of Section 2.
We have for η ≥ max1≤j≤N

√
6γ − 2Re λj

‖U(t, τ)‖L(H̃,H̃) ≤ Ce−γ(t−τ)(1 + η2)|x|
(

1 +

∫ t

τ

e−γ(τ+2s)ζ(s)ds

)
,

∀ t ≥ τ, P-a.s.,

(3.30)

where C is independent of ω and ζ(t) =
∑N

j=1 eβj(t).

Proof. We shall use as in [2], [4] the spectral decomposition of the system





dy

dt
+AΓy + F (t)y = 0, t ≥ τ

y(τ) = x.

(3.31)

in the direct sum Xu⊕Xs of γ-unstable and γ-stable spaces of the operator A. Namely we set

yu = PNy, ys = (I − PN)y

and, since by (3.28), PNF (t)y = 0, we may rewrite system (3.31) as





dyu

dt
+Auyu +

1

2
PN

N∑
j=1

Γ2
jyu = 0, t ≥ τ

yu(τ) = PNx.

(3.32)

and 



dys

dt
+Asys +

1

2
(I − PN)

N∑
j=1

Γ2
jyu + (I − PN)F (t)yu = 0, t ≥ τ

ys(τ) = (I − PN)x.

(3.33)

We have y = yu + ys, yu =
∑N

j=1 yjϕj and by (3.10)

Auϕj = λjϕj, j = 1, ..., N.

Recalling that in virtue of (3.24)

Γ2
jy = ηΓjy = η2〈y, ϕ∗j〉H̃P (mφj),
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we may rewrite (3.32) as




dyj

dt
+ λjyj +

1

2
η2yj〈P (mφj), ϕ

∗
j〉H̃ = 0, t ≥ τ, j = 1, ..., N,

yj(τ) = 〈x, ϕ∗j〉H̃ .

Taking into account (3.16) it follows that




dyj

dt
+ λjyj +

1

2
η2yj = 0, t ≥ τ, j = 1, ..., N,

yj(τ) = 〈x, ϕ∗j〉H̃ .

This yields,
yj(t) = e−(λj+

1
2

η2)t〈x, ϕ∗j〉H̃ , j = 1, ..., N, t ≥ 0.

Hence for η2 ≥ 6γ − 2 Re λj, j = 1, ..., N, we have

|yu(t)|H̃ ≤ Ce−3γ(t−τ)|x|H̃ , ∀ t ≥ τ. (3.34)

Now coming back to system (3.33) we shall rewrite it as





dys

dt
+Asys +

1

2
η2

N∑
j=1

yj(I − PN)P (mφj)

+
N∑

j=1

(
eβj(t)−1

)
yj(I−PN)(AP (mφj)−λjP (mφj)) = 0, t ≥ τ

ys(τ) = (I − PN)x.

(3.35)

Then, by (3.34) and (3.8) we have that

|ys(t)|H̃ ≤ |e−As(t−τ)(I − PN)x|H̃

+
1

2
η2

∫ t

τ

N∑
j=1

(
eβj(s) − 1

) |e−As(t−s)yj(s)(I − PN)

×|P (mφj) +AP (mφj)− λjP (mφj)|H̃ds

≤ Ce−γ(t−τ)|x|+ C
η2

2
|x|H

∫ t

0

N∑
j=1

|e−3γse−γ(t−s)ζ(s)ds

≤ Ce−γ(t−τ)(1 + η2)|x|H
∫ t

τ

e−γ(τ+2s)ζ(s)ds, ∀ t ≥ 0, P-a.s.

for some constant C independent of x and ω ∈ Ω. This completes the proof of (3.30). ¤
Now, we fix η.

Lemma 3.6 We have
∫ ∞

τ

eγ(t−τ)|U(t, τ)x|2W dt ≤ C|x|2W
(

1 +

∫ ∞

τ

e−γ(τ+2t)ζ(t)dt

)2

, ∀ x ∈ W, (3.36)

where C is independent of ω ∈ Ω, 0 ≤ ε < 1
4
.
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Proof. We set
z(t) := e

γ
2
(t−τ)U(t, τ)x, 0 < τ < t.

Then by Lemma 3.5 we have

∫ ∞

τ

|z(t)|2
H̃

dt ≤ C|x|2
(

1 +

∫ ∞

τ

e−γ(τ+2t)ζ(t)dt

)2

, ∀ x ∈ H

while
dz

dt
+ ν0Az + A0z +

1

2

N∑
j=1

Γ2
jz + F (t)z =

γ

2
z, t ≥ τ.

Multiplying the latter by z and A
1
2
+2εz (scalarly in H̃) we have the standard estimates for

d = 2, 3
|〈A0z, z〉| = |b(z, Xe, z)| ≤ C|z| 1

4
+ε |Xe|1 |z|H̃ ≤ C|z| 1

4
+ε |z|H̃

and

|〈A0z, A
1
2
+2εz〉| = |b(z, Xe, A

1
2
+2εz)|+ |b(Xe, z, A

1
2
+2εz)|

≤ C(|z| 1
4
|Xe|1 |A 1

2
+2εz|H̃ + |Xe|1 |z| 1

2
|A 1

2
+2εz|H̃) ≤ C|z|21

2
+2ε

.

We get that

1

2

d

dt
|z(t)|2H + ν0|z(t)|21

2
≤ C(|z(t)| 1

2
|z(t)|H̃ + |z(t)|2

H̃
) + |〈F (t)z, z(t)〉|

(here | · | = | · |H̃) and

1

2

d

dt
|z(t)|21

4
+ε

+ ν0|z(t)|23
4
+ε
≤ C(|z(t)||z(t)| 1

2
+2ε + |z(t)|21

2
+ε

) +
∣∣∣〈F (t)z, A

1
2
+2εz(t)〉

∣∣∣ .

This yields, via interpolatory inequality

|z(t)|α ≤ |z(t)|
4α
3
3
4

|z(t)|1− 4α
3 , for α =

1

4
,

1

2

and since by (3.28) |〈F (t)z, A
1
2 z(t)〉| ≤ C|z|, we get

d

dt
|z(t)|21

4
+ε

+ |z(t)|23
4
+ε
≤ C|z(t)|2, t > τ

which yields ∫ ∞

τ

|z(t)|23
4
+ε

dt ≤ C|x|21
4
+ε

(
1 +

∫ ∞

τ

e−γ(τ+2s)ζ(t)dt

)2

,

which is just (3.30) for d = 3. The case d = 2 follows completely similarly by multiplying the

equation by A
1
2 z. (Here and everywhere in the following, C is a positive constant independent

of ω.) ¤
We come back to (3.25) and set

G(t, y) := e−
∑N

j=1 βj(t)ΓjB(e
∑N

j=1 βj(t)Γjy), ∀ y ∈ H̃, t ≥ 0.
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Recalling (3.22) and (3.27) we see that

B(eβj(t)Γjy) = B(y) + 〈y, ϕ∗j〉2H̃(eηβj − 1)2B(P (mφj))

= (eηβj(t) − 1)〈y, ϕ∗j〉H̃ [B1(y, P (mφj)) + B2(y, P (mφj))],
(3.37)

where B(y) = P ((y · ∇)y) and

B1(y, z) = P ((y · ∇)z), B2(y, z) = P ((z · ∇)y), ∀ y, z ∈ D(A). (3.38)

Then by (3.27),(3.28) and (3.37) we have for all j, k = 1, ..., N

e−βk(t)ΓkB(eβj(t)Γjy) = e−βk(t)Γk [B(y) + 〈y, ϕ∗j〉2H̃(eηβj − 1)2B(P (mφj))

+ (eηβj(t) − 1)〈y, ϕ∗j〉H̃ [B1(y, P (mφj)) + B2(y, P (mφj))]

But in virtue of (3.28) we have

e−βk(t)Γky = (e−ηβk(t) − 1)〈y, ϕ∗k〉H̃P (mφk) + y

Therefore

e−βk(t)ΓkB(eβj(t)Γjy) = B(eβj(t)Γjy) + (e−ηβj(t) − 1)〈B(eβj(t)Γjy), ϕ∗k〉H̃P (mφk)

= B(y) + 〈y, ϕ∗j〉2H̃(eηβj(t) − 1)2B(P (mφj))

+ (eηβj(t) − 1)〈y, ϕ∗j〉H̃ [B1(y, P (mφj)) + B2(y, P (mφj))]

+ (e−ηβj(t) − 1)〈B(eβj(t)Γjy), ϕ∗k〉H̃P (mφk).

Taking into account that ϕ∗j , ϕ
∗
k are smooth we may write the previous relation as

e−βk(t)ΓkB(eβj(t)Γjy) = B(y) + Θj,k(t, y), j, k = 1, ..., N. (3.39)

where
|Θj,k(t, y)|α ≤ C(1 + δ(t))(|〈y, ϕ∗j〉H̃ |2 + |B1(y, P (mφj)|2α

+ |B2(P (mφj), y)|2α + |〈B(y), ϕ∗j〉H̃ |),
∀ t ≥ 0, y ∈ D(A), j, k = 1, ..., N,

(3.40)

where 0 < α < 1 (recall that |x|α = |Aαx|) and

δ(t) = sup
1≤j≤N

max{e−4ηβj(t), e4ηβj(t)}. (3.41)

To conclude, we have by (3.37)–(3.41) that

G(t, y) = B(y) + Θ(t, y), ∀ t ≥ 0, y ∈ D(A). (3.42)

Here for each α ∈ (0, 1)

|Θ(t, y)|α ≤ C(1 + δN(t))

×( max
1≤j≤N

{|B1(y, P (mφj)|2α + |B2(P (mφj), y)|2α}+ |B(y)|H̃), (3.43)
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where δ is given by (3.41) and C is independent of t, y and ω.
We write (3.25) as

dy(t)

dt
+AΓy(t) + G(t, y(t)) + F (t)y(t) = 0, ∀ t ≥ 0, P-a.s..

We set z(t) = e
1
2
γty(t) and rewrite it as



dz(t)

dt
+ (AΓ − 1

2
γ)z(t) + e−

γ
2

tG(t, z(t)) + F (t)z(t) = 0

z(0) = x.
(3.44)

Equivalently,

z(t) = S(t, 0)x−
∫ t

0

S(t, s)e−
γ
2

sG(s, z(s))ds, ∀ t ≥ 0, (3.45)

where
S(t, τ) = U(t, τ)e−

1
2
γ(t−τ).

We have seen earlier in Lemma 3.5 that S(t, τ) is exponentially stable in H.

Lemma 3.7 There is Ωx ⊂ Ω, with

P(Ωx) ≥ 1−
(
C∗|x|−

1
2

W − 1
)− γ

8(ηN)2

,

with C∗ > 0 independent of ω and x such that for each x ∈ X with |x|W ≤ C∗ equation (3.45)
has a unique solution

z ∈ C([0,∞); W )) ∩ L2(0,∞; Z).

Here W = D(A
1
4 ), Z = D(A

3
4 ) if d = 2 and W = D(A

1
4
+ε), Z = D(A

3
4
+ε) if d = 3.

Proof. We shall proceed as in the proof of [6, Theorem 5.1]. Namely, we rewrite (3.45) as

z(t) = S(t, 0)x +N z(t) := Λz(t), t ≥ 0,

where N : L2(0,∞; Z) is the integral operator

N z(t) = −
∫ t

0

S(t, s)e−
γ
2

sG(s, z(s))ds.

We shall prove first the following estimate

|N z|L2(0,∞;Z) ≤ C

∫ ∞

0

e−
γ
2

t|G(t, z(t))|W dt. (3.46)

Indeed, for any ζ ∈ L2(0,∞; Z ′) (Z ′ is the dual of Z), we have via Fubini’s theorem
∫ ∞

0

〈N z(t), ζ(t)〉dt =

∫ ∞

0

dt

〈∫ t

0

S(t, s)e−
γ
2

sG(s, z(s))ds, ζ(t)

〉

≤
∫ ∞

0

dt

∫ t

0

|S(t, s)e−
γ
2

sG(s, z(s))|Zds |ζ(t)|Z′

=

∫ ∞

0

dτ

∫ ∞

τ

|S(t, τ)e−
γ
2

τG(τ, z(τ))|Z |ζ(t)|Z′dt

≤
∫ ∞

0

dτ

(∫ ∞

τ

|S(t, τ)e−
γ
2

τG(τ, z(τ))|2Z dt

) 1
2

|ζ|L2(0,∞;Z′).
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Now we set

I :=

∫ ∞

0

dτ

(∫ ∞

τ

|S(t, τ)e−
γ
2

τG(τ, z(τ))|2Z dt

) 1
2

.

By Lemma 3.6, we have

∫ ∞

τ

|S(t, τ)x|23
4
dt ≤ C|x|2W

(
1 +

∫ ∞

τ

e−γ(τ+2t)ζ(t)dt

)2

, ∀ x ∈ W.

Next, we apply this for x = e−
γ
2

τG(τ, z(τ)) and get

∫ ∞

τ

|S(t− τ)e−
γ
2

τG(τ, z(τ))|2Zdt

≤ C|G(τ, z(τ))|2W e−γτ

(
1 +

∫ ∞

τ

e−γ(τ+2t)ζ(t)dt

)2

, ∀ x ∈ W

and, therefore,

I ≤ C

∫ ∞

0

|G(τ, z(τ))|W e−
γ
2

τdτ

(
1 +

∫ ∞

0

e−2γsζ(s)ds

)2

,

as claimed.
Next, by (3.46) and Lemma 3.6, we have

|Λz|L2(0,∞;Z)

≤ C

(
|x|W +

(
1 +

∫ ∞

0

e−2γsζ(s)ds

) ∫ ∞

0

e−
γ
2

τ |G(τ, z(τ))|W dτ

)
.

(3.47)

On the other hand, by (3.42), (3.43), we have

|G(t, y)|W ≤ |By|W + |Θ(t, y)|W .

By [6, Lemma 5.4], we deduce also that

|By|W ≤ C|y|2Z , ∀ y ∈ Z

and, similarly, by (3.40) we have

|Θ(t, y)|W ≤ C(1 + δN(t))|y|2W , ∀ y ∈ Z.

Then, (3.47) yields

|Λz|L2(0,∞;Z) ≤ C∗
1

(
|x|W +

∫ ∞

0

(1 + δN(t))e−
γ
2

t|z(t)|2Zdt

)
, P-a.s., (3.48)

where C∗
1 is a positive constant independent of ω. By (3.41), we have

sup
t≥0

(1 + δN(t)(ω))e−
γ
2

t = 1 + sup
t≥0

max
0≤j≤N

{e4ηNβj(t)− γ
2

t} = 1 + µ(ω), ω ∈ Ω. (3.49)
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Similarly, we have
∫ ∞

0

e−2γtζ(t)dt ≤ 1

γ
sup

1≤j≤N
sup
t≥0

eβj(t)− γ
2

t ≤ 1

γ
µ(ω).

So, (3.48) yields

|Λz|L2(0,∞;Z) ≤ C∗
1

(
|x|W + (1 + µ(ω)2)|z|2L2(0,∞;Z)

)
, P-a.s. (3.50)

In order to estimate the right hand side of (3.50) we need the following lemma.

Lemma 3.8 Let β(t), t ≥ 0 be a real Brownian motion in some probability space (Ω,F ,P).
Then, for each λ > 0, we have

P
(
sup
t>0

eβ(t)−λt ≥ r
)

= P
(
esupt>0(β(t)−λt) ≥ r

)

= P
(
sup
s>0

(β(s)− λs) ≥ log r
)

= r−2λ.
(3.51)

Proof. Fix T > 0. By Girsanov’s theorem, β̃(t) := β(t)− λt, t ≤ T is a Brownian motion in

(Ω,F , P̃), where

dP̃ = eλβ(T )− 1
2
λ2T dP.

We have

P
(

sup
0≤t≤T

eβ(t)−λt ≥ r

)
= P

(
sup

0≤t≤T
eβ̃(t) ≥ r

)
.

Setting MT = sup0≤t≤T eβ̃(t) we have

P(MT ≥ r) =

∫

Ω

1l[r,+∞)(MT )dP =

∫

Ω

1l[r,+∞)(MT )e−λβ(T )+ 1
2
λ2T dP̃.

Replacing in the latter identity β(t) by β̃(t) + λt yields

P(MT ≥ r) =

∫

Ω

1l[r,+∞)(MT )e−λβ̃(T )− 1
2
λ2T dP̃.

Because β̃ is a Brownian motion with respect to P̃ we can compute the integral above by using
the well known expression of the law of (Mt, β̃(t)), see e.g. [18, (8.2) page 9]. We obtain that

P
(
MT ≥ r

)
=

2√
2πT 3

∫ ∞

r

db

∫ b

−∞
(b− a)e−λa− 1

2
λ2T e−

(2b−a)2

2T da.

It follows that

P(MT ≥ r) =
1

2
e−2λrErfc

(
r − λT√

2T

)
+

1

2
e2λrErfc

(
r + λT√

2T

)
,

where

Erfc(x) =
2√
π

∫ +∞

x

e−t2dt.

48



For T →∞ we obtain (3.51). ¤
Proof of Lemma 3.7 (continued). By (3.51), it follows that

P
(

sup
t≥0

e4ηNβj(t)− γ
2

t ≤ r

)
≥ 1− r

− γ

8(Nη)2 , j = 1, ..., N, (3.52)

and, therefore, by (3.49),

P(1 + µ ≤ r) ≥ 1− (r − 1)
− γ

8(Nη)2 , ∀ r ≥ 1. (3.53)

We set
U(ω) := {z ∈ L2(0,∞; Z) : |z|L2(0,∞;Z) ≤ R(ω)},

where R : Ω → R+ is a random variable such that

2C∗
1 |x|W

1 +
√

1− 4(C∗
1)2|x|W (1 + µ)2

≤ R(ω) ≤ 2C∗
1 |x|W

1−
√

1− 4(C∗
1)2|x|W (1 + µ)2

, ω ∈ Ω.

(3.54)

Then, as easily follows from (3.50) and (3.54) for

|x|W ≤ ρ1(ω) := [8(1 + µ(ω)2)(C∗
1)2]−1, (3.55)

we have
ΛU(ω) ⊂ U(ω).

Now, we shall apply the Banach fixed point theorem to Λ on the set U(ω). Let z1, z2 ∈ U(ω).
Arguing as in the proof of (3.50), we find that

|N z1 −N z2|L2(0,∞;Z) ≤ C∗
1

∫ ∞

0

e−γt|G(t, z1)−G(t, z2)| 1
4

dt

(
1 +

∫ ∞

0

e−2γsζ(s)ds

)

≤ C∗
1C

∗
2

∫ ∞

0

(1 + δ(t))e−γt|z1(t)− z2(t)|Z(|z1(t)|Z + |z2(t)|Z)dt

(
1 +

∫ ∞

0

e−2γsζ(s)ds

)

≤ C∗
1C

∗
2

(∫ ∞

0

|z1(t)− z2(t)|2Zdt

) 1
2

(∫ ∞

0

e−γt(|z1(t)|2Z + |z2(t)|2Z)dt

) 1
2

(1 + µ(ω))2

≤ 2C∗
1C

∗
2(1 + µ(ω))2R(ω)|z1 − z2|L2(0,∞;Z),

where C∗
1 , C∗

2 are independent of ω.
Now, if we choose x such that, besides (3.55), to have also

|x|W ≤
√

2 + 1

2
√

2(C∗
1)2C∗

2(1 + µ)2
=: ρ2(ω),

we see that there is R = R(ω) satisfying (3.54) and such that

2C∗
1C

∗
2(1 + µ)2R < 1.
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Now, we take
|x|W ≤ ρ(ω) := min{ρ1(ω), ρ2(ω)} = ((C∗)2(1 + µ)2)−1, (3.56)

where C∗ is a suitable chosen constant independent of ω. Then, for x satisfying (3.56), N is
a contraction on U(ω) and maps U(ω) on itself.

We set
Ωx = {ω ∈ Ω : |x|W ≤ ρ(ω)}. (3.57)

Hence, for each ω ∈ Ωx, equation (3.45) has a unique solution z satisfying conditions in Lemma
3.7. On the other hand, by (3.53) and (3.57), we see that

P(Ωx) ≥ 1−
(
C∗|x|−

1
2

W − 1
)− γ

8(ηN)2

,

as claimed. ¤

Lemma 3.9 Let z be the solution to (3.44) given by Lemma 3.7. Then

lim
t→∞

|z(t)|H̃ = 0, P-a.s. in Ωx. (3.58)

Proof. By (3.44), it follows as in the proof of Lemma 3.6 that

1

2

d

dt
|z(t)|2

H̃
+

ν0

2
|z(t)|21

2
≤ C1|z(t)|2

H̃
+ e−γt |〈G(t, z(t)), z(t)〉+ 〈F (t, z(t)), z(t)〉| .

Taking into account that

|e−γt〈G(t, z(t)), z(t)〉| = e−γt|〈Θ(t, z(t)), z(t)〉| ≤ C2|z(t)|2Z
and that z ∈ L2(0,∞; D(A

3
4 )), we infer that

d

dt
|z(t)|2

H̃
∈ L∞(0,∞),

and, together with z ∈ L2(0,∞; H̃)), this implies (3.58) as claimed. ¤
Proof of Theorem 3.2 (continued). By Lemma 3.9 we have that

lim
t→∞

|y(t)|H̃e
1
2
γt = 0, ∀ ω ∈ Ωx. (3.59)

Then, as seen earlier,

X(t) =
N∏

j=1

eβj(t)Γj y(t), P-a.s.

is the solution to (3.13). Then,by (3.27) and (3.28), we see that

|X(t)|H̃ e
γt
4 ≤ C∗

1

(
1 + max

1≤j≤N

{
eNηβj(t)− γt

4 , e−Nηβj(t)− γt
4

})
|y(t)|H̃ e

γt
2 . (3.60)

We set

Ωr
x =

{
ω ∈ Ω : sup

t≥0
max

1≤j≤N

{
eNηβj(t)− γt

4 , e−Nηβj(t)− γt
4

}
≤ r

}
,
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where r > 0. By Lemma 3.8 (see (3.52)), we have

P(Ωr
x) ≥ 1− r

− γ

2(ηN)2 . (3.61)

This yields

P(Ωx ∩ Ωr
x) ≥ 1−

(
C∗|x|−

1
2

W − 1
)− γ

2(ηN)2 − r
− γ

2(ηN)2 , (3.62)

for any r > 0. We set Ω∗
x = Ωx ∩ Ωr

x, where

r =
(
C∗|x|−

1
2

W − 1
) 1

4

and, by (3.61), (3.62), we get (??) and

lim
t→∞

|X(t)|H̃e
γt
4 = 0 P-a.s. in Ω∗

x.

This completes the proof of Theorem 3.2. ¤

3.4 Final remarks

3.4.1 Stochastic stabilization versus deterministic stabilization

By the same proofs as that of Theorem 3.2, it follows that the deterministic feedback controller

u = −η

N∑
j=1

〈X, ϕ∗j〉H̃P (mφj), (3.63)

where η is sufficiently large, stabilizes exponentially system (3.4) in a neighborhood {x ∈ H :
|x| 1

4
< ρ}. Here φj are chosen as in (3.16). Apparently the feedback controller (3.63) is

simpler than its stochastic counterpart (3.6) above while the stabilization performances are
comparable. It should be said, however, that the controller (3.63) though stabilizable is not
robust while the stochastic one designed here is. In fact, it is easily seen that (3.63) is very
sensitive to structural perturbations in system (3.1) because small variations of the spectral
system {ϕ∗j} might break the orthogonality condition (3.16) from which φj are determined. In
this way, the deterministic linear closed loop equation

dX + AXdt = −η

N∑
j=1

〈X, ϕ∗j〉H̃P (mφj)dt

might became unstable even for η > 0 and large. On the contrary, this does not happen for
the stochastic system

dX + AXdt = −η

N∑
j=1

〈X,ϕ∗j〉H̃P (mφj)dβj, (3.64)
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because its unstable part, that is, X =
∑N

j=1 Xjφj, where

dXj + λjXjdt = −η

N∑
j=1

Xj〈φj, ϕ
∗
j〉0P (mφj)dβj, Re λj ≤ γ, j = 1, ..., N, (3.65)

still remains exponentially stable with probability one to small perturbations of {ϕ∗j}. Indeed,
in this case, instead of (3.16), we have

|〈φj, ϕ
∗
k〉 − δkj| ≤ ε, ∀ j, k = 1, ..., N

and, therefore,
N∑

j=1

N∑
i=1

|〈φj, ϕ
∗
j〉0|2 |Xj|2 ≥ µ

N∑
j=1

|Xj|2

which, as seen earlier in [2], implies the stability of (3.65) for sufficiently large |η|.
As mentioned in Introduction, one might design, starting from (3.63), a robust stabilizable

controller via infinite dimensional Riccati equations associated with the linear system but this
involves, however, hard numerical computation.

3.4.2 Giving up to assumption (H1)

One might design a feedback stochastic feedback controller of the above form in absence of
assumption (H1).

Indeed, if we replace {ϕj}N
1 by its Schmidt’s orthogonalization {ϕ̃j}N

1 , we still have Xu =
lin span {ϕ̃j}N

1 and Xs = lin span {ϕ̃j}∞N+1.
Consider the feedback controller

u = η

N∑
j=1

〈X, φ∗j〉H̃P (mΦ̃j)β̇j (3.66)

where {Φ̃j} are determined by

〈Φ̃j, ϕ̃k〉0 = δkj, j, k = 1, ..., N. (3.67)

By Lemma 3.1, it follows that system {ϕ̃j}N
1 , is independent onO0 and so such a system {Φ̃j}N

1 ,
always exists. Then, the proof of Theorem 3.2 applies with minor modifications to show that
the controller u defined by (3.66) is exponentially stabilizable in the sense of Theorem 3.2.
The details are omitted.

3.5 Appendix. Proof of Lemma 3.1

Consider the Stokes–Oseen operator

Lϕ = −ν0∆ϕ + (ye · ∇)ϕ + (ϕ · ∇)ye, in O

and mention first the following unique continuation result.
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Lemma 3.10 Assume ye ∈ C2(O) and let ϕ ∈ C2(O) be the solution to the problem



Lϕ = λϕ +∇p, in O,

∇ · ϕ = 0, in O, ϕ = 0, on ∂O,
(3.68)

such that ϕ ≡ ∇q on O0 where q ∈ C1(O) and O0 is an open subset of O. Then ϕ ≡ 0.

A simple proof of Lemma 3.1 for d = 2 can be given by reducing (3.68), via the vorticity
transformation ψ = curl ϕ = D2ϕ1 −D1ϕ2, to

−ν0∆ψ + ye · ∇ψ + ϕ · ∇(curl ye) = λψ, in O
and via the stream function φ to

−ν0∆
2φ + ye · ∇φ +∇⊥φ ·∆ye − λ∆φ = 0, in O. (3.69)

(Here ϕ = ∇⊥φ = {D2φ,−D1φ}.)
Then, if ϕ ≡ ∇q in O0, it follows that ∆φ = 0 in O0, which implies that ∆φ = 0 in O.
To prove this (we are indebted to D. Tataru for suggesting us this simple device), we set

P (x,D)u = −ν0∆u + ye · ∇u− λu and we write (3.69) as

P (x,D)u = −∆ye · ∇⊥φ, u = ∆φ.

Then, we apply the Carleman inequality (see [17, Theorem 8.3.1])

∑

|α|≤2

τ 2(2−|α|)
∫
|Dαu|2e2τχdx ≤ Kτ

∫
|P (x,D)u|2e2τχ, ∀u ∈ C∞

0 (O), τ > 0,

where χ is a smooth function such that ∇χ(x0) 6= 0, x0 ∈ ∂O0 and the surface {x; χ(x) =
χ(x0)} is strongly pseudoconvex in x0. Then, arguing as in the proof of Theorem 8.9.1 in [17],
it follows that ∆φ ≡ 0 in O, which implies that ψ = curl ϕ = 0 in O. Hence, ∆ϕ1 = ∆ϕ2 = 0
in O and so ϕ ≡ 0 in O.

The case d = 3 follows in a similar way by reducing (3.68) to a fourth-order equation of
the form (3.69) via the transformation ψ = curl ϕ = ∇× ϕ.

Let {ϕj}N
j=1 be eigenfunctions corresponding to eigenvalues λj, i.e.,





Lϕj = λjϕj +∇pj, in O,

∇ · ϕj = 0, in O,

ϕj = 0, on ∂O.

(3.70)

One must prove that each system {ϕ1, ..., ϕm}, 1 ≤ m ≤ N, is linearly independent in O0.
As mentioned earlier this is immediate if all ϕj are eigenfunctions corresponding to the same
eigenvalue λj and so, it suffices to prove this for distinct eigenvalues λj. For m = 1 this
follows by Lemma 3.10. Let m = 2 and let ϕ1, ϕ2 two eigenfunctions with corresponding
eigenvalues λ1, λ2. Assume that α1ϕ1 + α2ϕ2 ≡ 0 on O0 for α1, α2 6= 0 and argue from this to
a contradiction. We have

L(λ2ϕ1 − λ1ϕ2) = λ1λ2(ϕ1 − ϕ2) + λ2∇p1 − λ1∇p2 = ∇p, in O. (3.71)
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Replacing ϕ1 by α1

λ2
ϕ1 and ϕ2 by −α2

λ1
ϕ2, we see that λ2ϕ1 − λ1ϕ2 ≡ 0 in O0 and so, by (3.71)

we see that ϕ1 = α∇p in O0 for some α. Then, by Lemma 3.10, we infer that ϕ1 ≡ 0 in O
which is, of course, absurd. We shall treat now the case m = 3. We have as above, besides
(3.71), that

L(λ3ϕ1 − λ1ϕ3) = λ1λ3(ϕ1 − ϕ3) +∇q, in O
and therefore

L((λ2 − λ3)ϕ1 − λ1ϕ2 + λ1ϕ3)

= λ1λ2(ϕ1 − ϕ2)− λ1λ3(ϕ1 − ϕ3) +∇q, in O.
(3.72)

If α1ϕ1 + α2ϕ2 + +α3ϕ3 ≡ 0 in O0, then replacing ϕ1, ϕ2, ϕ3 by α1

λ2−λ3
ϕ1, −α2

λ1
ϕ2,

α3

λ1
ϕ3 respec-

tively, we obtain that
(λ2 − λ3)ϕ1 − λ1ϕ2 + λ1ϕ3 ≡ 0, in O0,

which, in virtue of (3.72) and Lemma 3.10, implies

(λ2 − λ3)ϕ1 − λ2ϕ2 + λ3ϕ3 ≡ ∇q, in O0.

This yields α̃1ϕ1 + α̃2ϕ2 = ∇q in O0 for α1, α2 6= 0, which, in virtue of the previous step, is
once again absurd. The argument works for all m ∈ N and this concludes the proof of Lemma
3.1. ¤
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4 Lecture 4.

The internal stabilization of stochastic parabolic

equations with linearly multiplicative Gaussian noise

4.1 Introduction

Consider the stochastic nonlinear controlled parabolic equation

dX(t)−∆X(t)dt + a(t, ξ)X(t)dt + b(t, ξ) · ∇ξX(t)dt

+f(X(t))dt = X(t)dW (t) + 1O0u(t)dt in (0,∞)×O,

X = 0 on (0,∞)× ∂O, X(0) = x in O.

(4.1)

Here, O is a bounded and open domain of RN , N ≥ 1, with smooth boundary ∂O and W (t)
is a Wiener process of the form

W (t) =
∞∑

k=1

µkek(ξ)βk(t), t ≥ 0, ξ ∈ O, (4.2)

where µk are real numbers, {ek} ⊂ C2(O) is an orthonormal system in L2(O) and {βk}∞k=1 are
independent Brownian motions in a stochastic basis {Ω,F ,Ft,P}.

We assume throughout this work that

∞∑

k=1

µ2
k|ek|2∞ < ∞, (4.3)

where | · |∞ denotes the L∞(O)-norm.
The function a : [0,∞) × O → R, b : [0,∞) × O → RN and f : R → R are assumed to

satisfy

a ∈ C([0,∞)×O), b ∈ C1([0,∞)×O) (4.4)

sup{|a(t)|∞ + |∇b(t)|∞; t ≥ 0} < ∞ (4.5)

f ∈ Lip(R), f(0) = 0. (4.6)

Finally, O0 is an open subdomain of O with smooth boundary, 1O0 is its characteristic
function and u = u(t, ξ) is an adapted controller with respect to the filtration {Ft}.

The main problem we address here is the design of a feedback controller u = F (X) such
that the corresponding closed loop system (4.1) is asymptotically stable in probability, that
is,

lim
t→∞

X(t) = 0, P-a.s.

The construction of this stabilizing feedback controller is given in Theorem 1. It should be
said, in this context, that a stronger property, the exact controllability of (4.1) in finite time,
is in general still an open problem. (See, however, [5], [10], [12] for partial results.) A similar

56



result is established (see Theorem ??) for the 2−D Navier–Stokes equations with multiplicative
noise.

Notation

By L2(O) we denote the space of all Lebesgue square integrable functions on O with the norm
| · |2 and the scalar product 〈·, ·〉. The scalar product of L2(O0) is denoted by 〈·, ·〉0. If Y
is a Banach space with the norm ‖ · ‖Y , we denote by Lp(0, T ; Y ), 1 ≤ p ≤ ∞, the space of
all Bochner measurable functions u : (0, T ) → Y with ‖u‖Y ∈ Lp(0, T ). By C([0, T ]; Y ), we
denote the space of all continuous Y -valued functions on [0, T ]. We denote also by Hk(O),
k = 1, 2, the standard Sobolev space of functions on O, H1

0 (O) = {y ∈ H1(O); y = 0 on ∂O}.
Given an Ft-adapted process u ∈ L2(0, T ; L2(Ω, L2(O))), a continuous Ft-adapted process

X : [0, T ] → L2(O) is said to be a solution to (4.1) if

X ∈ L2(Ω; L∞(0, T ; L2(O))) ∩ C([0, T ]; L2(Ω; L2(O))) (4.7)

and

X(t, ξ) =

∫ t

0

(∆X(s, ξ)− a(t, ξ)X(s, ξ)− b(s, ξ) · ∇ξX(s, ξ)

+f(X(s, ξ)))ds +

∫ t

0

1O0u(s, ξ)ds +

∫ t

0

X(s, ξ)dW (s),

ξ ∈ O, t ∈ (0, T ), P-a.s.

(4.8)

Taking into account assumptions (4.3)–(4.6), we may conclude (see, e.g., [9], p. 208) that
(4.1) has a unique solution X satisfying (4.7), (4.8). In fact, for every x ∈ L2(O), the operator

B(x)y = x

∞∑
j=1

µj 〈y, ej〉 ej, y ∈ L2(O) is in L2(H,H) (the space of Hilbert–Schmidt operators)

and we may represent XdW as B(X)dW ∗, where W ∗(t) is the cylindrical Wiener process
{βj(t)ej}j∈N. Then, the stochastic Itô integral arising in (4.8) is a standard one (see [9], p.
102).

4.2 The stabilization of equation (4.1)

We set O1 = O \ O0 and denote by A1 : D(A1) ⊂ L2(O1) → L2(O2) defined by

A1y = −∆y, y ∈ D(A1) = H1
0 (O1) ∩H2(O1), (4.9)

or, equivalently,

〈A1y, z〉1 =

∫

O1

∇y · ∇z dξ, ∀y, z ∈ H1
0 (O1), (4.10)

where 〈·, ·〉1 is the duality on H1
0 (O1)×H−1(O1) induced by L2(O1) as pivot space.

Denote by λ∗1(O1) the first eigenvalue of the operator A1, that is,

λ∗1(O1) = inf

{∫

O1

|∇y|2dξ; y ∈ H1
0 (O1),

∫

O1

y2dξ = 1

}
. (4.11)
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Consider in (4.1) the feedback controller

u = −ηX, η ∈ R+, (4.12)

and the corresponding closed loop system

dX −Xdt + aXdt + b · ∇Xdt + f(X)dt = Xdt− η1O0Xdt

in (0,∞)×O,

X(0) = x in O, X = 0 on (0,∞)× ∂O.

(4.13)

Theorem 1 is the main result.

Theorem 1 Assume that

λ∗1(O1)− 1

2

∞∑
j=1

µ2
j |ej|2∞ − ‖f‖Lip

− sup

{
−a(t, ξ) +

1

2
divξb(t, ξ); (t, ξ) ∈ R+ ×O

}
> 0.

(4.14)

Then, for each x ∈ L2(O) and for η sufficiently large (independent of x), the feedback controller
(4.12) exponentially stabilizes in probability equation (4.1). More precisely, there is γ > 0 such
that the solution X to (4.13) satisfies

lim
t→∞

eγt|X(t)|22 = 0, P-a.s. (4.15)

eγtE|X(t)|22 + E
∫ ∞

0

eγt|X(t)|22dt ≤ C|x|22. (4.16)

We recall that, by the classical Rayleigh–Faber–Krahn perimetric inequality in dimension
d ≥ 2, we have

λ∗1(O1) ≥
(

ωd

|O1|
) 2

d

J d
2
−1,1, (4.17)

where |O1| = Vol(O1), ωd = π
d
2 /

(
Γ

(
d
2

+ 1
))

, and Jm,1 is the first positive zero of the Bessel
function Im(r).

In particular, by Theorem 1, we conclude that, if |O1| is sufficiently small, then the feedback
controller (4.12) is exponentially stabilizable. More precisely, we have

Corollary 2 Assume under hypotheses (4.3)–(4.6) that

|O1| ≤ ω
2
d
d J d

2
−1,1

(
1

2

∞∑
Lip

µ2
j |ej|2∞ + sup

R+×O

{
−a +

1

2
divξb

}
+ ‖f‖Lip

)− 1
2

. (4.18)

Then, for each x ∈ L2(O), the feedback controller (4.12) stabilizes system (4.1) in sense of
(4.15), (4.16).
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Remark 3 One might suspect that system (4.1) is stabilizable and even exact null controllable
in probability by controllers u with support in an arbitrary open subset O0 ⊂ O, as is the case
in the deterministic case (see, e.g., [2], [7], [3]), but so far this is an open problem. (More will
be said about this in Section 5 below.)

Roughly speaking, Theorem 1 implies, in particular, that the stochastic perturbation desta-
bilizing effect in system dX − ∆Xdt = XdW can be compensated by a linear stabilizing
feedback controller with support in a subdomain O0 satisfying (4.18).

An example. The stochastic equation

dX −Xξξdt + (aX + bXξ)dt = µXdβ + V dt, 0 < ξ < 1,

X(t, 0) = X(t, 1) = 0, t ≥ 0,

where β is a Brownian motion and µ ∈ R, a ∈ C([0, T ] × R), b ∈ C1([0, 1] × R), is exponen-
tially stabilizable in probability by any feedback controller V = −η1[a1,a2]X, where η > 0 is
sufficiently large and 0 < a1 < a2 < 1 are such that

π inf

{
1

a1

,
1

1− a2

}
>

µ2

2
+ sup

(t,ξ)∈R+×(0,1)

{
−a(t, ξ) +

1

2
bξ(t, ξ)

}
.

4.3 Proof of Theorem 1

The main ingredient of the proof is the following lemma.

Lemma 4 For each ε > 0 there is η0 = η0(ε) such that
∫

O
|∇y(ξ)|2dξ + η

∫

O0

y2(ξ)dξ ≥ (λ∗1(O1)− ε)|y|22, ∀y ∈ H1
0 (O), η ≥ η0. (4.19)

The proof is well known (see [1], [4]), but we outline it for the sake of completeness. Denote
by ν1 the first eigenvalue of the self-adjoint operator

Aηy = Ay + η1O0y, ∀y ∈ D(Aη) = H1
0 (O) ∩H2(O),

where A = −∆, D(A) = H1
0 (O) ∩H2(O) and η ∈ R+.

We have by the Rayleigh formula

νη
1 = inf

{∫

O
|∇y|2dξ + η

∫

O0

|y|2dξ; |y|2 = 1

}
≤ λ∗1(O1) (4.20)

because any function y ∈ H1
0 (O1) can be extended by zero to H1

0 (O) across the smooth
boundary ∂O1 = ∂O0. Let ϕη

1 ∈ H1
0 (O) ∩H2(O) be such that

Aηϕη
1 = νη

1ϕη
1, |ϕη

1|2 = 1.

We have by (4.20) that
∫

O
|∇ϕη

1|2dξ + η

∫

O0

|ϕη
1|2dξ = νη

1 ≤ λ∗1(O), ∀η > 0.
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Then, on a subsequence, again denoted η, we have for η →∞, that νη
1 → ν∗ and

ϕη
1 → ϕ1 weakly in H1

0 (O), strongly in L2(O)∫

O0

|ϕη
1|2dξ → 0.

We have, therefore, ϕ1 ∈ H1
0 (O1), |ϕ1|2 = 0 and, since Aηϕη

1|O1 = A1ϕ
η
1, we have also that

A1ϕ1 = ν∗ϕ1. Moreover, by (4.20) we see that ν∗ ≤ λ∗1(O1). Since λ∗1(O1) is the first eigenvalue
of A1, we have that ν∗ = λ∗1(O1) and

lim
η→∞

inf

{∫

O
|∇y|2dξ + η

∫

O0

y2dξ; |y|1 = 1

}
= λ∗1(O1).

This yields (4.19), as claimed.

Proof of Theorem 1 (continued). For simplicity, we take f = 0. By applying Itô’s formula
in (4.13), which by virtue of (4.7) is possible, we obtain that

1

2
d(eγt|X(t)|22) +

∫

O
eγt|∇X(t, ξ)|2dξ dt +

∫

O
(a(t, ξ)− γ

−1

2
divξb(t, ξ))e

γtX2(t, ξ)dξ =
1

2

∫

O
eγt

∞∑

k=1

|(Xek)(t, ξ)|2dξ dt

−η

∫

O0

eγt|X(t, ξ)|2dξ dt +

∫

O
eγt

∞∑

k=1

(Xek)(t, ξ)X(t, ξ)dβk(t), P-a.s., t ≥ 0.

Equivalently,
1

2
eγt|X(t)|22 +

∫ t

0

K(s)ds =
1

2
|x|22 + M(t), t ≥ 0, P-a.s., (4.21)

where

K(t) =

∫

O
eγt(|∇X(t, ξ)|2 + (a(t, ξ)− γ − 1

2
divξb(t, ξ))|X(t, ξ)|2

−1

2

∞∑

k=1

X2(t, ξ)e2
k(ξ))dξ + η

∫

O0

eγt|X(t, ξ)|2dξ,
(4.22)

M(t) =

∫ t

0

∫

O

∞∑

k=1

eγsX2(s, ξ)ek(s, ξ)dβk(s), t ≥ 0. (4.23)

By Lemma 4 and by (4.14), we see that, for η ≥ η0 sufficiently large and 0 < γ ≤ γ0 sufficiently
small, we have

K(t) ≥ ε0

∫

O
eγt|X(t, ξ)|2dξ, ∀t > 0, P-a.s., (4.24)

where ε0 > 0. Taking expectation into (4.21), we obtain that

1

2
E[eγt|X(t)|22] + ε0

∫ t

0

eγsE|X(s)|22ds ≤ 1

2
|x|22, ∀t ≥ 0. (4.25)
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Since t → ∫ t

0
K(s) is an a.s. nondecreasing stochastic process and t → M(t) is a continuous

local martingale, we infer by (4.21), (4.25), and by virtue of [11], p. 139, that there exist

lim
t→∞

(eγt|X(t)|22) < ∞, K(∞) < ∞,

which imply (4.15), (4.16), as claimed.

4.4 Stabilization of Navier–Stokes equations
with multiplicative noise

We consider here the stochastic Navier–Stokes equation

dX(t)− ν∆X(t)dt + (a(t) · ∇)X(t)dt

+(X(t) · ∇)b(t)dt + (X(t) · ∇)X(t)dt

= X(t)dW (t) +∇p(t)dt + 1O0u(t)dt

in (0,∞)×O,

∇ ·X(t) = 0 in (0,∞)×O,
X(t) = 0 on (0,∞)× ∂O, X(0) = x in O,

(4.26)

where ν > 0, a, b ∈ (C1((0,∞) ×O))2, ∇ · a = ∇ · b = 0, a · ~n = b · ~n = 0 on ∂O. Here O is
a bounded and open domain of R2 and O0 is an open subset of O. The boundaries ∂O and
∂O0 are assumed to be smooth. We set

H = {y ∈ (L2(O))2; ∇ · y = 0, y · ~n = 0 on ∂O},

where ~n is the normal to ∂O. We denote by 〈·, ·〉H the scalar product of H and by | · |H the
norm. The Wiener process W (t) is of the form (4.2), where {ek} ⊂ (C2(O))2 is an orthonormal
basis in H, and µk ∈ R. As in the previous case, the main objective here is the design of a
stabilizable feedback controller u for equation (4.26).

We use the standard notations

H = {y ∈ (L2(O))d; ∇ · y = 0 in O, y · ~n = 0 on ∂O},
V = {y ∈ (H1

0 (O))d; ∇ · y = 0 in O},
A = −νΠ∆, D(A) = (H2(O))d ∩ V,

where Π is the Leray projector on H. Consider the Stokes operator A1 on O1 = O \ O0,
that is,

〈A1y, ϕ〉 = ν

d∑
i=1

∫

O1

∇yi · ∇ϕidξ, ∀ϕ ∈ V1,

where V1 = {y ∈ (H1
0 (O1))

d; ∇ · y = 0 in O1}. Denote again by λ∗1(O1) the first eigenvalue of
A1, that is,

λ∗1(O1) = inf

{
ν

d∑
i=1

∫

O
|∇ϕi|2dξ, ϕ ∈ V1,

∫

O1

|ϕ|2dξ = 1

}
. (4.27)
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Also, in this case, we have (see Lemma 1 in [4]), for η ≥ η0(ε) and ε > 0,

〈Ay, y〉H + η 〈Π(1O0y), y〉H ≥ (λ∗1(O1)− ε)|y|2H , ∀y ∈ V. (4.28)

We consider in system (4.26) the linear feedback controller

u = −ηX, η > 0. (4.29)

We set

γ∗(t) = sup

{∫

O
|yiDibjyjdξ|; |y|H = 1

}
< ∞,

where b = {b1, b2}.
The closed loop system (4.26) with the feedback controller (4.29) has a unique strong

solution in the sense of (4.7), (4.8). (See, e.g., [8], p. 281.)
We have

Theorem 5 Assume that

λ∗1(O1) >
1

2

∞∑
j=1

µ2
j |ej|2∞ + sup

t∈R+

γ∗(t). (4.30)

Then, for each x ∈ H and η sufficiently large independent of x, the solution X to the closed
loop system (4.26) with the feedback controller (4.29) satisfies

E[eγt|X(t)|2H ] +

∫ ∞

0

eγtE|X(t)|2Hdt < C|x|2H , (4.31)

lim
t→∞

eγt|X(t)|2H = 0, P-a.s., (4.32)

for some γ > 0.

The proof is essentially the same as that of Theorem 1, and so it will be sketched only.
Taking into account that

〈(X · ∇)X, X〉H + 〈(a(t) · ∇)X,X〉H = 0, t > 0,P-a.s.,

we obtain by (4.26), (4.29), via Itô’s formula, that

1

2
eγt|X(t)|2H +

∫ t

0

eγs
(
〈AX(s), X(s)〉H + 〈X(s) · ∇b(s), X(s)〉H

−1

2

∞∑
j=1

|X(s)ej|2H + η 〈1O0X(s), X(s)〉H
)
ds

=
1

2
|x|2H +

∫ t

0

eγs

∞∑
j=1

〈X(s)ej, X(s)〉H dβj(s), t ≥ 0.

(4.33)

Then, by virtue of (4.28) and (4.30), we have, by (4.33), that

1

2
eγt|X(t)|2H + I(t) =

1

2
|x|2H + M∗(t), t ≥ 0, P-a.s.,
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where I(t) is a nondecreasing process, which satisfies

E[I(t)] ≥ ε0

∫ t

0

eγsE|X(s)|2Hds, ∀t ≥ 0,

for η sufficiently large, and M∗(t) =
∫ t

0
eγs

∞∑
j=1

〈X(s)ej, X(s)〉H dβj(s) is a continuous local

martingale. As in the previous case, this implies via [11] that lim
t→∞

eγt|X(t)|2H exists P-a.s. and,

therefore, (4.31) and (4.32) hold.

Remark 6 By (4.27), we see that λ∗1(O1) > νµ1, where µ1 is the first eigenvalue on O of the
Stokes operator −Π∆ and we have also that

λ∗1(O1) ≥ Cν

(
sup
x∈O1

dist(x, ∂O)

)−2

.

4.5 Final remarks

In order to make clear the novelty of the above results and the principal difficulties related
to the internal stabilization of equations (4.1), we note that, via the substitution y = eW (t)X,
equation (4.1) reduces to a parabolic equation of the form

∂y

∂t
−∆y + ã(t)y + b̃(t) · ∇y +

1

2

∞∑
i=1

µ2
ke

2
ky = 1O0u, P-a.s.,

y = 0 on (0,∞)× ∂O,

(4.34)

with random coefficients ã, b̃.
If ã and b̃ are independent functions of t, then (4.34) can be stabilized by a controller

u =
∑N

j=1 uj(t)ψj, where ψj are linear combinations of eigenfunctions of the dual operator
y → −∆y + ãy − div(by) (see [7] or [3] for the case of Navier–Stokes equations).

For deterministic equations of the form (4.34) with smooth time dependent coefficients,
a similar result was recently proved in [6] (for the Navier–Stokes equations), but it cannot
be applied, however, to the random equation (4.34) since it does not provide an adapted
stabilizable controller u = u(t). (The reason is that the argument in [6] relies on exact P-a.s.
controllability of (4.34) via an adapted controller u which so far is still an open problem.)

By the new procedure we use here, we circumvert this basic difficulty by constructing an
explicit feedback adapted controller and avoiding so the exact controllability of the stochas-
tic equation with multiplicative noise which is equivalent to an open problem: observability
inequality for the dual stochastic equation.
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Lecture 5.

Stabilization of Navier–Stokes equations

by oblique boundary feedback controllers

5.1 Introduction

Consider the Navier–Stokes system

∂y

∂t
− ν∆y + (y · ∇)y = ∇p + fe in (0,∞)×O,

∇ · y = 0 in (0,∞)×O,

y = v on (0,∞)× ∂O,

y(0) = y0 in O,

(5.1)

in a bounded open domain O ⊂ Rd, d = 2, 3, with the boundary ∂O which is assumed to be a
finite union of d− 1 dimensional C2– connected manifolds . Here ν > 0, fe is a given smooth
function and v is a boundary input. If ye is an equilibrium solution to (5.1) then (5.1) can be,
equivalently, written as

∂y

∂t
− ν∆y + (ye · ∇)y + (y · ∇)ye + (y · ∇)y = ∇p

in (0,∞)×O,

∇ · y = 0 in (0,∞)×O,

y = u on (0,∞)× ∂O,

y(0) = y0 − ye in O.

(5.2)

Let Γ be a connected component of ∂O. Our main concern here is the design of an oblique
boundary feedback controller with support in Γ which stabilizes exponentially the equilibrium
state ye, or, equivalently, the zero solution to (5.2). The main step toward this end is the
stabilization of the linear system corresponding to (5.2) or, more generally, of the Oseen–
Stokes system

∂y

∂t
− ν∆y + (y · ∇)a + (b · ∇)y = ∇p in (0,∞)×O,

∇ · y = 0 in (0,∞)×O,

y = u on (0,∞)× ∂O,

(5.3)

where a, b ∈ (C2(O))d, ∇ · a = ∇ · b = 0 in O. Besides its significance as first order linear
approximation of (5.2), this system models the dynamics of a Stokes flow with inclusion of a
convection acceleration (b · ∇)y and also the disturbance flow induced by a moving body in a
Stokes fluid flow.

In its complex form, the main result of this work, Theorem 1, amounts to saying that,
if the unstable eigenvalues of system (5.3) are semi-simple and a certain unique continuation
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type property for eigenfunctions of the dual linearized system holds then there is a boundary
feedback controller of the form

u(t, x) = η1lΓ

N∑
j=1

µj

(∫

O
y(t, x)ϕ∗j(x)dx

)
(φj(x) + α(x)~n(x)),

t ≥ 0, x ∈ ∂O,

(5.4)

which stabilizes exponentially system (5.1). Here,1lΓ is the characteristic function of Γ as
subset of ∂O, φj ⊂ (C2(Γ))d are suitably chosen functions and {ϕ∗j}N

j=1 is an eigenfunction
system for the adjoint L∗ of the Stokes–Oseen operator

Lϕ = −ν∆ϕ + (a · ∇)ϕ + (ϕ · ∇)b, ϕ ∈ D(L),

D(L) = {ϕ ∈ (H2(O))d ∩ (H1
0 (O))d; ∇ · ϕ = 0 in O}, (5.5)

that is,

(L∗ψ)j = −ν∆ψj −
N∑

i=1

(Di(aiψj)− ψiDjbi), j = 1, .., d. (5.6)

It turns out (see Theorem 5) that this feedback controller also stabilizes the Navier–Stokes
system (5.2) in a neighborhood of the origin.

In (5.4), N is the number of the eigenvalue λj of L with Re λj ≤ 0 and α ∈ C2(∂O) is an
arbitrary function with zero circulation on Γ, that is,

∫

Γ

α(x)dx = 0. (5.7)

If α is identically zero then the controller (5.4) is tangential but in general it is oblique to
domain O which makes it more effective for control actuation. As a matter of fact, we shall see
below (see Corollary 2) that, with exception of a set of Lebesgue measure arbitrarily small, the
controller u given by (5.4) can be chosen in a direction close to ~n, that is, “almost normal”. It
should be mentioned that, in literature, only in a few situations normal stabilizing controllers
for equation (5.1) were designed, and this happened mostly for periodic flows in 2−D channels
only (see, e.g., [1], [2], [3], [25], [26], [27]). However, we notice that there is a large body of
remarkable results obtained in recent years on boundary stabilization of system (5.1) and here
the works [10], [11], [13], [14], [17], [18], [20], [21] should be primarily cited. (See, also, [7], [14],
[15], [23].) In this context we should also mention the work [22] which contains several sig-
nificant results and techniques related to boundary stabilization of Oseen-Stokes system with
non tangential controllers. The approach used in these works can be described in a few words
as follows; one decomposes system (5.1) in a finite-dimensional unstable part which is exactly
controllable and an infinite-dimensional part which is exponentially stable and proves so its
stabilization by an open loop boundary controller with finite-dimensional structure. Then, one
designs in a standard way a stabilizing feedback controller via the algebraic Riccati equation
associated with an infinite horizon quadratic optimal control problem. (In [17], [18], one uses
a somehow different stabilization technique based on the existence of an asymptotically sta-
ble invariant manifold for the Euler-Lagrange system associated with Stokes-Oseen operator
which is, however, equivalent to a Riccati based approach.) Our construction of boundary
stabilizing controller for (5.1) is an alternative to the Riccati equation based approach which
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though provides a robust controller it is, however, quite difficult to treat from computational
point of view. This construction resembles the form of stabilizing noise controllers recently
designed in the author’s works [4], [5], [6], [8], [9], which seem to be, however, more robust
to stochastic perturbations. It should be mentioned however that our stabilization results are
conditional (see Hypotheses (H1) and (H2) below.)

The plan of the paper is the following. In Section 2, we present the main stabilization results
which will be proved in Section 3. In Section 4, we shall give an example to stabilization of
Stokes–Oseen periodic flows in a 2−D channel.

In the following we shall use the standard notation for spaces of functions on O ⊂ Rd.
In particular, Ck(O), k = 0, 1, ..., is the space of k-differentiable functions on O and Hk(O),
k > 0 , H1

0 (O) are Sobolev spaces on O.

5.2 The main result

Notation

Everywhere in the following, O is a bounded and open domain of Rd, d = 2, 3, its boundary ∂O
is a finite union of d−1 dimensional C2– connected manifolds and Γ is a connected component
of ∂O.

We set H = {y ∈ (L2(O))d; ∇ · y = 0 in O, y · ~n = 0 on ∂O} and denote by
Π : (L2(O))d → H the Leray projector on H. We consider the operator A : D(A) ⊂ H → H,
A : D(A) ⊂ H → H,

Ay = −νΠ(∆y), ∀y ∈ D(A) = (H1
0 (O))d ∩ (H2(O))d ∩H, (5.8)

Ay = Π(−ν∆y + (y · ∇)a + (b · ∇)y) (5.9)

= Ay + Π((y · ∇)a + (b · ∇)y), ∀y ∈ D(A) = D(A).

We denote by H̃ the complexified space H̃ = H + iH and consider the extension Ã of A to
H̃, that is, Ã(y + iz) = Ay + iAz for all y, z ∈ D(A).

The scalar product of H and of H̃ are denoted by 〈·, ·〉 and 〈·, ·〉H̃ , respectively. The
corresponding norms are denoted by | · |H and | · |H̃ , respectively.

For simplicity, we denote in the following again by A the operator Ã and the difference
will be clear from the content. The operator A has a compact resolvent (λI −A)−1 (see, e.g.,
[7], p 92). Consequently, A has a countable number of eigenvalues {λj}∞j=1 with corresponding
eigenfunctions ϕj each with finite algebraic multiplicity mj. In the following, each eigenvalue
λj is repeated according to its algebraic multiplicity mj.

Note also that there is a finite number of eigenvalues {λj}N
j=1 with Re λj≤0 and that the

spaces Xu = lin span{ϕj}N
j=1 = PNH̃, Xs = (I −PN)H̃ are invariant with respect to A. Here,

PN is the algebraic projection of H̃ on Xu and is defined by

PN =
1

2πi

∫

Γ0

(λI −A)−1dλ,

where Γ0 is a closed curve which contains in interior the eigenvalues {λj}N
j=1.
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If we set Au = A|Xu , As = A|Xs , then we have

σ(Au) = {λj : Re λj ≤ 0}, σ(As) = {λj : Re λj > 0}. (5.10)

We recall that the eigenvalue λj is called semi–simple if its algebraic multiplicity mj co-
incides with its geometric multiplicity mg

j . In particular, this happens if λj is simple and it
turns out that the property of the eigenvalues λj to be all simple is generic (see [7], p. 164).
The dual operator A∗ has the eigenvalues λj with the eigenfunctions ϕ∗j , j = 1, ... .

For the time being, the following hypotheses will be assumed.

(H1) The eigenvalues λj, j = 1, ..., N, are semi-simple.

This implies that
Aϕj = λjϕj, A∗ϕ∗j = λjϕ

∗
j , j = 1, ..., N, (5.11)

or, equivalently,

Lϕj = λjϕj +∇pj, L∗ϕ∗j = λjϕ
∗
j +∇p∗j , j = 1, ..., N, (5.12)

and so we can choose systems {ϕj}, {ϕ∗j} in such a way that

〈ϕj, ϕ
∗
k〉H̃ = δjk, j, k = 1, ..., N. (5.13)

The next hypothesis is a unique continuation type assumption on the normal derivatives
∂ϕ∗j
∂n

,

j = 1, ..., N.

(H2) The system

{
∂ϕ∗j
∂n

}N

j=1

is linearly independent on Γ.

In the special case where the unstable spectrum A has only one distinct eigenvalue λ1

(eventually multivalued), hypothesis (H2) is implied by the following weaker assumption

(H2)′
∂ϕ∗

∂n
is not identically zero on Γ,

where ϕ∗ is any eigenfunction corresponding to the unstable eigenvalue λ̄1.
Since any linear combination of this system of eigenfunctions is again an eigenfunction

corresponding to λ̄1, it is clear that in this case (H2) is implied by (H2)′.
It is not known whether (H2)′ is always satisfied, but likewise hypothesis (H1), if Γ = ∂O, it

holds, however, for ”almost all a, b” in the generic sense (see [12]). In Section 4, it is presented
a significant example, where (H2)′ holds.

5.2.1 The main stabilization result

Consider the feedback boundary controller

u = η1lΓ

N∑
j=1

µj

〈
PNy, ϕ∗j

〉
H̃

(φj + α~n), (5.14)

68



where

µj =
k + λj

k + λj − νη
j = 1, ..., N, (5.15)

φj =
N∑

`=1

aj`
∂ϕ∗`
∂n

, j = 1, ..., N, (5.16)

and a`j ∈ C are chosen in such a way that

N∑

`=1

a`j

∫

Γ

∂ϕ∗`
∂n

∂ϕ∗i
∂n

dx = δij − 1

ν
〈α, p∗i 〉0 for i, j = 1, ..., N. (5.17)

By virtue of hypothesis (H2), such a system {a`j}N
`,j=1 exists because the Gram matrix

∥∥∥∥
∫

Γ

∂ϕ∗`
∂n

∂ϕ∗i
∂n

∥∥∥∥
N

i,`=1

= Z0

is not singular.
By (5.13), (5.17), we have

∫

Γ

φj
∂ϕ∗i
∂n

dx = δij − 1

ν
〈α, p∗i 〉0 , i, j = 1, ..., N. (5.18)

Here {p∗i } are given by (5.12) and 〈·, ·〉0 is the scalar product in L2(Γ).

Theorem 1 Assume that d = 2, 3, (H1), (H2) and (5.7) hold, and that Re λj ≤ 0 for j =
1, ..., N , Re λj > 0 for j > N. Let k > 0 sufficiently large and η > 0 be such that

Re λj + ην + η2ν2(Re λj + k − ην)|k + λj − η|−2 > 0 for j = 1, ..., N. (5.19)

Then the feedback controller (5.14) stabilizes exponentially system (5.3), that is, the solution
y to the closed loop system

∂y

∂t
− ν∆y + (y · ∇)a + (b · ∇)y = ∇p in (0,∞)×O,

∇ · y = 0 in (0,∞)×O,

y = η1lΓ

N∑
j=1

µj

〈
PNy, ϕ∗j

〉
H̃

(φj + α~n) on (0,∞)× ∂O,

(5.20)

satisfies for some γ > 0 the estimate

|y(t)|H̃ ≤ Ce−γt|y(0)|H̃ , ∀t ≥ 0. (5.21)

It is easily seen that (5.19) holds for k sufficiently large and η > 0 such that Re λj + ην > 0,
∀j = 1, ..., N .

If λj are complex, then the controller (5.14) is complex valued too and plugged into system
(5.3) leads to a real closed loop system in the state variables (Re y, Im y). In order to circum-
vent such a situation, we shall construct in Section 3.3 a real stabilizing feedback controller of
the form (5.14) which has a similar stabilization effect. (See Theorem 6.)

A problem of major interest is whether the controller u can be chosen “almost” normal,
that is, its normal component u~n is close to the normal ~n. We have
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Corollary 2 There is a stabilizing controller u of the form (5.14), (5.16), with
‖aij‖N

i,j=1 = Z−1
0 and α = λα∗, where λ ∈ C is arbitrary and α∗ ∈ C2(Γ) satisfies (5.7)

and
|α∗(x)| 6= 0, a.e. x ∈ Γ. (5.22)

The exact significance of this result is that, for each ε > 0, there is a Lebesgue measurable
subset Γε such that m(Γ \Γε) ≤ ε and, on Γε, the normal component λα∗~n of the controller u
is 6= 0 and arbitrarily large with respect to the tangential component represented by φj. (Here
m is the Lebesgue measure on Γ.)

Proof of Corollary 2. We set

X =

{
ψ ∈ L2(Γ);

∫

Γ

ψ dx = 0

}
,

Y =

{
N∑

j=1

γj

(
p∗j −

1

m(Γ)

∫

Γ

p∗jdx

)
; γj ∈ C

}
, Y1 = X ∩ Y ⊥.

Then Y1 = {ψ ∈ X;
〈
X, p∗j

〉
0

= 0, ∀j = 1, ..., N}, L2(Γ) = Y ⊕ Y1 ⊕ C, and so, any

ψ ∈ C2(Γ) can be written as

ψ = α̃ +
N∑

j=1

γj

(
p∗j −

1

m(Γ)

∫

Γ

p∗jdx

)
+ γ0, (5.23)

for some α̃ ∈ Y1 and γj ∈ C, j = 0, 1, ..., N. We note that there are ψ∗ ∈ C2(Γ) and γ∗j ∈ C
such that

|ψ∗(x)−
N∑

j=1

γ∗j

(
p∗j(x)− 1

m(Γ)

∫

Γ

p∗jdx

)
− γ∗0 | > 0, a.e. x ∈ Γ. (5.24)

Otherwise, for each ψ̃ ∈ C2(Γ) and {γ̃j}N
j=0 ⊂ C, there is a Lebesgue measurable subset Γ̃ ⊂ Γ

such that m(Γ̃) > 0 and

ψ̃ −
N∑

j=1

γ̃j

(
p∗j −

1

m(Γ)

∫

Γ

p∗jdx

)
− γ̃0 = 0, in Γ̃,

which, by virtue of arbitrarity of ψ̃ and γ̃j, is absurd. Indeed, it suffices to fix γ̃j ∈ C,

j = 0, 1, ..., N , and take ψ̃ ∈ C2(Γ) in such a way that

inf
Γ
|ψ̃| > sup

Γ

∣∣∣∣∣
N∑

j=1

γ̃j

(
p∗j −

1

m(Γ)

∫

Γ

p∗jdx

)
− γ̃0

∣∣∣∣∣

to arrive to a contradiction. Then, for the corresponding α̃ in (5.23), denoted α∗, we have
(5.22). Now, we see that, for each λ ∈ C, α = λα∗, we have 〈α, p∗i 〉0 = 0, ∀i = 1, ..., N , and
so, by (5.17) we have ‖aij‖N

i,j=1 = Z−1
0 , as claimed.

70



Remark 3 The idea of the proof already used in the previous works mentioned above is
to decompose system (5.20) or the space H̃ in a finite differential system corresponding to
unstable eigenvalue {λj}N

j=1 and an infinite and stable differential system. For this, Hypothesis
(H1) is not absolutely necessary (see, for instance, [7], [16]) and it was assumed only for
convenience in order to get a simple diagonal form for the finite-dimensional unstable system
and implicitly for the stabilizing feedback. As regards (H2), one might suspect too that it
can be replaced by the weaker assumption (H2)′ eventually modifying the form of stabilizing
controller.

Remark 4 As easily follows from the proof in (5.14), the function α can be replaced by a
system of functions {αj}N

j=1 satisfying (5.7) with the corresponding modification of (5.17).
The above construction works also in more general case where Γ is a smooth part (not

necessarily connected) of ∂O but in this case 1lΓ should be replaced by a C2– function on ∂O
with compact support in Γ and in condition (5.7) α should be replaced by 1lΓα.

5.2.2 Stabilization of system (5.1) ((5.2))

In the boundary stabilization of Navier-Stokes equation (5.3) with finite dimensional con-
trollers due to compatibility of the boundary trace of state y with the boundary control
there are two feasible regularity levels for the solution y, namely (H

1
2
−ε(O))d for d = 2 and

(H
1
2
+ε(O))d for d = 3. (See [7], [11], [13].) However, in 3−D the high topological level

(H
1
2
+ε(O))d is not appropriate for some technical reasons related to properties of the inertial

term (y · ∇)y and so, unlikewise the linear case, the treatment should be confined to d = 2.

Consider the Sobolev spaces W = (H
1
2
−ε(O))2∩H̃, Z = (H

3
2
−ε(O))2∩H̃), where 0 < ε < 1

2
,

with the norms denoted by || · ||W , || · ||Z . The main stabilization result for system (5.3) is
Theorem 5 below.

Theorem 5 Let d = 2 and a = b = ye. Then, under the assumptions of Theorem 1, the
feedback boundary controller (5.14) stabilizes exponentially system (5.2) in a neighborhood W =
{y0 ∈ W ; ‖y0‖W < ρ}. More precisely, the solution y ∈ C([0,∞); W ) ∩ L2(0,∞; Z) to the
closed loop system

∂y

∂t
− ν∆y + (y · ∇)ye + (ye · ∇)y + (y · ∇)y = ∇p in (0,∞)×O,

y = η1lΓ

N∑
j=1

µj

〈
PNy, ϕ∗j

〉
H̃

(φj + α~n) on (0,∞)× ∂O,
(5.25)

satisfies for y(0) ∈ W and ρ sufficiently small

‖y(t)‖W ≤ Ce−γt‖y(0)‖W , ∀t ≥ 0, (5.26)

for some γ > 0.

In particular, it follows that the boundary feedback controller

u = η

N∑
j=1

µj

〈
PN(y − ye), ϕ

∗
j

〉
H̃

(φj + α~n) (5.27)

stabilizes exponentially the equilibrium solution ye to (5.1) in a neighborhood {y0 ∈ W ;
‖y0 − ye‖W < ρ}.
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5.3 Proofs

5.3.1 Proof of Theorem 1

We set

U0 =

{
u ∈ (L2(∂O))d;

∫

∂O
u(x) · ~n(x)dx = 0

}
.

Then, for k > 0 sufficiently large, there is a unique solution y ∈ (H
1
2 (O))d to the equation

−ν∆y + (y · ∇)a + (b · ∇)y + ky = ∇p in O,

∇ · y = 0 in O, y = u on ∂O.

(See, e.g., [24], p. 365.) We set y = Du and note that (see, e.g. [11], p. 102),

D ∈ L((Hs(∂O))d ∩ U0; (Hs+ 1
2 )O))d), for s ≥ −1

2
·

In terms of A and of the Dirichlet map D, system(5.3) can be written as (see [22])

Π
d

dt
y(t) +A(y(t)−Du(t)) = kΠDu, t ≥ 0,

y(0) = y0.
(5.28)

Equivalently,
d

dt
z(t) +Az(t) = −Π

(
D

du

dt
(t)− kDu(t)

)
, t ≥ 0,

z(0) = y0 −Du(0),

(5.29)

z(t) = y(t)−Du(t), t ≥ 0. (5.30)

In the following, we fix k > 0 sufficiently large and η > 0 such that (5.19) holds. In particular,
for this choice of k and η, we also have

λi + k − νη 6= 0 for i = 1, 2, ..., N. (5.31)

We note first that in terms of z the controller (5.14) can be, equivalently, expressed as

u(t) = η1lΓ

N∑
j=1

〈
PNz(t), ϕ∗j

〉
H̃

(φj + α~n). (5.32)

Indeed, by (5.30) and (5.32), we have

u(t) = η1lΓ

N∑
j=1

〈
PNy(t), ϕ∗j

〉
)H̃(φj + α~n)

−η1lΓ

N∑
j=1

〈
u(t), D∗ϕ∗j

〉
0
(φj + α~n),

(5.33)

where D∗ is the adjoint of D.
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On the other hand, if we set ψ = D1lΓ(φj + α~n) and recall that

L∗ϕ∗i − λiϕ
∗
i = ∇p∗i in O, ϕ∗i = 0 on ∂O, ∇ · ϕ∗j = 0,

Lψ + kψ = ∇p̃ in O, ψ = 1lΓ(φj + α~n) on ∂O, ∇ · ψ = 0,

we get by (5.18) via Green’s formula

〈φj+α~n,D∗ϕ∗i 〉0 =

∫

O
ψ · ϕ∗i dx = − ν

λi+k

∫

Γ

(φj+α~n)·∂ϕ∗i
∂n

dx

− 1

k + λi

〈α, p∗i 〉0 = − ν

λi+k
δij, ∀i, j = 1, ..., N,

(5.34)

because ~n · ∂ϕ∗i
∂n

= 0, a.e. on ∂O (see [11], Lemma 3.3). Then, by (5.33), (5.34), we see that

〈u(t), D∗ϕ∗i 〉0 =
−ην

k + λi − νη
〈PNy, ϕ∗i 〉H̃ (5.35)

and, substituting into (5.33), we get (5.14) as claimed.
Now, by (5.32) and (5.29), we obtain that

dz

dt
+Az = −η

N∑
j=1

〈
PN

(
d

dt
z(t)−kz(t)

)
, ϕ∗j

〉

H̃

ΠD(1lΓ(φj+α~n)),

z(0) = z0 = y0 −Du(0).

(5.36)

It is convenient to decompose system (5.36) into a finite dimensional part corresponding to the
unstable spectrum {λj, j = 1, ...N} of A and an infinite dimensional one which corresponds
to the stable spectrum {λj, j > N}. Namely, we write (5.36) as

dzu

dt
+Auzu = −ηPN

N∑
j=1

〈
PN(

dz

dt
− kz), ϕ∗j

〉

H̃

ΠD(1lΓ(φj + α~n)), (5.37)

dzs

dt
+Aszs = −η(I − PN)

N∑
j=1

〈
PN(

dz

dt
− kz), ϕ∗j

〉

H̃

ΠD(1lΓ(φj + α~n)), (5.38)

where z = zu + zs, zu ∈ Xu, zs ∈ Xs and PN is the algebraic projection on Xu defined in
Section 2.1. If we represent zu as

zu =
N∑

j=1

zjϕj,

and recall (5.35), we can rewrite (5.37) as

z′j + λjzj =
ην

k + λj

(z′j − kzj), t ≥ 0. (5.39)

Equivalently,

z′j +
(k + λj)λj + kην

k + λj − ην
zj = 0, j = 1, ..., N. (5.40)
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By (5.19) we have

Re
(k + λj)λj + kην

k + λj − ην
> 0 for j = 1, ..., N.

Then, by (5.39) there is γ0 > 0 such that

|zj(t)| ≤ e−γ0t|zj(0)|, j = 1, ..., N. (5.41)

On the other hand, by (5.38) we have

dzs

dt
+Aszs = −η(I − PN)

N∑
j=1

(z′j − kzj)ΠD(1lG(φj + α~n)), (5.42)

and since
‖e−Ast‖L(H̃,H̃) ≤ Ce−γ1t, ∀t ≥ 0,

for some γ1 > 0, we see by (5.40), (5.42) that

|zs(t)|H̃ ≤ C exp(−γ0t)|zs(0)|H̃ , ∀t ≥ 0, (5.43)

which together with (5.41) yields

|z(t)|H̃ ≤ C exp(−γ0t)|z(0)|H̃ , ∀t ≥ 0.

Now, recalling (5.30) and (5.32), we obtain estimate (5.21), thereby completing the proof.

5.3.2 Proof of Theorem 5

The system (5.2) with the feedback controller

u = Fy = η1lΓ

N∑
j=1

µj

〈
PNy, ϕ∗j

〉
H̃

(φj + α~n)

can be written as (see(5.28))

Π
dy

dt
+A(y −DFy) + By = kΠ DFy, t > 0,

y(0) = y0,

where By = Π(y · ∇)y). Setting z = y −DFy we rewrite it as (see(5.36))

dz

dt
+Az + B((I −DF )−1z)

= −η

N∑
j=1

〈
PN

(
d

dt
z(t)− kz(t)

)
, ϕ∗j

〉

H̃

ΠD(1lΓ(φj + α~n)).
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We set, as in previous case,

z = zu + zs, zu ∈ Xu, zs ∈ Xs and zu =
N∑

j=1

zjϕj.

Recalling (5.39), (5.40) and (5.42) we get for j = 1, ..., N

z′j +
(k + λj)λj + kην

k + λj − ην
zj +

k + λj

k + λj − ην

〈
B((I −DF )−1(z), ϕ∗j)

〉
H̃

= 0

and z′j − kzj = Kj(z), where

Kj(z) = − 1

k + λj − ην

(
(k + λj)

2zj + (k + λj)
〈
B((I −DF )−1z, ϕ∗j)

〉
H̃

)
.

Then, we may write the above system as

dzu

dt
+ Ãuzu +

N∑
j=1

k + λj

k + λj − ην

〈
B((I −DF )−1(z), ϕj)

〉
H̃

PNϕj = 0, (5.44)

dzs

dt
+Aszs + (I − PN)B((I −DF )−1)z

= −η(I − PN)
N∑

j=1

Kj(z)ΠD(1lΓ(φj + α~n)).
(5.45)

Here Ãu ∈ L(Xu, Xu) is the operator defined by

Ãuzu =
N∑

j=1

(k + λj)λj + kην

k + λj − ην
zjϕj.

By virtue of (5.41), (5.43) both operators Ãu, As are exponentially stable on spaces Xu,
respectively Xs and, therefore, so is the operator

C(z) = Ãuzu +Aszs , z = zu + zs

on the space H̃. We set

B(z) =
N∑

j=1

k + λj

k + λj + ην
B((I −DF )−1(z), ϕj)H̃PNϕj

+(I − PN)B((I −DF )−1z) + η(I − PN)
N∑

j=1

Kj(z)ΠD(1lΓ(φj + α~n))

and rewrite (5.44),(5.45) as

dz

dt
+ Cz + B(z) = 0, t ≥ 0, z(0) = z0 = y0 −DFy0.
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Equivalently,

z(t) = e−tCz0 −
∫ t

0

e−(t−s)CB(z(s))ds, t ≥ 0. (5.46)

We recall that (see [11], [13])

‖B(z1)−B(z2)‖W ≤ C(‖z1‖Z + ‖z2‖Z)‖z1 − z2‖Z ,∀z1, z2 ∈ Z. (5.47)

On the other hand, we have

|Dz|s+ 1
2
≤ C

k − c
|z|s, ∀z ∈ (Hs(∂O))d, s ≥ −1

2
,

where c, C are independent of k, and this yields, for s = 1− ε,

‖DFy‖Z ≤ Cη

k − c
‖y‖Z , ∀y ∈ Z.

This implies that, for k large enough and η as in condition (5.19), the operator (I − DF )−1

is Lipschitz on the space Z and this implies that the local Lipschitz property (5.47) extends
to the operator B. Then arguing exactly as in the proof of Theorem 5.1 in [11] (see, also, [12]
and [13]) we conclude that the integral equation (5.46) has for ||z0||W ≤ ρ sufficiently small,
a unique solution z ∈ C([0,∞); W ) ∩ L2(0,∞; Z) which has the exponential decay

||z(t)||W ≤ Me−γt||z0||W , ∀t > 0

which completes the proof.

5.3.3 Real stabilizing feedback controllers

We shall construct here a real stabilizing feedback controller of the form (5.14). To do this we
replace the system of functions {ϕj} by that obtained taking the real and imaginary parts of
the this one. Namely, we consider the following system of functions in the space H

ψ2j−1 = Re ϕj, ψ2j = Im ϕj,

and similarly for the adjoint system

ψ∗2j−1 = Re ϕ∗j , ψ∗2j = Im ϕ∗j .

For the sake of simplicity, we assume that all unstable eigenvalues λj, j = 1, ..., N are simple
mentioning however, that the general case can be treated completely similar.

We set X̃u = lin span{ψj; j = 1., ..N}. It should be mentioned that the dimension of
this space is still N and denote again by PN the algebraic projection of H on X̃u. Then we
decompose the space as H = X̃u⊕ X̃s and note that the real operator A leaves invariant both
spaces X̃s and X̃u and since X̃s + iX̃s = Xs we infer that the operator Ã∗

s = A|X̃s
generates

an exponential stable semigroup on X̃s ⊂ H. We set also Ã∗
u = A|X̃u

.
We have

Aψ2j−1 = Re λ2j−1 ψ2j−1 − Im λ2j−1 ψ2j,

Aψ2j = Im λ2j−1 ψ2j−1 + Re λ2j−1 ψ2j,
(5.48)
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and, similarly for ψ∗j , i.e.,

A∗ψ∗2j−1 = Re λ2j−1 ψ∗2j−1 − Im λ2j−1 ψ∗2j,

A∗ψ∗2j = Im λ2j−1 ψ∗2j−1 + Re λ2j−1 ψ∗2j.
(5.49)

Equivalently,
L∗ψ∗2j−1 = Re λ2j−1 ψ∗2j−1 − Im λ2j−1 ψ∗2j +∇p∗2j−1,

L∗ψ∗2j = Im λ2j−1 ψ∗2j−1 + Re λ2j−1 ψ∗2j +∇p∗2j.
(5.50)

Under assumption (H2), the following real version of this hypothesis holds.

(H2)∗ The system {∂ψ∗j
∂n

, , j = 1, .., N} is linearly independent on Γ.

Then, following (5.14) consider the real feedback controller

u∗ = η1lΓ

N∑
j=1

(
〈
PNy, ψ∗j

〉−
N∑

`=1

Kj` 〈PNy, ψ∗` 〉
)

(φ∗j + α~n), (5.51)

where Kj` are made precise later on, φ∗j is of the form

φ∗j =
N∑

i=1

a∗ij
∂ψ∗i
∂n

, j = 1, ..., N, (5.52)

and a∗ij are chosen in a such a way that (see (5.18)),

〈
∂ψ∗i
∂n

, φ∗j

〉

0

= −1

ν
〈p∗i , α〉0 + δij, i, j = 1, ..., N. (5.53)

(As seen earlier, this choice is possible by virtue of (H2)∗.)
Now, proceeding as in Section 3.1, we show that for Kj` suitably chosen the feedback

controller (5.51) can be put in the form

u = η1lΓ

N∑
j=1

〈
PNz, ψ∗j

〉
(φ∗j + α~n), (5.54)

where z is given by (5.30). Indeed, in terms of y, (5.54) can be written as (see (5.33))

u = η1lΓ

N∑
j=1

〈
PNy, ψ∗j

〉
(φ∗j + α~n)− η1lΓ

N∑
j=1

〈
u,D∗ψ∗j

〉
0
(φ∗j + α~n). (5.55)

This yields

〈u,D∗ψi〉0 = η

N∑
j=1

〈
PNy, ψ∗j

〉 〈
φ∗j + α~n,D∗ψ∗i

〉
0

−η

N∑
j=1

〈
u,D∗ψ∗j

〉
0

〈
φ∗j + α~n,D∗ψ∗i

〉
0
, i = 1, ..., N.

(5.56)
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On the other hand, by (5.50), (5.53), we see that

(Re λ2i−1 + k)
〈
ψ∗2i−1, D(1lΓ(φ∗j + α~n))

〉

−Im λ2i−1

〈
ψ∗2i, D(1lΓ(φ∗j + α~n))

〉

= −ν

〈
∂ψ∗2i−1

∂n
, φ∗j + α~n

〉

0

− 〈
p∗2i−1, α

〉
0

= −νδ2i−1j,

(Re λ2i−1 + k)
〈
ψ∗2i, D(1lΓ(φ∗j + αk~n))

〉

−Im λ2i−1

〈
ψ∗2i−1, D(1lΓ(φ∗j + α~n))

〉

= −ν

〈
∂ψ∗2i

∂n
, φ∗j + α~n

〉

0

− 〈p∗2i, α〉0 = −νδ2ij.

(5.57)

We set 〈
ψ∗i , D(1lΓ(φ∗j + α~n))

〉
= ηij,

γi = ((Re λi + k)2 + (Im λi)
2)−1, i, j = 1, ..., N.

(5.58)

This yields
(Re λ2i−1 + k)η2i−1j + Im λ2i−1 η2ij = −νδ2i−1j

(Re λ2i−1 + k)η2ij − Im λ2i−1 η2i−1j = −νδ2ij.
(5.59)

Then, by (5.56), (5.58), we obtain

〈u,D∗ψ∗i 〉0 = η

N∑
j=1

〈
PNy, ψ∗j

〉
ηij − η

N∑
j=1

〈
u,D∗ψ∗j

〉
0
ηij.

Equivalently,
N∑

j=1

(δij + ηηij) 〈u,D∗ψj〉0 = η

N∑
j=1

〈
PNy, ψ∗j

〉
ηij. (5.60)

By (5.58), (5.59) we have

η2i−1j = −νγ2i−1(Re λ2i−1 + k)δ2i−1j − Im λ2i−1δ2ij)

η2ij = −νγ2i−1(Im λ2i−1δ2i−1j + (Re λ2i−1 + k)δ2i).
(5.61)

We set K = ‖Kj`‖N
j,`=1, where

K = η(‖δij + νηηij‖N
i,j=1)

−1 × ||ηij||. (5.62)

By (5.61) we see that, for k sufficiently large, K is well defined. By (5.60), we have

〈u,D∗ψj〉0 =
N∑

`=1

Kj` 〈PNy, ψ∗` 〉 , j = 1, ..., N.

Substituting the latter into (5.56), we see that u is of the form (5.51), where Kj` is given by
(5.62).
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Now, we rewrite system (5.28) as (see (5.36), (5.54))

dz

dt
+Az = −η

N∑
j=1

〈
PN

(
dz

dt
− kz

)
, ψ∗j

〉
ΠD(1lΓ(φ∗j + α~n)) (5.63)

with the corresponding projection on X∗
u (see (5.37))

dzu

dt
+ Ã∗

uzu = −ηPN

N∑
j=1

〈
PN

(
dz

dt
− kz

)
, ψ∗j

〉
ΠD(1lΓ(φ∗j + α~n)). (5.64)

We set zu =
N∑

i=1

ziψi and so, we may write (5.58) as

N∑
i=1

(bi`z
′
i + ai`zi) = −η

N∑
j=1

N∑
i=1

bij(z
′
i − kzi)η`j, (5.65)

where bi` = 〈ψi, ψ
∗
` 〉, ai` = 〈Aψi, ψ

∗
` 〉 and η`j are given by (5.61).

We set B = ‖bi`‖N
i,`=1, A0 = ‖ai`‖N

i,`=1, E = ‖η`j‖N
`,j=1 and rewrite (5.64) as

Bz′ + A0z + ηEB(z′ − kz) = 0, t ≥ 0, (5.66)

where z = {zi}N
j=1.

To study the stability of system (5.66) it is convenient to consider the limit case k = ∞.
Taking into account (5.61), we see that for k →∞ ηijk → δij and so system (5.66) reduces to

Bz′ + A0z + ηBz = 0,

which is exponentially stable if η > 0 is sufficiently large because

|Bz(t)| ≤ e−ηt|Bz(0)|+
∫ t

0

e−η(t−s)|A0z(s)|ds

and B is invertible as consequence of the independence of the systems {ψj}N
j=1 and {ψ∗j}N

j=1.
Hence, system (5.66) and, consequently, (5.63) is exponentially stable for k and η sufficiently
large.

Then, we have the following real version of Theorem 1.

Theorem 6 Under assumptions (H1), (H2) and (5.7) for k and η sufficiently large, there is a
boundary feedback controller u∗ of the form (5.62) which stabilizes exponentially system (5.3).

5.4 An example to the boundary stabilization
of a periodic flow in a 2−D channel

The previous results remain true for the Navier-Stokes system in a 2−D channel O = {(x, y) ∈
R× (0, 1)} with periodic condition in direction x. We illustrate this on the standard problem
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of laminar flows in a two-dimensional channel with the walls located at y = 0, 1. (See e.g., [1],
[2], [3], [5].) We assume that the velocity field (u(t, x, y), v(t, x, y)) and the pressure p(t, x, y)
are 2π periodic in x. Then, the dynamic of flow is governed by the system

ut − ν∆u + uux + vuy = px, x ∈ R, y ∈ (0, 1),

vt − ν∆v + uvx + vvy = py, x ∈ R, y ∈ (0, 1),

ux + vy = 0,

u(t, x + 2π, y) ≡ u(t, x, y), v(t, x + 2π, y) ≡ v(t, x, y), y ∈ (0, 1).

(5.67)

Consider a steady-state flow with zero vertical velocity component, i.e., (U(x, y), 0). We

have U(x, y) = U(y) = c(y2 − y), ∀y ∈ (0, 1) and take c = − a

2ν
, a ∈ R+.

The linearization of (5.67) around the steady-state flow (U(y), 0) leads to the following
system

ut − ν∆u + uxU + vU ′ = px, y ∈ (0, 1), x, t ∈ R,

vt − ν∆v + vxU = py, ux + vy = 0,

u(t, x + 2π, y) ≡ u(t, x, y), v(t, x + 2π, y) ≡ v(t, x, y).

(5.68)

A convenient way to treat this system is to represent u, v as Fourier series. Let us briefly recall
this standard procedure. Denote by L2

π(Q), Q = (0, 2π)× (0, 1) the space of all the functions
u ∈ L2

loc(R × (0, 1)) which are 2π-periodic in x. These functions are characterized by their
Fourier series

u(x, y) = a0(y) +
∑

k 6=0

ak(y)eikx, ak = ā−k,
∑

k∈Z

∫ 1

0

|ak|2dy < ∞.

Similarly, there are defined the Sobolev spaces H1
π(Q), H2

π(Q).
We set H = {(u, v) ∈ (L2

π(Q))2; ux + vy = 0, v(x, 0) = v(x, 1) = 0}. If ux + vy = 0, then
the trace of v at y = 0, 1 is well defined as an element of H−1(0, 2π) ×H−1(0, 2π) (see, e.g.,
[24]). We also set

V = {(u, v) ∈ H ∩H1
π(Q); u(x, 0) = u(x, 1) = v(x, 0) = v(x, 1) = 0}.

The space H can be defined equally as

H =
{

u =
∑

k∈Z
uk(y)eikx, v =

∑

k∈Z
vk(y)eikx, vk(0) = vk(1) = 0,

∑

k∈Z

∫ 1

0

(|uk|2 + |vk|2)dy < ∞, ikuk(y) + v′k(y) = 0,

a.e. y ∈ (0, 1), k ∈ Z
}

.

Let Π : L2
π(Q) → H be the Leray projector and A : D(A) ⊂ H → H ′ the operator

A(u, v) = Π{−ν∆u + uxU + vU ′, −ν∆v + vxU},
∀(u, v) ∈ D(A) = (H2((0, 2π)× (0, 1)) ∩ V.

(5.69)
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We associate with (5.69) the boundary value conditions

u(t, x, 0) = u0(t, x), u(t, x, 1) = u1(t, x), t ≥ 0, x ∈ R,

v(t, x, 0) = v0(t, x), v(t, x, 1) = v1(t, x), t ≥ 0, x ∈ R,
(5.70)

and, for k∗ > 0 sufficiently large, we consider the Dirichlet map D : X → L2
π(Q) defined by

D(u∗, v∗) = (ũ, ṽ),

−ν∆ũ + ũxU + ṽU ′ + k∗ũ = px, x ∈ R, y ∈ (0, 1),

−ν∆ṽ + ṽxU + k∗ṽ = py, x ∈ R, y ∈ (0, 1),

ũx + ṽy = 0, ũ(x + 2π, y) = ũ(x, y), ṽ(x + 2π, y) = ṽ(x, y),

ũ(x, y) = u∗(x, y), ṽ(x, y) = v∗(x, y), y = 0, 1.

(5.71)

Here
X =

{
(u∗, v∗) ∈ L2((0, 2π)× ∂(0, 1)); u∗(x + 2π, y) = u∗(x, y),

v∗(x + 2π, y) = v∗(x, y),

∫ 2π

0

v∗(x, 0)dx =

∫ 2π

0

v∗(x, 1)dx
}

.

Then system (5.69) , (5.70) can be written as

Π
d

dt
y(t) +A(y(t)−DU∗(t)) = k∗Π DU∗(t) t ≥ 0,

y(0) = (u0, v0),
(5.72)

where y = (u, v), U∗ = (u∗, v∗).We denote again by A the extension of A on the complexified

space H̃ and by λj, ϕj the eigenvalues and corresponding eigenvectors of the operator A. By
ϕ∗j , we denote the eigenvector to the dual operator A∗. Written into this form, which is exactly
(5.28), it is clear that one can apply 1 provided hypotheses (H1), (H2) are satisfied for A. We
check below the unique continuation hypothesis (H2)′ which has also an interest in itself.

Lemma 7 Assume that all eigenvalues λj, j = 1, 2, ..., N, are semi-simple. Then we have

∂ϕj

∂n
(x, y) 6≡ 0, x ∈ (0, 2π), y = 0, 1, (5.73)

∂ϕ∗j
∂n

(x, y) 6≡ 0, x ∈ (0, 2π), y = 0, 1. (5.74)

Proof. If we represent ϕj = (uj, vj), then (5.73) reduces to
∣∣∣∣

∂

∂y
vj(x, y)

∣∣∣∣ +

∣∣∣∣
∂

∂y
uj(x, y)

∣∣∣∣ > 0, x ∈ (0, 2π), y = 0, 1. (5.75)

We set λ = λj and ϕj = (u, v). This means that, if λ is semisimple, then

−ν∆u + uxU + vU ′ = λu + px, x ∈ R, y ∈ (0, 1),

−ν∆v + vxU = λv + py, x ∈ R, y ∈ (0, 1),

ux + vy = 0,

u(x + 2π, y) = u(x, y), v(x + 2π, y) = v(x, y).

(5.76)
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If we represent u, v, p as Fourier series with coefficients uk, vk, pk we reduce (5.76) to the system

−νu′′k + (νk2 + ikU)uk + U ′vk = ikpk + λuk, y ∈ (0, 1),

−νv′′k + (νk2 + ikU)vk = p′k + λvk, ikuk + v′k = 0 in (0, 1),

uk(0) = uk(1) = 0, vk(0) = vk(1) = 0.

Equivalently,

−νviv
k +(2νk2+ikU)v′′k−k(νk3+ik2U+iU ′′)vk−λ(v′′k−k2vk) = 0,

y ∈ (0, 1),

vk(0) = vk(1) = 0, v′k(0) = v′k(1) = 0, ∀k 6= 0.

(5.77)

Now, let us check (5.74) or, equivalently, (5.76). We have

∂

∂n
u(x, y) = −i

∑

k 6=0

eikx

k
v′′k(y), ∀x, y ∈ 0, 1,

and so (5.76) reduces to
|v′′k(0)|+ |v′′k(1)| > 0 for all k. (5.78)

Assume that v′′k(0) = v′′k(1) = 0 for all k and lead from this to a contradiction. To this end we
set Wk = v′′k − k2vk and rewrite (5.78) as

−νW ′′
k + (νk2 + ikU − λ)Wk = ikU ′′vk in (0, 1),

Wk(0) = Wk(1) = 0.
(5.79)

If we multiply (5.79) by W k, integrate on (0, 1) and take the real part, we obtain that

∫ 1

0

(ν|W ′
k|2 + (νk2 − Re λ)|Wk|2)dy = 0, ∀k

and since Re λ = Re λj ≤ 0 for all j = 1, ..., N , we get Wk ≡ 0, and so vk ≡ 0. The
contradiction we arrived at proves (5.78) and (5.73). To prove (5.74) one proceeds similarly
with dual system of eigenfunction but since the proof is more delicate we refer to [19].

We suspect that the same argument applies to prove hypothesis (H2), that is,

{
∂ϕ∗j
∂n

}N

j=1

is linearly independent on ∂O but this remains to be done. Of course, if all ϕ∗j , j = 1, ..., N ,
are eigenvectors corresponding to the same eigenvalue, the independence follows by Lemma 7.

Then, following the general case (5.14), we can design a feedback controller (ũ, ṽ) for system
(5.68). (In terms of (5.70), ũ = (u0, u1), ṽ = (v0, v1).) We set ϕ∗j = (u∗j , v

∗
j ), j = 1, ..., N, where

ϕ∗j are eigenvectors of the dual operator A∗ with corresponding eigenvalues λj and Re λj < 0
for j = 1, ..., N. (Recall that eigenvalues λj are repeated according to their multiplicity.)
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We consider the boundary feedback controller

ũ(t, x, y) = η

N∑
j=1

µjvj(t)φ
1
j(x, y), x ∈ R, y = 0, 1,

ṽ(t, x, y) = η

N∑
j=1

µjvj(t)(φ
2
j(x, y) + aH(y)), x ∈ R, y = 0, 1,

vj(t) =

∫ 2π

0

(u(t, x, y)ū∗j(x, y) + v(t, x, y)v̄∗j (x, y))dx dy

=
∑

k 6=0

(uk(t, y)(ū∗j)k(y) + vk(t, y)(v̄∗k)k(y)).

(5.80)

Here a is an arbitrary constant, H is a smooth function such that H(0) = −1, H(1) = 1, µj

are defined as in (5.15), φi
j, i = 1, 2, are of the form (see (5.16))

φ1
j =

N∑
j=1

aijχ
1
i , φ2

j =
N∑

i=1

aijχ
2
i ,

where

(χ1
i , χ

2
i ) = χi, χi(x, 0) = −∂ϕ∗i

∂y
(x, 0), χi(x, 1) =

∂ϕ∗i
∂y

(x, 1)

and aij are chosen as in (5.17). By Theorem 1, we have.

Corollary 8 If there is at most one unstable semi-simple eigenvalue for (5.76) (eventually
multiple) then, for each a ∈ R and η > 0 suitably chosen, the feedback boundary controller
(5.80) stabilizes exponentially system (5.68).

We note also that, by Theorem 5, the feedback controller (5.80) stabilizes the Navier–Stokes
equation (5.67).
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Lecture 6.

Internal exact controllability and feedback stabilization

of stochastic linear parabolic like equations with linearly

multiplicative noise

6 Introduction

Consider the stochastic nonlinear controlled parabolic equation

dX(t)−∆X(t)dt + a(t, ξ)X(t)dt + b(t, ξ) · ∇ξX(t)dt

+f(X(t))dt = X(t)dW (t) + 1lO0u(t)dt in (0,∞)×O,

X = 0 on (0,∞)× ∂O, X(0) = x in O.

(6.1)

Here, O is a bounded and open domain of RN , N ≥ 1, with smooth boundary ∂O and W (t)
is a Wiener process of the form

W (t) =
∞∑

k=1

µkek(ξ)βk(t), t ≥ 0, ξ ∈ O, (6.2)

where µk are real numbers, {ek} ⊂ C2(O) is an orthonormal system in L2(O) and {βk}∞k=1 are
independent Brownian motions in a stochastic basis {Ω,F ,Ft,P}.

We assume throughout this work that

∞∑

k=1

µ2
k|ek|2∞ < ∞, (6.3)

where | · |∞ denotes the L∞(O)-norm.
The function a : [0,∞) × O → R, b : [0,∞) × O → RN and f : R → R are assumed to

satisfy

a ∈ C([0,∞)×O), b ∈ C1([0,∞)×O) (6.4)

sup{|a(t)|∞ + |∇b(t)|∞; t ≥ 0} < ∞ (6.5)

f ∈ Lip(R), f(0) = 0. (6.6)

Finally, O0 is an open subdomain of O with smooth boundary, 1lO0 is its characteristic
function and u = u(t, ξ) is an adapted controller with respect to the filtration {Ft}.

The main problem we address here is the design of a feedback controller u = F (X) such
that the corresponding closed loop system (6.1) is asymptotically stable in probability, that
is,

lim
t→∞

X(t) = 0, P-a.s.

It should be said, in this context, that a stronger property, the exact controllability of (6.1)
in finite time, is in general still an open problem. (See, however, [5], [11] for partial results.)
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Notation

By L2(O) we denote the space of all Lebesgue square integrable functions on O with the norm
| · |2 and the scalar product 〈·, ·〉. The scalar product of L2(O0) is denoted by 〈·, ·〉0. If Y
is a Banach space with the norm ‖ · ‖Y , we denote by Lp(0, T ; Y ), 1 ≤ p ≤ ∞, the space of
all Bochner measurable functions u : (0, T ) → Y with ‖u‖Y ∈ Lp(0, T ). By C([0, T ]; Y ), we
denote the space of all continuous Y -valued functions on [0, T ]. We denote also by Hk(O),
k = 1, 2, the standard Sobolev space of functions on O, H1

0 (O) = {y ∈ H1(O); y = 0 on ∂O}.
Given an Ft-adapted process u ∈ L2(0, T ; L2(Ω, L2(O))), a continuous Ft-adapted process

X : [0, T ] → L2(O) is said to be a solution to (6.1) if

X ∈ L2(Ω; L∞(0, T ; L2(O))) ∩ C([0, T ]; L2(Ω; L2(O))) (6.7)

and

X(t, ξ) =

∫ t

0

(∆X(s, ξ)− a(t, ξ)X(s, ξ)

−b(s, ξ) · ∇ξX(s, ξ)

+f(X(s, ξ)))ds +

∫ t

0

1lO0u(s, ξ)ds

+

∫ t

0

X(s, ξ)dW (s),

ξ ∈ O, t ∈ (0, T ), P-a.s.,

(6.8)

where the integral is considered in sense of Itô.
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7 The stabilization of equation (6.1)

We set O1 = O \ O0 and denote by A1 : D(A1) ⊂ L2(O1) → L2(O2) defined by

A1y = −∆y, y ∈ D(A1) = H1
0 (O1) ∩H2(O1), (7.1)

or, equivalently,

〈A1y, z〉1 =

∫

O1

∇y · ∇z dξ, ∀y, z ∈ H1
0 (O1), (7.2)

where 〈·, ·〉1 is the duality on H1
0 (O1)×H−1(O1) induced by L2(O1) as pivot space.

Denote by λ∗1(O1) the first eigenvalue of the operator A1, that is,

λ∗1(O1) = inf

{∫

O1

|∇y|2dξ; y ∈ H1
0 (O1),

∫

O1

y2dξ = 1

}
. (7.3)

Consider in (6.1) the feedback controller

u = −ηX, η ∈ R+, (7.4)

and the corresponding closed loop system

dX −Xdt + aXdt + b · ∇Xdt + f(X)dt

= Xdt− η1lO0Xdt in (0,∞)×O,

X(0) = x in O, X = 0 on (0,∞)× ∂O.

(7.5)
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Theorem 1 Assume that

λ∗1(O1)− 1

2

∞∑
j=1

µ2
j |ej|2∞ − ‖f‖Lip

− sup

{
−a(t, ξ) +

1

2
divξb(t, ξ); (t, ξ) ∈ R+ ×O

}
> 0.

(7.6)

Then, for each x ∈ L2(O) and for η sufficiently large (independent of x), the feedback controller
(7.4) exponentially stabilizes in probability equation (6.1). More precisely, there is γ > 0 such
that the solution X to (7.5) satisfies

lim
t→∞

eγt|X(t)|22 = 0, P-a.s. (7.7)

eγtE|X(t)|22 + E
∫ ∞

0

eγt|X(t)|22dt ≤ C|x|22. (7.8)

We recall that, by the classical Rayleigh–Faber–Krahn perimetric inequality in dimension
d ≥ 2, we have

λ∗1(O1) ≥
(

ωd

|O1|
) 2

d

J d
2
−1,1, (7.9)

where |O1| = Vol(O1), ωd = π
d
2 /

(
Γ

(
d
2

+ 1
))

, and Jm,1 is the first positive zero of the Bessel
function Im(r).

Then, by Theorem 1, we conclude that, if |O1| is sufficiently small, then the feedback
controller (7.4) is exponentially stabilizable.

89



Corollary 2 Assume under hypotheses (6.3)–(6.6) that

|O1| ≤ ω
2
d
d J d

2
−1,1

(
1

2

∞∑
Lip

µ2
j |ej|2∞ + sup

R+×O

{
−a +

1

2
divξb

}
+ ‖f‖Lip

)− 1
2

. (7.10)

Then, for each x ∈ L2(O), the feedback controller (7.4) stabilizes system (6.1) in sense of
(7.7), (7.8).

We note that, in particular, condition (7.10) is satisfied if the Hausdorff distance dH(∂O, ∂O0)
is sufficiently small.

Remark 3 One might suspect that system (6.1) is stabilizable and even exact null controllable
in probability by controllers u with support in an arbitrary open subset O0 ⊂ O, as is the
case in the deterministic case (see, e.g., [2], [7], [3]), but so far this is an open problem.

Roughly speaking, Theorem 1 implies, in particular, that the stochastic perturbation desta-
bilizing effect in system dX − ∆Xdt = XdW can be compensated by a linear stabilizing
feedback controller with support in a subdomain O0 satisfying (7.10).

An example. The stochastic equation

dX −Xξξdt + (aX + bXξ)dt = µXdβ + V dt, 0 < ξ < 1,

X(t, 0) = X(t, 1) = 0, t ≥ 0,

where β is a Brownian motion and µ ∈ R, a ∈ C([0, T ] × R), b ∈ C1([0, 1] × R), is exponen-
tially stabilizable in probability by any feedback controller V = −η1l[a1,a2]X, where η > 0 is
sufficiently large and 0 < a1 < a2 < 1 are such that

π inf

{
1

a1

,
1

1− a2

}
>

µ2

2
+ sup

(t,ξ)∈R+×(0,1)

{
−a(t, ξ) +

1

2
bξ(t, ξ)

}
.
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8 Proof of Theorem 1

The main ingredient of the proof is the following lemma.
Lemma 1 For each ε > 0 there is η0 = η0(ε) such that

∫

O
|∇y(ξ)|2dξ + η

∫

O0

y2(ξ)dξ ≥ (λ∗1(O1)− ε)|y|22,
∀y ∈ H1

0 (O), η ≥ η0.
(8.1)

The proof is well known (see [1], [4]), but we outline it for the sake of completeness. Denote
by ν1 the first eigenvalue of the self-adjoint operator Aηy = Ay + η1lO0y, ∀y ∈ D(Aη) =
H1

0 (O) ∩H2(O), where A = −∆, D(A) = H1
0 (O) ∩H2(O) and η ∈ R+.

We have by the Rayleigh formula

νη
1 = inf

{∫

O
|∇y|2dξ + η

∫

O0

|y|2dξ; |y|2 = 1

}
≤ λ∗1(O1) (8.2)

because any function y ∈ H1
0 (O1) can be extended by zero to H1

0 (O) across the smooth
boundary ∂O1 = ∂O0. Let ϕη

1 ∈ H1
0 (O) ∩H2(O) be such that Aηϕη

1 = νη
1ϕη

1, |ϕη
1|2 = 1. We

have by (8.2) that
∫

O
|∇ϕη

1|2dξ + η

∫

O0

|ϕη
1|2dξ = νη

1 ≤ λ∗1(O), ∀η > 0.

Then, on a subsequence, again denoted η, we have for η →∞, that νη
1 → ν∗ and

ϕη
1 → ϕ1 weakly in H1

0 (O), strongly in L2(O)∫

O0

|ϕη
1|2dξ → 0.

We have, therefore, ϕ1 ∈ H1
0 (O1), |ϕ1|2 = 0 and, since Aηϕη

1|O1 = A1ϕ
η
1, we have also that

A1ϕ1 = ν∗ϕ1. Moreover, by (8.2) we see that ν∗ ≤ λ∗1(O1). Since λ∗1(O1) is the first eigenvalue
of A1, we have that ν∗ = λ∗1(O1) and

lim
η→∞

inf

{∫

O
|∇y|2dξ + η

∫

O0

y2dξ; |y|1 = 1

}
= λ∗1(O1).

This yields (8.1), as claimed.

Proof of Theorem 1 (continued). By applying Itô’s formula in (7.5), which by virtue of
(6.7) is possible, we obtain that

1

2
d(eγt|X(t)|22) +

∫

O
eγt|∇X(t, ξ)|2dξ dt +

∫

O
(a(t, ξ)− γ

−1

2
divξb(t, ξ))e

γtX2(t, ξ)dξ +

∫

O
eγtf(X(t, ξ))X(t, ξ)dξ

=
1

2

∫

O
eγt

∞∑

k=1

|(Xek)(t, ξ)|2dξ dt− η

∫

O0

eγt|X(t, ξ)|2dξ dt

+

∫

O
eγt

∞∑

k=1

(Xek)(t, ξ)X(t, ξ)dβk(t), P-a.s., t ≥ 0.
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Equivalently,
1

2
eγt|X(t)|22 +

∫ t

0

K(s)ds =
1

2
|x|22 + M(t), t ≥ 0, P-a.s., (8.3)

where

K(t) =

∫

O
eγt(|∇X(t, ξ)|2

+(a(t, ξ)− γ − 1

2
divξb(t, ξ))|X(t, ξ)|2

+f(X(t, ξ))X(t, ξ)− 1

2

∞∑

k=1

X2(t, ξ)e2
k(ξ))dξ

+η

∫

O0

eγt|X(t, ξ)|2dξ,

(8.4)

M(t) =

∫ t

0

∫

O

∞∑

k=1

eγsX2(s, ξ)ek(s, ξ)dβk(s), t ≥ 0. (8.5)

By Lemma 1 and by (6.6), (7.6), we see that, for η ≥ η0 sufficiently large and 0 < γ ≤ γ0

sufficiently small, we have

K(t) ≥ ε0

∫

O
eγt|X(t, ξ)|2dξ, ∀t > 0, P-a.s., (8.6)

where ε0 > 0. Taking expectation into (8.3), we obtain that

1

2
E[eγt|X(t)|22] + ε0

∫ t

0

eγsE|X(s)|22ds ≤ 1

2
|x|22, ∀t ≥ 0. (8.7)

Since t → ∫ t

0
K(s) is an a.s. nondecreasing stochastic process and t → M(t) is a continuous

local martingale, we infer that there exist

lim
t→∞

(eγt|X(t)|22) < ∞, K(∞) < ∞,

which imply (7.7), (7.8), as claimed.

Remark 2 By the proof, it is clear that Theorem 1 extends to more general nonlinear func-
tions f = f(t, ξ, x), as well as to smooth functions µk = µk(t, ξ). Also, the Lipschitz condition
(6.6) can be weakened to f continuous, monotonically increasing and with polynomial growth.
Moreover, ∆ can be replaced by any strongly elliptic linear operator in O. The details are
omitted.
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9 Stabilization and exact controllability of Navier–Stokes

equations with multiplicative noise

We consider here the stochastic Navier–Stokes equation

dX(t)− ν∆X(t)dt + (a(t) · ∇)X(t)dt

+(X(t) · ∇)b(t)dt + (X(t) · ∇)X(t)dt

= X(t)dW (t) +∇p(t)dt + 1lO0u(t)dt

in (0,∞)×O,

∇ ·X(t) = 0 in (0,∞)×O,
X(t) = 0 on (0,∞)× ∂O, X(0) = x in O,

(9.1)

where ν > 0, a, b ∈ (C1((0,∞) ×O))2, ∇ · a = ∇ · b = 0, a · ~n = b · ~n = 0 on ∂O. Here O is
a bounded and open domain of R2 and O0 is an open subset of O. The boundaries ∂O and
∂O0 are assumed to be smooth. We set

H = {y ∈ (L2(O))2; ∇ · y = 0, y · ~n = 0 on ∂O},

where ~n is the normal to ∂O. We denote by 〈·, ·〉H the scalar product of H and by | · |H the
norm. The Wiener process W (t) is of the form (6.2), where {ek} ⊂ (C2(O))2 is an orthonormal
basis in H, and µk ∈ R. As in the previous case, the main objective here is the design of a
stabilizable feedback controller u for equation (9.1).

We use the standard notations

H = {y ∈ (L2(O))d; ∇ · y = 0 in O, y · ~n = 0 on ∂O},
V = {y ∈ (H1

0 (O))d; ∇ · y = 0 in O},
A = −νΠ∆, D(A) = (H2(O))d ∩ V,

where Π is the Leray projector on H.
Consider the Stokes operator A1 on O1 = O \ O0, that is,

〈A1y, ϕ〉 = ν

d∑
i=1

∫

O1

∇yi · ∇ϕidξ, ∀ϕ ∈ V1,

where V1 = {y ∈ (H1
0 (O1))

d; ∇ · y = 0 in O1}. Denote again by λ∗1(O1) the first eigenvalue of
A1, that is,

λ∗1(O1)=inf

{
ν

d∑
i=1

∫

O
|∇ϕi|2dξ, ϕ ∈ V1,

∫

O1

|ϕ|2dξ = 1

}
. (9.2)

Also, in this case, we have (see Lemma 1 in [4]), for η ≥ η0(ε) and ε > 0,

〈Ay, y〉H + η 〈Π(1lO0y), y〉H ≥ (λ∗1(O1)− ε)|y|2H , ∀y ∈ V. (9.3)
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We consider in system (9.1) the linear feedback controller

u = −ηX, η > 0. (9.4)

We set

γ∗(t) = sup

{∫

O
|yiDibjyjdξ|; |y|H = 1

}
< ∞,

where b = {b1, b2}.
The closed loop system (9.1) with the feedback controller (9.4) has a unique strong solution

in the sense of (6.7), (6.8). (See, e.g., [8], p. 281.)
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We have

Theorem 1 Assume that

λ∗1(O1) >
1

2

∞∑
j=1

µ2
j |ej|2∞ + sup

t∈R+

γ∗(t). (9.5)

Then, for each x ∈ H and η sufficiently large independent of x, the solution X to the closed
loop system (9.1) with the feedback controller (9.4) satisfies

E[eγt|X(t)|2H ] +

∫ ∞

0

eγtE|X(t)|2Hdt < C|x|2H , (9.6)

lim
t→∞

eγt|X(t)|2H = 0, P-a.s., (9.7)

for some γ > 0.

The proof is essentially the same as that of Theorem 1, and so it will be sketched only.
Taking into account that

〈(X · ∇)X, X〉H + 〈(a(t) · ∇)X,X〉H = 0, t > 0,P-a.s.,

we obtain by (9.1), (9.4), via Itô’s formula, that

1

2
eγt|X(t)|2H +

∫ t

0

eγs
(
〈AX(s), X(s)〉H + 〈X(s) · ∇b(s), X(s)〉H

−1

2

∞∑
j=1

|X(s)ej|2H + η 〈1lO0X(s), X(s)〉H
)
ds

=
1

2
|x|2H +

∫ t

0

eγs

∞∑
j=1

〈X(s)ej, X(s)〉H dβj(s), t ≥ 0.

(9.8)

Then, by virtue of (9.3) and (9.5), we have, by (9.8), that

1

2
eγt|X(t)|2H + I(t) =

1

2
|x|2H + M∗(t), t ≥ 0, P-a.s.,

where I(t) is a nondecreasing process, which satisfies

E[I(t)] ≥ ε0

∫ t

0

eγsE|X(s)|2Hds, ∀t ≥ 0,

for η sufficiently large, and M∗(t) =
∫ t

0
eγs

∞∑
j=1

〈X(s)ej, X(s)〉H dβj(s) is a continuous local

martingale. As in the previous case, this implies via [10] that lim
t→∞

eγt|X(t)|2H exists P-a.s. and,

therefore, (9.6) and (9.7) hold.
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The exact controllability.

Consider the linear part of equation (9.1) in the special case

W (t) =
M∑

j=1

µj(t)βj(t), (9.9)

where µ is an adapted process and µj ∈ L∞((0, T ) × Ω). By the transformation X =

e

∫ t
0

M∑
j=1

µjdβj

y, we reduce equation (9.1) to

∂y

∂t
− ν∆y + (a(t) · ∇)y + (y · ∇)b(t) + µ̃(t)y = 1lO0v in (0, T )×O,

y(0) = x in O,

∇ · y = 0, y = 0 on (0, T )× ∂O.

(9.10)

We set z(t) = e
∫ t
0 µ̃(s)dsy(t). Then, (9.10) reduces to

∂

∂t
z − ν∆z + (a(t) · ∇)z + (z · ∇)b(t)

= 1O0e

∫ t
0 µ̃ds−∫ t

0

M∑
j=1

µjdβj

u = 1O0v(t),

z(0) = x in O,

∇ · z = 0, z = 0 on (0, T )× ∂O.

(9.11)

Here, v(t) = e
− ∫ t

0

M∑
j=1

µjdβj

u, µ̃ =
1

2

M∑
j=1

µ2
j .

On the other hand, we know (see Imanuvilov [9]) that (9.11) is exactly null controllable,
that is, there is a controller v ∈ L2(0, T ) × O such that z(T ) ≡ 0. This means that (9.10) is
exactly null controllable by the adopted (progressively measurable) controller

u(t, ξ) = e−
∫ t
0 µdβ+ 1

2

∫ t
0 µ2dsv(t, ξ).

We have proved, therefore,

Theorem 2 There is an adapted controller u such that the solution X to (9.1) satisfies

X(T, ξ) ≡ 0, P-a.s., ξ ∈ O. (9.12)

We note that Theorem 2 remains true for the linearized equation (6.1).
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Open problems

1◦ Does Theorem 2 remain true (in sense of local controllability) for complete Navier–Stokes
equation (9.1)?

The answer is positive via the fixed point argument if µ = µ(t) is deterministic.

2◦ Does Theorem 2 remain true for more general noises?
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10 Final remarks

In order to make clear the novelty of the above results and the principal difficulties related
to the internal stabilization of equations (6.1), we note that, via the substitution y = eW (t)X,
equation (6.1) reduces to a parabolic equation of the form

∂y

∂t
−∆y + ã(t)y + b̃(t) · ∇y +

1

2

∞∑
i=1

µ2
ke

2
ky = 1lO0u, P-a.s.,

y = 0 on (0,∞)× ∂O,

(10.1)

with random coefficients ã, b̃.
If ã and b̃ are independent functions of t, then (10.1) can be stabilized by a controller

u =
∑N

j=1 uj(t)ψj, where ψj are linear combinations of eigenfunctions of the dual operator
y → −∆y + ãy − div(by) (see [7] or [3] for the case of Navier–Stokes equations).

For deterministic equations of the form (10.1) with smooth time dependent coefficients,
a similar result was recently proved in [6] (for the Navier–Stokes equations), but it cannot
be applied, however, to the random equation (10.1) since it does not provide an adapted
stabilizable controller u = u(t). (The reason is that the argument in [6] relies on exact P-a.s.
controllability of (10.1) via an adapted controller u which so far is still an open problem.)
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