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Lecture 1.
Navier—Stokes equations.
Controllability and stabilization

The Navier—Stokes equations

ye(@,t) = vAy(z,t) + (y,-V)y(z, t) = f(z,t) + Vp(a, ),
re, te(0,T)

(V- y)(z,t) =0 V(z,t) € Qx(0,T) (1)
y=0 on 02 € (0,7
y(z,0) = yo(x), x €

describe the non slip motion of a viscous, incompressible, Newtonian fluid in an open domain
QC R*,n=2,3. Herey = (y1, Y2, ..., Yn) is the velocity field, p is the pressure, f is the density
of an external force and vy > 0 is the viscosity.

We have used the following notation

- 0

i=1
(y V)y= {Z%’Diyj}
=1 j=1

If the force f = f. is independent of f then the motion of the fluid is governed by the stationary
(steady—state) Navier—Stokes equation

—1Ay(z) + (y - V)y(z) = fe(z) + Vp(z), =€
V-y=0 in Q2 (2)
y=0 on 0f).

A steady-state (equilibrium) solution to the Navier—Stokes equation (6.1) with f = f. is a

solution (y., p.) to stationary equation (6.2).
The linearized equation

yr — Ay = f+Vp in Qx(0,7)

V.y=0 in Q x (0,7) (3)
y=20 in Q
y(x,0) = yo(x) in

is called the Stokes equation.
The boundary value problem (7.1) can be written as an infinite dimensional Cauchy pro-
blem in appropriate function space on 2. To this end we shall introduce the following spaces

H={ye(L*)"; V-y=0, y-v=0ond} (4)
V={y e (HQ)"; V-y=0} ()
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Here v is the outward normal to 0f).
The space H is a closed subspace of (L*(2))" and it is a Hilbert space with the scalar

product
(y,2) Z/y-zdﬂc
Q

ol = ([ o) " 6)

(We shall denote by the same symbol | - | the norm in R", (L*(Q2))" and H, respectively.)
The norm of the space V will be denoted by || - ||, i.e.,

Il = ([ |9t ) " 7)

We shall denote by P : (L*(Q2))" — H the orthogonal projection of (L*(2))" onto H (the
Leray projector) and set

and the norm

a(y, 2) :/Vy -Vzdr, Yy,z € V. (8)
Q
A= —PA, D(A) = (H*(Q)"NV. (9)
Equivalently,
(Ay, 2) = aly,z), Vy,z € V. (9)

The Stokes operator A is self-adjoint in H, A € L(V, V') (V' is the dual of V') and
(Ay,y) = llyl*, Yy € V. (10)
Finally, consider the trilinear functional
by, z,w) :/ ZyiDizjwj dz, Yy,z,w eV (11)
Q; j=1
and denote by B : V. — V’ the operator defined by
By=P(y-V)y (12)

or, equivalently,
(By, w) = by, y,w), Yw € V. (1)
Then, taking in account that P(Vp) = 0, problem (6.1) can be written as
dy
— (¢ Ay(t) + By(t) = Pf(t), t € (0,T
y(0) = yo.

(We have assumed of course that yo € H.)



Similarly, equation (6.2) can be rewritten as
vAy + By = Pf,. (6.2')

Let f € L?(0,T; V") and yo € H. The function y : [0, 7] — H is said to be a weak solution
to equation (6.1) if

y € L*0,T;V") N Cy([0,T; H) nWH([0, T]; V') (13)
d
L (1) 0 +r0alult). ) +0(2). 9(0). V)=(F(0). ). ac. te(0.T), ”
y(0) = yo VeV,
(Here (+,-) is, as usually, the pairing between V, V' and the scalar product of H.)
Equation (14) can be, equivalently, written as
@(t)Jr Ay(t) + By(t) = f(t), a.e. t € (0,T)
dt VO y y - ) b ) (15)

y(O) = Yo

d
where d—z is the strong derivative of function y : [0,7] — V".

The function y is said to be strong solution to (6.1) if y € Wh1([0,T]; H) N L*(0,T; D(A))
d
and (15) holds with d_gt} € L'(0,T; H) the strong derivative of function y : [0, 7] — H.

Before proceeding with the existence for problem (6.1), we pause briefly to present some
fundamental properties of the trilinear functional b (see [4], [6]).

Proposition 1 Let 1 < n < 4. Then
b(ywsz) = —b(y,w,z) ‘v’y,z,w eV (16>

b(y, 2, w)| < Cllyll, 121y 1 1wy Yo € Vi, 0 € Ving, w € Vipy, (17)
where m; >0, 1 =1,2,3 and

matmytms > S ifmiA S, Vi=1,23,
2 2 (18)
my + mo + msg > 5 if m; = 5 for some i =1,2,3.
Here V,,, = {u € (H™(Q))"; V-u=0}.
In particular, it follows that B is continuous from V' to V'. Indeed, we have
(By — Bz,w) = b(y, y — 2,w) + by — 2, 2,w), Y € V
and this yields
|(By — Bz, w)| < Cllyllly — zllllwll + [ly = =zlll|z[[[w])-
Hence
1By — Bz|ly, < Clly = 2l|([lyll + [I=1), Yy,z € V. (19)
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For each N > 0, define the operator By : V — V' by

By if yll < N

and consider the operator I'y : D(I'y) C H — H
I'vn =vyA+ By, D(I'y) = D(A). (21)
Let us show that I'y is well defined. Indeed, we have
IT'nvyl < | Ayl + [Byyl, Yy € D(A).

1
On the other hand, by (17) for m; =1, mq = 3 Ms = 0, we have for ||y|| < N

By, w)| = by, y, w)| < Clyl*’*|Ay|"*|wl
because [|yl;, < [[yll'*|Ay|"?. This yields
[Bny| < ClAy["2lyl*’*, vy € D(A).

Similarly, we get for |ly|| > N

CN?
yl)?

1/2 3/2 1/2 3/2
|Byy| < Ay lyIIP? < Cl Ay )2

This yields
ICnyl < v|Ay| + C| Ay ?||y||*?, Wy € D(A), (22)

as claimed.
Lemma 2 There is ay such that I'y + anl is m—accretive in H x H.

For each N > 0, consider the equation

d
d—?;—i-quy—i-BNy:f, te(0,T)

?J(()) = Yo.

(23)

Proposition 3 Let yo € D(A) and f € WY([0,T]; H) be given. Then there is a unique
solution yn € Wh([0,T]; H) N L>=(0,T; D(A)) N C([0,T];V) to equation (23). Moreover,
d+

p yn(t) exists for allt € [0,T) and

d-‘r

I yn(t) + voAyn(t) + Byyn(t) = f(t), YVt € [0,T). (24)



Proof. Proposition 3 follows by Theorem 1.5, Chapter 4 of [1]. Since I'yyy = vyAyn+Byyn €

d
L>(0,T;H), by (??) we infer that Ayy € L>(0,T;H). As gtN € L>=(0,T; H), we conclude
also that yy € C([0,T];V),as claimed.

Now, we are ready to formulate the main existence result for the strong solutions to the
Navier-Stokes equation (6.1) ((6.1)).

Theorem 4 Letn =2,3 and f € WH([0,T); H), yo € D(A), where 0 < T < oo. Then, there
is a unique function y € Wh([0,T*]; H) N L>=(0,T*; D(A)) N C([0,T*]; V) such that

dy(t)
dt

y(0) = yo

+ v Ay(t) + By(t) = f(t), a.e te€(0,TF) (25)
for some T* = T*(|lyo||) < T. If n = 2 then T* = T. Moreover, y is right differentiable and

d+

S y0) + wAy(t) + By(t) = f(0), Vi € [0,7°). (26)

Proof. Let yy be the solution to (23), i.e

d
gév +1vpAyy + Byy = f, ae. t € (0,7) (27)
y(0) = vo.
If multiply (27) by yn and integrate on (0,t), we get
2 ' 2 » 17T 2
x(OF + 0 [ To(e)1Pds <€ (il + - [t v
0 0
Next, we multiply (27) (scalarly in H) by Ayy(t). We get
1 d
(I + ol Au (O < 1Baon(0), Ayx ()] + 170 | Auw]. ae. £ € (0.7).
This yields
t
o O + 0 [ Ldu(s)ds
’ (28)

1 T t
<c (||yo||2+;0 [ israr+ [ |<BNyN,AyN>|ds).
0 0

On the other hand, for n = 3, by (17) we have (the case n = 2 will be treated separately
below)

|(Byyns Ayn)| < [b(yn, yn, Ayn)| < Cllyn [llywllz ol Ayn]
< COllyn|?|Ayn?, ae. t € (0,T).



(Everywhere in the following C' is independent of N,v.) Then, by (28), we have
t
o O + 0 [ 1Au(s)ds
0
<C , 1 [T 2 tA 3/2 3/2
<C{ lyoll +- @O dt+ | [Ayn(s)]” " [lyn(s)]7"ds
0 0
2 17 2 I 6 v [t 2
<C vl +=1 |fOIdt+ — [ [lyn(s)|’ds | + = | |Ayn(s)|ds,
VJo Yo Jo 2Jo

vt e [0,T].
Finally,
t
1Y
o1+ [ LAu(s)ds
0
1 [T 1 [t (29)
6
<G, (||’y0||2+— [ 1skas+ - [l ds).
Yo Jo Yo Jo
Next, we consider the integral inequality
2 2 ]- r 2 ]- K 6
lox(®1 < o (nl® + - [ 17Pas + - [P ). (30
o Jo Yo Jo
We have
2
lun (B)] < (), ¥t € (0,T)
where 1
()0, = 5 9037 vt S (O7T)7
SR N AR
©(0) = Co | |lyoll +1/_0 |f(s)]"ds ) .
0
This yields
3 1/3
1012 (0) 1)
)= —————— Vit 0, ——— ).
o) <V0—3t903(0)) e ( ’3<P3(0))
Hence 13
3
Vop (0)
HIF < [ 2L vt € (0,T* 31
(ol < (2200 ) we . (31
where
T = 0 :
N N
s (Il + - [ 1769as)
0Jo
Then, by (29) we get
t
14
O + 2 [ LAy (s)ds
° (32)

2 1 T ) t dS
§01(|y0| +V—0/0 |f(t)] dt) (/OT*_S+1),0<15<T*.
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For n = 2, we have (see (17))

20 C
|(Bryn, Ayn)| < Clyn|"?[lynl| Ay > < |AZJN|2 + " lyw|".

This yields
s+ [ Vus (o)

<0 (ll+ = [+ - [ ortas).

Then, by (29) and the Gronwall lemma, we obtain

Mmmf+@-ﬁmW@W@
i /0 (33)

1 (T
<ol + - [ 1r0Fa)  vee 0.1)
IZ0) 0
By (33) we infer that, for N large enough, |lyn(t)|| < N on (0,7*) if n = 3 or on the whole of
0,7) if n = 2.

Hence Byyy = By on (0,7%) (respectively on (0,7)) and so yy = y is a solution to (25).
This completes the proof of the existence.

Uniqueness. If y;, y, are two solutions to (25), we have

= () = 0 + wolln(t) — 1)
< (B(w)(1) ~ Bunlt), (1) — (1)
= [b(y1(t), y1 (), y1(t) — y2(t)) — b(ya(t), y2(t), y1(t) — y2(1))]
= (3 (1) — o (6), 161,31 6) — 3)

< Cllyi(t) = @) llya (Dl ae. t € (0,T7).

Hence y; = y».
Hence
Byy; — Byyn = 1y strongly in L'(0,T; V).

We have shown therefore that for each yy € H and f € L?(0,T;V’) the equation

dyN
A B = te (0,7
g TYAYN By = [, ae t€(0,T) (34)
yn(0) = yo
h - 2 . : dyn 4/3 dyn
as a solution yy € L*(0,7;V) N C([0,T]; H) with —— o € L*2(0,T; V') if n = 3, 5

L= (0,T; V') if n = 2.



Now, we let N — oo. Then, on a subsequence, again denoted N, we have

yn — y*  weak star in L>(0,7T; H)
weakly in L2(0,T;V)
dyn dy*

L T4/3 R VARTI
o o weakly in L*°(0,T; V') if n =3

weakly in L%(O, T, V')itn=2
Ayy  — Ay* weakly in L*(0,7T; V")
Byyn — 7 weakly in L*3(0,T; V') if n =3
weakly in LT (0,7 V') if n = 2.

We have

c;Jt +1Ay* +n=f, ae in (0,7)
y*(0) = vo.

To conclude the proof it remains to be shown that n(t)=By*(t), a.e. t&(0,T).

(35)
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2 Internal controllability of Navier—Stokes equations

Consider the controlled Navier-Stokes system
yt(x7t) - VOAy<x7t) + (y ' V)y(w, t) = m(x)u(a;,t)—l—
+fe(x) + Vp(z,t), (z,t) € Q

(V-y)(z,t) =0, V(z,t) € Q=02 x (0,T) (36)
y =0, on ¥ =09Q x (0,T)
y(7,0) = yo(z), x e .

Here y = (Y1, Y2, s Yn), u = (ug, Uz, ..., u,), £ is an open smooth domain of R", V -y is the
divergence of y and A is the Laplacian in the space variables x = (1, ..., z,). The function
m is the characteristic function of an open subset w of Q and y, is a given divergence free
vector field. These equations describe the motion of an incompressible fluid in R™ (n = 2
or 3); the vector field y = y(x,t) is the velocity, p = p(z,t) is the pressure, u = u(x,t) (the
control variable) is the density of external forces and vy is a positive constant (the viscosity).
Throughout in the sequel we shall take vy = 1. Recall the notations

H={yec (L*(Q)"; V-y=0,y-v=0o0ndN}
the space of solenoidal vectors on €2 (here v = (v, ..., 4,) is the normal to 02) and let

V={ye (HyQ)" V-y=0}

by, z,w) = Z/yiDizjwjdx
Q

ij=1

(By,w) = b(y,y,w), Vy,w € V.
Then, as noticed earlier, we may rewrite equation (7.1) as

%(t) + Ay(t) + By(t) = P(mu) + Pf., t€(0,T)

y(0) = yo te€(0,T)

(7.1)

where A € L(V, V') is the Stokes operator.
Let (ye, pe) be a steady-state (equilibrium) solution to (7.1), i.e.,

_Aye + Ye - Vye = VPB + fo(x) in
V-y.=0 in
Ye =10 on 0f).
Substituting y by y + y. into (7.1) we are lead to the null controllability of the equation
w—Ay+ - V)y+ (e V)y+ (- V)ye=mu+Vp inQ
V-y=0 in Q
y=20 on X
y(x,0) = yo(z) — ye(z) = y°(2), x € Q.

(37)
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Theorem 5 Let € be a bounded and open subset of R™, n = 2,3, and let w be an open subset
of Q. Let (ye,pe) € (W2HQ)"NV) x HY(Q) be a steady—state solution to (7.1). Then there
is m > 0 such that for all yo€(H*(Q))" NV satisfying the condition

190 = vell 2y <1

there are ue H' (0, T; (L*(Q))"), ye(L>(0,T; (H*(Q)"NV))NHY(0,T; V), pe L*(0,T; H'(Q))
which satisfy (7.1) and
y(x,T) = ye(x), a.e. x €

Proof. As seen earlier, it suffices to prove the local null controllability of equation (7.1). To
this purpose we shall invoke the fixed point argument. Namely, we consider the set

K ={we L*(0,T;(H*(Q)" N V) N H0,T;V); pu(w) < M} (38)

where
w(w) = HwHLoo(o,T;(HZ(Q))an) + ”w”Hl(O,T;V)‘

We fix w in K and consider the solution
(y,p) € (H>"(Q)"NV) x L*(0,T; H'())
to the linear problem

yr — Ay + (0w +ye) - V)y + (y - V)ye = mu+ Vp in Q
V-y=0 inQ (39)
Y(z,0) =1y —ye=9" inQ; y=0 on ¥

The main step is Lemma 6 below.

Lemma 6 There is M > 0 such that for all w € K there are u € H'(0,T;(L*(Q))") and
y € L*(0,T; HX(Q)NV)N HY0,T; (L*(Q))"), p € L*(Q) satisfying (7.4) and such that

y(I)=0 (40)
el i1 0 e gymy < B+ M)y, (41)
for some constant 3 > 0 independent of M, w and y°.
Proof of Theorem 1. (continued) Define the map
¢ K — (L*(Q)"

b
' O(w) = {y"eL*(0,T; (H*(Q))" N V) N H'(0, T3 (L*(Q))",

y“ (1) = 0, Null g o,ryra@yn < B+ M)2[y°,}.

Here y*" is the solution to (1.4) and [ is the constant arising in Lemma 6. Then, by Lemma 6,
®(w) # O, for each w € K, and it follows by a standard device that ® is upper-semicontinuous
in (L*(Q))", i.e., if wy — w strongly in (L?(Q))™ and y; € ®(wy) is strongly convergent to y
in (L*(Q))", then y € ®(w), i.e., y = y** for some u satisfying equation (7.6).
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3 Stabilization of Navier—Stokes equations

Consider the Navier-Stokes equation in a domain @ C R?, d = 2, 3, with the smooth boundary
00,

0

S —vAy+(y-Vy=fo+Vp in R xO,

Vy:O n R+XO, (42)
y=0 on Rt x 00,

y(0) = yo on Rt x O,

where f, € (L2(0))¢, V- f. =0, f.-n=0.
Here n is the normal to 00O.
Let y. € (H?*(O))? be an equilibrium solution to (8.1), that is,

_I/Aye + (ye : V)ye = fe + Vpe in Oa

: (43)
V-ye=0 in O, Ye =0 on 00.

3.1 Internal stabilization

Let Oy C O be an open subdomain of O and consider the controlled system associated with
(8.1)

0

a—i—uAy—i—(y-V)y:fe—I—Vp—I—ioou in Rt x O,

V.y in R xO:. y=0 on R* x 9O, (44)
y(0) =1yo in O,

where the controller u is in L*(0, oo; (L?(0))%).

Problem 7 Find the controller U m feedback form, that 18
u(t) = ¢(y(t) — ye) such that the solution to the corresponding solution y to the closed loop
system (8.3) satisfies for all yo in a neighborhood of y.

() = yellz2ope < Ce™ lyo — vell z2opa, Yt =0, (45)
where v > 0.

If we set y — y. — vy, Problem 7 reduces to find u = ¢(y) such that the solution y to the
equation

0
a—i — vAY+(yV)y+ (e V)y+(y-V)ye=Vp+1ou, t > 0,

Vy:()ln R+XO, (46)
y=0 on R* x 90,
Y(0,2) = yo(x) — ye(z) = y°(x), x € O.

satisfies
()|l 2o < Ce |yl z2(oyye, VE > 0. (47)
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We use the standard formalism to represent the Navier—Stokes equations as infinite-dimensional
differential equations (see, e.g., [2], [3]). That is we set
H = {ye(L*(0)4V-y=0in O, y-n=0 on 00},
Ay = —P(Ay), Yy € D(A) =y € HN(H;(0))’n (H*(0))4,
Aoy = P(ye-V)y+(y- V)ye), D(Ag) = HN (Hy(0))",
By = P((y-V)y),

where P : (L*(0))? — H is the Leray projector.
We may rewrite (8.5) as

d
d—‘z +vAy + Aoy + By = P(loyu), t >0,

(48)
y(0) =",
or, in a more compact form,
dy
- By = P(1 t>
di +Ay+ ) ( Oou)a >0, (49)
y(0) =4,
where A : D(A) C H — H is the so called Oseen—Stokes operator
A=vA+ Ay, D(A)=D(A). (50)

Then the internal stabilization problem reduces to find a feedback controller u = ¢(y) such
that the corresponding solution y to (49), that is,

d
7+ Ay + By = P(lo,0(y)), vt > 0,

y(0) = yo,

(51)

satisfies
ly(t)|n < Ce™|yoln, Wt >0, (52)

for v > 0 and all yp in a neighborhood of the origin. Here and everywhere in the following,
| - | is the norm of the space H and (-, )y is the corresponding scalar product.

3.2 Boundary stabilization

Consider the boundary control system associated with (8.1)

%—VAer(y-V)y:meVp in RT x O,

V-y=0 on Rt x O, (53)
y=1u on Rt x 00,

y(0) = yo in O.
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Problem 8 Find a boundary controller u in the feedback form uw = ¥(y — y.) such that the
corresponding solution y to (8.5) satisfies (8.4) for all yo in a neighborhood of ye.

Equivalently, the solution y to

0
5 — VAUV V)t Vy = Vp in RYXO,

y=u on RT x 90, y(0)=1"—y., (54)
V-y=0 on R x O,

where u = 1(y), satisfies (8.4).
If u is tangential, that is u-n = 0 on RT x 90, then the stabilization is said to be tangential
while, if u-7 =0 on Rt x 9O (where 7 is the tangent vector to d0), the stabilization is called

normal.
Denote by D : (L?(00))¢ — H the Dirichlet map defined by

—vA(Du)+(ye-V)Du+(Du-V)y.+kDu = Vp in O,

(55)
Du=u on 00,

where k > 0 is sufficiently large but fixed.

It turns out that D is well defined on the space of all u € (L*(00))? such that u-n = 0
on OO and that D is continuous from (H*(00))? — (H*z(0))4 N H if s > 1. (See Theorem
A.2.11n [1].) Then, (55) reduces to

dy
-z - D By =kDu, t>0
y(0) = 9"

If we denote by A the extension, by transposition, A : H — (D(A*)) with respect to H as
pivot space of the original operator A, that is, (Ay, z) = (y, A*z), Vz € D(A), we can write
(56) as

dy

y(0) =9,
and so, the tangential stabilization problem reduces to find a feedback controller u = (y)

such that the solution y to (57) satisfies (8.4) for all y in a neighborhood of the origin.
It is obvious that the solution y to the Cauchy problem is taken here in a mild sense

y(t) = e~ Ay — [ e A=) (By(s) + kDu + ADu(s))ds,

(57)

58
t>0. (58)
o d 9 :
Of course, if 7 Du € Li (0, 00; H), we may rewrite (58) as
y(t) = Du(t) + e~ (y" — Du(0))
! d
—/ e~ A=) (By(s) + kDu(s) — o Du(s)) ds, (59)
0
vt > 0.
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The functional representation of system (54) with normal boundary controller is a more
delicate problem.

3.3 Main results

Theorem 9 (Barbu & Triggiani 2004) There is a feedback controller
M

u=> (Ry—ve), 1) a2oneti. R € (LO)), (60)

i=1
which stabilizes exponentially vy, for
1
1Yo — vellw < p, W = (H2(0))%.
Here M* s dependent of the multiplicity of eigenvalues \; of the Oseen—Stokes operator
Re A\; <0, 5 =1,...,N. The functions ; are linear combinations of eigenfunctions ¢j.
Theorem 10 (Barbu, Lasiecka & Triggiani 2006) Under additional assusmptions of eigen-
functions p; to the Oseen—Stokes operator, there is a tangential boundary controller
M

=Yy (/60 R(y — yemdx) Ui on 9O, (61)

i=1
which stabilizes y. for yo in a neighborhood of ..

Other stabilization results are due to A. Fursikov (2004, 2006), J.P. Raymond (2006, 2007),
Badra (2008).

Normal stabilization

The existence of a normal feedback controller stabilizing y. was studied so far for special
domains O C R? and fluid flows. Most results refer to periodic fluid flows in 2 — D channel
(V. Barbu [2007], R. Triggiani [2008], I. Munteanu [2010], Vazquez & Krstc [2001]-[2007], the
later for a large viscosity coefficient v).

Stochastic stabilization

The results obtained here refer to design a feedback controller of the form
N ~ .
u=mn Z(y — Yer 07 ) (12(0))2Pii
i=1

which, inserted into (8.1), that is,
N
dy — vAydt + (y-V)ydt =0 > (Y = Ye, &) (z2(0)e$id3; + fodt + Vp
i1 in (0,00) x O,
Vy:07 y|8(9:07
yields
lim y(t) = y. with probability 1.

t—o0
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3.4 General description of the spectral stabilization technique

d
4+ Ay+By=Du, t>0,
y(O) = Yo,

where —A generates a Cy-analytic semigroup in a Hilbert space H, B is a nonlinear on H,

D e L(U,H).

(62)

Problem 11 Find u = ¢(y) such that the solution to the closed loop system

& 4 Ay + By — Dé(y) =0, t >0,
?J(O):y(),

satisfies for some v >0
y()ln < Ce ™ yol, ¥Vt >0, (64)

for yo € V a neighborhood of origin.
Let A; eigenvalues of A, Ap; = \jp;, A*¢; = ngpj and N the number of eigenvalues with

Re A; < 0.

Let X, = lin span{@;}. ), Xs = {©;}52n 1.
First, one stabilizes the linear part of (8.2), that is

dy

~ 4 Ay = Du, t >0,
TR I (65)
y(O) = Yo,
N
Y=Yt Vs Yu= D Uipis Ys = (I — Py,
o i=1
u=y ujy, (66)
j=1
dy & M
d_t] + Zawyz = Z ijuH ] = ]-7 (ERE) Na
i=1 Jj=1
Ws o A= (I - PN)ZM:qu
dt 5 — (67)
]_
ai; = (Aupi, 05), As = Alx,, bij = (D, 7).
One proves first that (66) is exactly null controllable via Kalman criteria
rank[B, BA, .., BAN!| = N, B = ||b,[|_,.
Then, since |e=4!| < Ce™, we see that
ly(t)] < Ce™|yol. (68)
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Next, we construct a feedback controller via the optimization problem

o0 M
Min{/ (]y(t)|2+|u]2dt; y'+Ay = Du, y(0) = yo, u :Zulw>}
0 i=1
We get
u= DRy = ~6(y).
A*R+ RA+ RDD*R = 1I.
Next, we insert the feedback (69) into (65) and prove the stabilization.

3.5 Stochastic stabilization

Look for a stochastic feedback v

= UZ(% ¢z‘)¢zﬂi

=1

and show that it stabilizes in probability (62), that is,

N
dy + (Ay + By)dt —n Y (y, &) Dvidf;,

=1
y(0) = 0.

To this end, if B =0, we decompose the equation in

N
dy, + Awyudt =Py Y (y, ¢:) Dibid3,
i=1

N
dys + Asysdt = n(I = Px) > _(y, &) Dis.
=1

Assume that |}, ;) = 6 ;,
N
Yu =Y _Uips, b=}, (D)) =0y
j=1
Then .
dy; + \jyjds = ny;dB;, j=1,...,N,

y; (1) = e Nitema PHHIS0 0 Poas.

e 2
it n* > —Re A;.
The stabilizing effect of the noise is better illustrated by the following simple example.

dX 4+ aX dt =nX dp

dX +aX dt =nXdp, X(0) =

X(t) = e~at=3 B0t > 0, Poas.,
Hence, X(t) — 0, P-a.s. for t — 0.
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Lecture 2.
The internal stabilization by noise
of the linearized Navier-Stokes equation

2.1 Introduction

Consider the Navier-Stokes equation
Xi —1AX + (X - V)X = f.+Vp in (0,00) x O
V-X=0, X[,,=0 (1)
X (0) = zo, in O,
where O is an open and bounded subset of R? d > 2, with smooth boundary 90. Here
f. € (L*(0))4 is given.
Let X, be an equilibrium solution to (1), i.e.,
—1pAX, + (X V)X, = fo+ Vp. in O
V-X.=0 in0, X|,,=0.
If X — X — X, equation (1) reduces to
Xi—1pAX+(X - V) X+ (X - V)X+H(X - V)X = Vp in (0,00) x O,
V-X=0in0, X|,,=0, Vt>0, (3)
X(0)=z1in O,

where z = 2o — X..
Then, the linearized system around X, associated with (1) is the Stokes-Oseen system

X —1pAX + (X - V)X .+ (X.- V)X =Vp in (0,00) x O
V- X=0in0, X[,,=0, t>0 (4)
X(0)=2z inO.
If set H={X € (L*(0)4 V-X =0, X - n‘aozo}, where v is the normal to 9O and P :
(L?(0))* — H is the Leray projector on H, we can rewrite system (4) as
X(t)+ AX(t) =0, t >0,
X(0) ==,
where A = vyA + Ay, A = —PA, D(A) = (H}(O) N H2(O)) N H, Ay(X) = P((X - V)X, +
(Xe : V)X)v D(A) = D(A)
Our purpose here is to stabilize (5) or, equivalently, the stationary solution X, to (1),

using a stochastic controller with support in an arbitrary open subset Oy C O. To this aim
we associate with (5) the control stochastic system

()

dX (t) + AX (t)dt = ZVi(t)%dﬁi(t), (6)
X(0) = =, -
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where {3}, is an independent system of real Brownian motions in a probability space
{Q, P, F, Fi }1=0. The main results, Theorems 1 and 4 below, amounts to saying that, in the
complexified space H associated with H , under appropriate assumptions on A (and, impli-
citly, on X.), for each y > 0 there exists N € N, {4, }¥, C H and an N-dimensional adapted
process {V; = Vi(t,w)}Y,, w € Q such that t — €' X (¢,w) is convergent to zero in probability
for t — oco. Moreover, it turns out that the stabilizable controller {V;}=N can be expressed
as a linear feedback controller of the form

V;<t>:n<X(t)790:)ﬁa ¢z:P(m¢Z)’ i:1,...,N7 (7)
where ¢} are the eigenfunctions of the dual Stokes-Oseen operator A" corresponding to eigen-
values \; with Re\; <, {¢;}i¥, is a system of functions related to ¢} and m = Xp, is the
characteristic function of Q.

We may view (6) as the deterministic system (5) perturbed by the white noise controller

N
i=1

N
X+ AX =D Viltywib.
=1

The proof uses some spectral techniques developed in [5, 6] (see also [4, 13, 14, 20, 21])
for stabilization of Navier-Stokes equations. The previous treatment for the stabilization of
Navier-Stokes equations is a Riccati based approach which can be described in a few words as
follows; one shows first that the unstable finite dimensional part of the Stokes-Oseen equation
is stabilizable and one uses this to construct, via the algebraic infinite dimensional Riccati
equations associated with the Stokes-Oseen operator, a stabilizable feedback controller. In
this context, we note also that in [12] was developed a statistical approach to stabilization
of Stokes-Oseen equation in order to treat the unpredictible fluctuations arising in feedback
mechanism. This is related to some long-time behaviour results for solutions to Navier-Stokes
equations perturbed by random kick-forces (see [16, 22]). However, the results obtained here
are essentially stochastic not only because the stabilizable controller arises as multiplicative
term of a Brownian N-dimensional motion but mainly because the asymptotic nature of
stabilization results as well as the stochastic approach have no analogue in deterministic
stabilization technique. As a matter of fact, it was known long time ago that one might use
the multiplicative noise to stabilize differential systems (see [3]) and more recent results in
this direction can be found in [1, 2, 7, 8, 9, 19]. (See also [11] for related results.) It must be
said however that in the context of Navier-Stokes equations the results obtained here are new.
The apparent advantage of the stochastic feedback controller (7) compared with deterministic
stabilizable controllers constructed by spectral techniques (see [5, 6, 13, 14, 20, 21]) is that it
avoids the infinite dimensional algebraic Riccati equations which are not numerically tractable
by discretization with a larger number of grid points and so are inadequate to treat most fluid
dynamic problems with a sufficient degree of resolution. One might suspect that the controller
(7) is locally stabilizable as well for the Navier-Stokes equation (3), and we expect to study
this problem in a forthcoming paper.

The plan of the paper is the following. The internal stabilization result, Theorem 1, is
formulated in Section 2 and proven in Section 3. The boundary stabilization by noise is
studied in Section 4.
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Notations

Throughout in the following 3;, ¢ = 1, ..., are independent real Brownian motions in a prob-
ability space {Q, P, F, F;}i~0 and we shall refer to [10, 17] for definition and basic results on
stochastic analysis of differential systems and spaces of stochastic processes adapted to filtra-
tion {F; }1=0. We shall denote by H the complexified space H+iH with scalar product denoted
by (-,-) and norm by |- |5z. The scalar product of H is denoted (-,)y and the norm | - |g.
Cw ([0, T); L*(9, H )) is the space of all adapted square-mean H-valued continuous processes
on [0,T7.

2.2 The main result

To begin with, let us briefly recall a few elementary spectral properties of the Stokes-Oseen
operator A. N

Denote again by A the extension of A to the complex space H. The operator A has a
compact resolvent (A] — A)~! and —A generates a Cp-analytic semigroup e~ in H. Conse-
quently, A has a countable number of eigenvalues {\;}32, with corresponding eigenfunctions
¢, each with finite algebraic multiplicity m;. Of course, certain eigenfunctions ¢, might be
generalized and so, in general, A is not diagonalizable, i.e., the algebraic multiplicity of \;
might not coincide with its geometric multiplicity. Also, each eigenvalue \; will be repeated
according to its algebraic multiplicity m;.

We shall denote by /N the number of eigenvalues A; with Re\; <, j =1,..., N, where «
is a fixed positive number.

Denote by Py the projector on the finite dimensional subspace

X, = linspan{yp; }jvzl

We have X, = PyH and
1

Py=—— [ (M —A)""d\ 8

N 27 I‘< A) ’ ( )

where I' is a closed smooth curve in C which is the boundary of a domain containing in interior
the eigenvalues {A;}7 .

Let "43 = PvA, A, = (I — Py)A. Then A,, A, leave invariant the spaces X, X, =

(I — Py)H and the spectra o(A,), 0(As) are given by (see [15])

o(A,) = {)‘j};\[zla o(As) = {Aj}ﬁN+1~
Since 0(A;) C {X € C; Re X > 7} and A, generates an analytic Cyp-semigroup on H, we have
leAt|m < Ce x|y, Vo€ H, t>0. 9)

The eigenvalue A; is said to be semi-simple if for it the algebraic and geometrical multiplicity
coincides, or, equivalently, A; is a simple pole for (A\I —.A)~'. If all the eigenvalues {\;}; of
the matrix A, are semi-simple, then A, is diagonalizable.

Herein, we shall assume that the following hypothesis holds.

(Ay) All the eigenvalues \j, j =1,..., N, are semi-simple.

22



It should be said that hypothesis (A;) is less restrictive as it might appear to be at first glance.
Indeed, it follows by a standard argument involving the Sard-Smale theorem that the property
of eigenvalues of the Stokes-Oseen operator to be simple (and, consequently, semi-simple) is
generic in the class of coefficients X.. So, "almost everywhere” (in the sense of a set of first
category), hypothesis (A;) holds.
Denote by A* the adjoint operator and by Py the adjoint of Py. We have
x 1 -1

Py = 5 F()\I A*) 7 dA. (10)
The eigenvalues of A* are precisely the complex conjugates Xj of eigenvalues \; of A and
they have the same multiplicity. Denote by ¢ the eigenfunction of A* corresponding to the
eigenvalue \;. We have, therefore,

Ap; = N, A@i =5, j=1,... (11)
Since the eigenvalues {)\j}j-v:l are semi-simple, it turns out that the system consisting of

{31, {5}y can be chosen to form a bio-orthonormal sequence in H, ie,

j=1s
<(,0],()0;k> = (5@', Z,] = ]_, ...,N, (12)

(see, e.g., [5]). We notice also that the functions y; and ¢} have the unique continuation
property, i.e.,
0; Z0, ¢;#0 on O forall j=1,..,N, (13)

(see, e.g., Lemma 3.7 in [5]). We shall assume also that the following condition holds:

(A) The system {@;}IL, is linearly independent in (L*(Oy))".

It should be noticed that hypothesis (Ay) automatically holds if X, is analytic because in this
case @} are analytic too and so (Ay) is the consequence of linear independence of {¢}}¥,
on Oy. Also, in the case where the system {go; évzl contains only one distinct eigenvalue
(which might be multiple), hypothesis (As) is implied by the unique continuation property
(13). It turns out via unique continuation arguments that (Ay) holds under more general
conditions on X, but the presentation of this result is beyond the goals of this work.

Consider the following stochastic perturbation of the linearized system (5) considered in
the complex space

N
dX + AXdt =1 (X, ¢]) P(mé:)ds;, (14)
X(0) =, =1

where n € R and m = x, is the characteristic function of the open subset Oy C O. Here

{¢:}Y, C H is a system of functions to be made precise below. We may rewrite (14) as

N ot
X(t)=e Hatny / (X(5), 0s) e~ P(m)dBy(s), 120, P-as. (15)
i=170

which, by the standard existence theory (see [10]), has a unique solution X € Cyy ([0, T]: L*(Q, H)),
VT > 0.
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The closed loop system (14) can be equivalently written as (see (4))

dX(t) — AX (t)dt + (X (t) - V) Xedt + (X, - V)X (t)dt

— nmz (X (t), ) didfBi(t) + Vp(t)dt in (0,00) x O, P-as. ”

V-X(t)=0in O, X(t)’ao —0, Vi >0, P-as.
X(0)==zin O.

Hence, in the space (L?(0))4, the feedback controller {u; = nm (X, »}) ¢;}X | has the support
in Og.
We shall define now ¢;, j =1,..., N, as follows.

9;(&) = Zaijsoz‘(&), (€0, (17)

where «;; are chosen such that

N
Zaw <90:>902>0 = Ojk;, jak = ]., ,N

i=1
(Since, in virtue of hypothesis (As), the matrix {{¢}, ¢}) o} =1 1s not singular, this is possible. )
With this choice, we have
<¢]7(70:>0:5l]7 Z,j: 1,,N (18)
Here, we have used the notation (u,v), :/ u(&)v(&)dE.
Og

Theorem 1 below is the main result.

Theorem 1 Under hypotheses (Ay), (Ag), the solution X to equation (14), where {¢;}Y., are
given by (17), satisfies for |n| sufficiently large

P [tlim X (t, )5 =0| =1, Vo € H. (19)

Remark 2 As mentioned earlier, system (16) is written here in the complex space H. If set
Xi(t) = Re X(t), Xo(t) = Im X (¢), it can be rewritten as a real system in (X;, Xs). In this
case, the feedback controller is an implicit stabilizable feedback controller with support in Qg
for the real Stokes-Oseen equation (4). Of course, if \;, j = 1,..., N, are real, then we may
view X (t) as a real valued function and so, in (19), |X|5 = |X|u.

2.3 Proof of Theorem 1

The idea is to decompose equation (14) in a finite dimensional system and an infinite dimen-
sional exponentially stable system. To this end, we set X, = PyX, X; = (I — Py)X and we
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shall rewrite equation (14) as
dX, (1) +Au X, (t)dt= nPNZ P(m;)dgi(t), t > 0, P-a.s., (20)
Xu(O) = PNZL‘ N
dX,(t) + AX,(t)dt = n(I — Py)Y (X P(mg;)dB3i(t), t >0, P-as.,
=1

X,(0) = (I = Py)r.

Then, we may represent X, as X,( Zyz ¢; and reduce so equation (20) via biorthogonal

i=1
relations (12) and (18) to the finite dimensional complex system

dy; + N\jy;dt = ny;dB;, j=1,..,N, t >0, P-as. (22)
y;(0) = 3,
where 30 = (Pyz, ¢%).

Applying Ito’s formula in (22) to ¢(y) = €|y|?, we obtain that
1
5 A (7 y; (OF) +e"* (Re =) [y, (1) Pdt
1 .
= S |y O dt + e y; (1)*dB;(t),  for j=1,..., N.
Now, in (23) we take z(t) = ¢*"*|y;(¢)|* and get that
dz +2e*7" (Re \j — ) |y;[2dt = n?e*" |y;[*dt + 2ne*|y;*dB;, j =1,...,N.

In the latter equation, we shall apply It6’s formula to the function

1
(r) = (e +7)°, where 0 < § < 5 and € > 0.

We have
P (r)=06(+7r)°"" ¢"(r) =66 —-1)(e+7)°2 r>0

and we obtain therefore that
dp(z) = ¢ (2)dz + 27" ¢" (2)|y; | dt.

This yields
dp(z) = —6e> (e + 2)° [2(Re N; — )|y, (t)[*dt — n?|y;|?dt

—2n|y;2dB;] + 2n*6(6—1)e" (e+2)°2|y,|*dt.
|2

Now, in the latter equation, if replace z by e*|y;|?, we obtain that

A+ )+ 20 e PP (e =) 1) Pl
= 2n2(0—1)0e™ (e+e|y;])° 2|y, | 2dt
AP Py )y
+2nde (e + 2 |y1*)°Hy;ldB;, j=1,...,N.
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We set A
Ki(t) =20 (e + e |y; )~ (Re Aj — )|y (1)

n?e® (e + e |y; (£)]2)°y; (1)]?
—25((5 — Dn?e®(e + ey (1)) 2y (0|4, j=1, ..., N.

Now, taking into account (25), we may rewrite (24) as

(e + e*y;%) /K" )ds = (e + |y; 0% 4+ Mi(t), t >0, =1,...,N, P-as.,

where M? is the following stochastic process

t
ME(t) = 261 / ey ()2 (e + ey ()2 B, (s), j = 1, V.
Taking into account that

lim [y () (= + €|y, (5))" 17" = 7|y (s)], P-as,

uniformly on [0, 7], we may pass to limit into the stochastic equation (26) to get that

t
e y; (1)[*° + / Kj(s)ds = [y)[** + M;(t), P-as., t >0,
0

where

Kj(t) = lim K2(t) = 20(Re \j — 7)e®[y; ()% + 20(1 — 20)°e " |y; (1),

e—0
t
M, (t) = 260 / 2195y ()P dB,(s), P-as.
0
If in (27) we take the expectation E, we obtain that
e By, ()% + E/ Kj(s)ds = [y|*, vt >0.

This yields

t
20(1*(1 - 20) + Re \j — V)E/ 1%y (s)|Pds < [y, j=1,..., N,
0
. 1 . .
and, since 0 < § < 5 for all j =1,..., N, we get therefore, for n sufficiently large,

t
E/ 2%y, (s)[Pds < C, ¥Vt >0, j==1,..,N.
0

This yields
E/ 2%y (s)|*ds < 00, Vj=1,...,N,
0
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and, in particular, it follows that
/ 2%y, (s)|¥ds < oo, P-as.,j=1,..., N. (28)
0

It should be said however that the latter does not imply automatically that 72|y, ()% is
P-a.s. convergent to zero as t — oo and for this we need to invoke some more sophisticated
stochastic argument.

We write

t
/ Kj(S)dS = ]J(t) - (Ij)l(t), ] = ]_, ...,N, Vit Z 0, ]P)—a.S.,
0

where

t
Ii(t) =2(1 — 25)5772/ 62755]1/]-(3)]250[3
0

¢
(1)ult) = 2607 = Redy) [ %y, (s) s
0
Then, we may rewrite (27) as
My (O + L) = [ % + (L)1(t) + M;(1), t >0, P-as, (29)

Taking into account that, for each ¢ > 0 and j = 1,...,N, M,(¢) is a local martin-
gale and t — [;(t), t — (I;)1(t) are nondecreasing processes, we see by equation (29) that
t — e¥%y;(t)|* is a semi-martingale, as the sum of a local martingale and of an adapted
finite variation process (see, e.g., [17]). Then, we may apply to equation (29) the following
asymptotic result which is a variant of the martingale convergence theorem (see Theorem 7 in
[18], p. 139 or Lemma 1 in [1]).

Lemma 3 Let I and Iy be nondecreasing adapted processes, Z be a nonnegative semi-martingale
and M a local martingale such that E(Z(t)) < oo, Vt >0, I1(c0) < 00, P-a.s. and

Z(t)+ 1(t) = Z(0) 4+ Li(t) + M(t), Vt > 0.
Then, there is tlim Z(t) < 00, P-a.s. and I(c0) < oo, P-a.s.
We are going to apply Lemma 3 to processes Z(t) = e?%y;(¢)|)?°, I = I, I, = (I;)1,
M = M; defined above.
In virtue of (28), (/;)1(c0) < co. This implies, in virtue of Lemma 3, that there exists the
limit
tlim(627‘5t|yj(t)|25) <00, j=1,...,N, P-as. (30)
Since, by (28), €2|y;|? € L*(0,00), P-a.s., the limit in (30) is zero. It follows therefore that

tlim y(t)| =0, P-as., (31)

N
where |y|? = Z|yj]2. We have therefore that
=1

lim 627t|Xu(t)|% =0, P-a.s. (32)

t—o0
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By (28) and (31), it follows also that
/Ooez'yt]y(t)Ith < 00, P-as.,
0
because, by (30), it follows that e?°!|y|?? € L>°(0, 00) P-a.s. This yields
/Ome27t|Xu(t)|%dt < 00, P-as. (33)

Next, we come back to the infinite dimensional system (21). Since, as seen earlier, the

operator —A, generates a y-exponentially stable Cy-semigroup on H, by the Lyapunov theorem
there is Q € L(H, H), Q = Q* > 0 such that

Re (Qx, Asx — ~vx) = % |{E|%, Vo € D(Ay).

(We note that though @ is not positively definite in the sense that inf{(Qz,z); |z| =1} > 0,
we have nevertheless that (Qx,x) > 0 for all x # 0.)

1
Applying 1t6’s formula in (21) to the function p(z) = = <Q:L‘, x), we obtain that

QXX+ XD+ 7 (QXf0) X0t = 5 1S Q). Vi)

N

+ 7Y (Re(QX,(t)), Re V(1) n + (Im(QX,(t)), Im Yi(t)) s )di(t),

i=1
where Y; are processes defined by
Yi(t) = (Xu(), ¢5) (I — Pa)P(may), i =1,.., N.
This yields
t

QX (1), Xa(1)) + / 21X, (3)|2 ds
<Q(I Py)x,(I — Py)zx >

+772;/0 e (QYi(s), Yi(s)) ds (34)

213 / e (Re(QX.(3)), Re Yi(s))

+(Im(QXs(s)), ImY;(s)))g)dfBi(s), t >0, P-as.
We shall once again apply Lemma 3 to processes Z, I, M defined below
Z(t) = e (QX,(t), X,(1)),
t

t N
I(t) = / X, () ds, (1) =723 / ¢2% (V.. Vi) ds
0 —Jo

M(t) = 27,2 /0 e (Re(QX4(s)), Re Yi(s))n
+(Im(QX;(s)), ImY;(s)))m)dB;(s), P-as., t > 0.
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Since, by the first step of the proof (see (33)), I;(c0) < 0o, we conclude therefore that
tlim QX (1), X,(t)) =0, P-as.,
and, since Q is positive definite in the sense that (Qz,z) = (Qz,2)y > 0 for all z € H, we

have that
tlim e’ Xs(t)| 7 =0, P-as.

Recalling that X = X, + X, and again invoking (32), the latter implies (19), thereby com-
pleting the proof of Theorem 1.

2.4 The tangential boundary stabilization by noise

We shall keep the notations of Section 3.
We come back to the Stokes-Oseen system with boundary controller, i.e.,

Xi —1pAX + (X - V)X, + (X.- V)X =Vp in (0,00) x O,

V- X=0 in (0,00) x O, (35)
X-v=0, X=u in (0,00) x 00,
X(0)==z in O.

Our purpose here is to stabilize the null solutions to (35) by a noise boundary controller u of
the form

N 57, '
u=n) 7, (X.@i) B (36)
=1

v

where N is, as above, the number of eigenvalues \; of the operator A with Re \; < v and 51

will be defined below. As in the previous case, ] are the eigenfunctions of A* corresponding to

A; (see (11)) and {B;}¥, is an independent system of real Brownian motions in {Q, P, F, F;}.
Here, we shall assume that hypothesis (A;) holds and also that

o\ ™
(Ag) The system { 50’ } is linearly independent in (L*(00)).

V)=

One might suspect that this property is generic in the class of equilibrium solutions X, as is
the case with the following weaker version of (Aj):

" each ] 1s not identically zero on 00.”

ov
We set

Ly=-1pAy+ (X.-V)y+ (y- V)X, in O. (37)
The Stokes-Oseen system
X, +LX =Vp in (0,00) x O

V- X=0 in (0,00) x O (33)
X-v=0, X=u 1in (0,00) x 00
X(0)==z in O
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can be equivalently written as (see, e.g., [6])

d ~ ~
- X(1) + AX(t) = AuDu(t), >0,

X(0) =z,

(39)

where y = Du is the solution to the equation

ay+ Ly =Vp in O
V-y=0 in0O, y=u, y-v=0 on 00

and o > 0 is fixed and sufficiently large. (D : (L*(00))¢ — H is the Dirichlet map associated
with the operator £ + al).
Indeed, subtracting the latter from (38), we obtain

Xi+ (a+ L)(X — Du) —aX =Vp in (0,00) x O
V- X=0, X(0) =z
X —Du=0 on (0,00) x 00

and this can be expressed in the form (39), where A : H — (D(A)) is the extension by
transposition of A = PL to all of H and with values in (D(A))’, defined by

Jy(p) = /@ YA pd€ = (y, A'p) . Vo € D(A"), y e I, (40)

and A, = al + A. Here, (D(A)) = (D(A*)) is the dual of the space D(A) endowed with the
graph norm in pairing induced by H as pivot space; we have D(A) € H C (D(A))’ algebraically
and topologically. It should be noticed that in this formulation, which is standard in boundary
control theory, the right hand side of (39) is an element of (D(A))" = (D(A*)), i.e., roughly

speaking is a "pure” distribution on O, which incorporates the boundary control u. We note
also that (see [6]) the dual D* A of A,D is given by

92 e D(A). (41)

D* * — _
Asp Yo ov

Our aim here is to insert into the controlled system (39) a stochastic boundary controller of
the form (36). Namely, we shall consider the stochastic differential equation

6@?) (X (1), 97) dBi(t), t =0, (42)

dX (t) + AX (t)dt =0 _A.D (
X(0) = . .

Here, {¢;}Y, is given by (17), where «;j are chosen such that
N

o7 Oy :
Z&ij <E’ ay 1: ik j,kzl,...,N.

i=1
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Oou 0v

Here, |- |1 = | - |(12(00))2 and (u,v), = d¢. By assumption (Aj), it is clear that the
N 50 81/ 61/
system {¢;}Y | is well defined and
(¢5,05) =y 0,5 =1,..,N. (43)

We can, equivalently, write (42) as

X(t) = x+¢/§j A*ﬁ(40<%f>>0«$wnWMQ. (4)

Equation (44) has a unique solution X = X (t), which is an H-valued continuous process which
can be viewed as solution to problem (see [10], p. 244)

X —1pAX + (X - V)X + (Xe- V)X =Vp in (0,00) x O
V-X =0 in (0,00) x O
X(0,6) = 2(6) i O (15)

X = Zaqﬁl (X, ) f; on (0,00) x O.

In other words, the boundary controller u = X is a white noise on 00. Moreover, since
o0

v
ie, X -v=0on (0,00) x 00.

09
( G v|-v=0o0n00 (see, e.g., Lemma 3.3.1 in [6]) this stochastic controller is tangential,

Theorem 4 Assume that hypothesis (A1), (A3) are satisfied. Then, for |n| large enough we
have for the solution X to (42) (equivalently, (44))

F th?o X By | =0 (46)
In particular, we have
lim " (X (1), p) = 0, P-a.s., Vo € D(A). (47)

t—o00

Proof. We shall argue as in the proof of Theorem 1. Namely, as in the previous case, we shall
decompose system (42) in two parts,

N N
_ 5N~ 7 (99 M 17
dX, + A X, dt = nPN;Aa ( 81/) (X, @) dp;, P-as. (48)
- XM (00,
dX, + A X dt = n(I — PN);Aa < o ) (X, @) dB;, P-as. (49)
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Here Py : (D(A)) — X, = lin span{p;}Y, is the projector defined as in (8 ) and A,
PN.A’X A = (1 — PN A‘X The operator .A is the extension of A, to all of H ie., A :

H — (D(A)Y is defined by (40).
We represent the solution X, to (48) as X, = ingaj and taking into account (12), (43),

we obtain for {y] ", the finite dimensional StOCh;Stllc system
dy; + N\jy;dt = ny;dB;, 7 =1,...,N,

y;(0) = 55. (50)

System (50) will be treated in the same way as system (22). In fact, we get by exactly the
same argument as in the proof of Theorem 1, that (see (31), (33))

tlim Ayt)| =0, P-as. (51)
/ ey(t)Pdt < 0o,  P-as. (52)
0

where [y = zyj,

Now, comlng back to system (49), we shall write it as

N
dX, + A X dt =0 Yi(t)dB;, t>0,

=1 00 (53)
Yz(t):<l_ﬁN)AvsD <a;¢j> <Xu(t)7<p;k>7 12177N

By (9), it follows that
le ]| (payy < Ce |zl payy, Vo € (D(A))

and so, by the Lyapunov theorem, there is a self-adjoint, continuous and positive operator

Q = L((D(A)),(D(A))’) such that

~ 1
e (Qu.Aa) =7(Qu.a), +3 lalipuy. Vo€ (DA) (54)

where (-, -), is the natural scalar product in (D(A))".
Applying 1t6’s formula in (53), we obtain that

%d@X (1), Xs(t)), + IIX) (OIEpayydt + 7 (QX(1), X(1)), dt

Z QYi(t), Yi(t))udt + 1Y _((Re(QX,),Y), + (Im(QX,),Tm Y;),)d;.

=1

l\DI»—t
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This yields
t
eI QX (1), X.(8)), + / €271 X(5) |2y
0

= QU = Py)z, (T = Px)a), + 203 /0 e (QYi(s), Yi(s)). ds

Nt
2> / & ((Re(QX,), Im¥;), + (Im(QX.), ImY;),)dB..
=170

Then, applying Lemma 3 exactly as in the proof of Theorem 1, we infer that

P [lim (QX, (1), X, (1)), €21t = o} —1

t—o0

and, since (Qx,x), = 0 implies x = 0, we infer that

IP) [hm €7t|X8(t)|(D(A))/ = 0} = 1,

t—o00

as claimed. This completes the proof.s
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Lecture 3.
Internal stabilization by noise
of the Navier—Stokes equation

3.1 Introduction

Consider the Navier-Stokes equation

X; —1pAX +(X - V)X = f.+Vp, in(0,00) x O,
V-X=0, in(0,00)x O,

X =0, on(0,00)x 00,

X(0) =29, inO.

(3.1)

where O is an open and bounded subset of R? d = 2,3, with smooth boundary 00O. Here
f. € (L*(0))4 is given.Let X, be an equilibrium solution to (3.1), i.e.,

—1pAX, + (Xe : V>Xe = fe +Vpe, in O,
V- Xe=0 in0O, (3.2)
X.=0 on(0,00) x 00.

If we replace X by X — X, equation (3.1) reduces to
Xi —1pAX + (X - V)X, + (X - V)X + (X - V)X =Vp in (0,00) x O,
V- X=0 in0O,

X =0 on(0,00) x 00,
X(0)=z inO,

(3.3)

where x = zo — X,.. If we set
H={XeLX0)": V-X=0,Xv],,=0},

where v is the normal to O and denote by P : (L*(0))? — H the Leray projector on H, we
can rewrite system (3.3) as

{ X(t)+AX(t)+ B(X(t)) =0, t>0, (3.4)
X(0) ==,
where A=—PA, D(A) = (HY(O)n H*O))N H,
Aoz = P((z-V)Xe + (X - V)z), B(z) = P((z- V)z),
A=A+ Ay, D(A)=D(A)
We have

<B($)7y>H:b($ax7y)a V$ay€D(A)a
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where (-, )y is the scalar product induced by H as pivot space and

d
b(z,z,y) = Z / z;D;ziyr, YV x,y,z € D(A).
o

Jk=1

We recall that for large values of the Reynolds number % the stationary solution X, to
(3.1) is unstable. i.e. the corresponding flow is turbulent. Our purpose here is to stabilize
(3.4) or, equivalently, the stationary solution X, to (3.1), using a stochastic controller with
support in an arbitrary open subset Oy C O. To this aim we associate with (3.4) the controlled
stochastic system

N

dX (1) + (AX (1) + B(X(£)dt = Y Vi(£)e;dp3;(t),

J=1

(3.5)

where {ﬁj}é»v:l is an independent system of real Brownian motions in a filtered probability
space (Q, P, F, {F }i=0). N

The main result, Theorems 3.2 below, amounts to saying that, in the complexified space H
associated with H, under appropriate assumptions on 4 (and, implicitly, on X.), for eachy > 0
there exist N € N, {¢;}}L, C H, and an N-dimensional adapted process {V; = Vi(t,w)},,
w € €2, such that for all z in a sufficiently small neighbourhood of the origin, ¢t — e%X(t,w)
is decaying to zero for ¢ — oo in a set 2 of positive probability which is precisely estimated.
Moreover, it turns out that the stabilizable controller arising in the right hand side of (3.5) is
a linear feedback controller of the form

Vi) =n(X®), 5 g, ¥ =P(me;), j=1,..,N, (3.6)

where || > 0 and ¢} are the eigenfunctions of the dual Stokes-Oseen operator A* corre-
sponding to eigenvalues Xj with Re \; <7, {¢; }jvzl is a system of functions related to ¢; and
m = lp, is the characteristic function of Oy where O is a given arbitrary open subset of O.

We may view (3.5) as the deterministic system (3.4) perturbed by the white noise controller
Z;-V:l Vi(t)y;6; with the support in Oy.

This work is a continuation of [2] where such a result is proved for the linearized Navier-
Stokes equation associated with (3.3). The previous treatment of internal stabilization of
Navier-Stokes equations ([1],[4]) is based on the stabilization by a linear feedback provided by
the solution of an algebraic infinite dimensional Riccati equation associated with the Stokes-
Oseen operator A. (This approach was also used in [5],[6],[15],[16],[20],[21] for boundary
stabilization of Navier-Stokes equations.)

The main advantage of this stochastic based stabilization technique with respect to the
Riccati-feedback based approach in above mentioned works, is that it avoids the difficult
computation problems related to infinite dimensional Riccati equations. Also a nice features
of this feedback control which has a stabilizing influence with high probability if applied in a
small neighbourhood of a stationary solution is that besides its simplicity it is robust in the
class of finite dimensional Gaussian multiplicative perturbations.
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It should be said also that stabilization by noise of the dynamic PDEs was already used
in the literature and we refer to [6],[7],[8],[9],[10],[12],[14] for related results. However, there is
not overlap with existing literature and methods used here are different and may be viewed as
a combination of spectral stabilization techniques ([1],[4]) with that of noise stabilization. In
particular in [9] is studied the stabilization of some classes of PDE using Stratonovich noise
which has a special interest in construction of an approximating stabilizing controller.

Notations

Throughout in the following 3;, j = 1,..., N are independent real Brownian motions in a
filtered probability space (Q2,P, F,{F;}+~0) and we shall refer to [12, 14] for definition and
basic results on stochastic analysis of differential systems and spaces of stochastic processes
adapted to filtration {F;}¢~o. The scalar product of H is denoted (-, )y and the norm | - |g.
We shall denote by H the complexified space H + iH with scalar product denoted by (-, 5

and norm by |- |5. Cw/([0,T7]; L*(, H)) is the space of all adapted square-mean H-valued
continuous processes on [0, 7.

3.2 The main result

To begin with, let us briefly recall a few elementary spectral properties of the Stokes-Oseen
operator A. Denote again by A the extension of A to the complex space H. The operator
A has a compact resolvent (Al — A)~! and —.A generates a Cp-analytic semigroup e~* in H.
Consequently, A has a countable number of eigenvalues {;}52, with corresponding eigenfunc-
tions ¢; each with finite algebraic multiplicity m;. Of course, certain eigenfunctions ¢; might
be generalized and so, in general, A is not diagonalizable, i.e., the algebraic multiplicity of A;
might not coincide with its geometric multiplicity. Also, each eigenvalue A; will be repeated
according to its algebraic multiplicity m;.

We shall denote by N the number of eigenvalues \; with ReA; <+, j =1,..., N, where v
is a fixed positive number.

Denote by Py the projector on the finite dimensional subspace

X, = linspan{y; }jvzl

We have X, = PyH and
1
Py=—— [ (\[—A)~"d\ 3.7
N 2i F< A) ) ( )
where I is a closed smooth curve in C which is the boundary of a domain containing in interior
the eigenvalues {\;}7;.
Let A, = PvA, A; = (I — Py)A. Then A,, A, leave invariant the spaces &, and Xy =

(I — Py)H and the spectra o(A,), o(A,) are given by (see [10])
o(Ad) = {15 o(A) = I}

Since 0(A;) C {\ € C; Re X > 7} and A, generates an analytic Cp-semigroup on H , we have
leAtg| 5 < Ce |z, Vo€ H, t>0. (3.8)
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The eigenvalue ); is said to be semi-simple if its algebraic and geometrical multiplicity co-
incides, or, equivalently, \; is a simple pole for (A\[ — A)~!. If all eigenvalues {); }é\le of the
matrix A, are semi-simple, then A, is diagonalizable.

Herein, we shall assume that the following hypothesis holds.

(Hy) All eigenvalues \;, j =1,...,N, are semi-simple.

As regards Hypothesis (H;), it should be said that it follows by a standard argument involving
the Sard-Smale theorem that the property of eigenvalues of the Stokes-Oseen operator to be
simple (and, consequently, semi-simple) is generic in the class of coefficients X.. (See [3], p.
159.) So, one might say that “almost everywhere” (in the sense of a set of first category),

hypothesis (H;) holds.
Denote by A* the adjoint operator and by Py the adjoint of Py. We have

Py = —i, (A — A*) A (3.9)

21 JF

The eigenvalues of A* are precisely the complex conjugates Xj of eigenvalues A; of A and
they have the same multiplicity. Denote by ¢ the eigenfunction of A* corresponding to the

eigenvalue )\_J We have, therefore,
A(Pj _ )\jgpj; A*QO; — ngpj, ] e N. (310)

Since the eigenvalues {)\j}j-vzl are semi-simple, it turns out that the system consisting of

{11, {5}y can be chosen to form a bi-orthonormal sequence in H,ie,

<30]a901>:’>ﬁ - 5jk7 ]7k = 17 "'aN7 (311)

where d;; is the Kronecker symbol (see, e.g., [4]). We notice also that the functions ¢; and ¢}
have the unique continuation property, i.e.,

0; 0, ¢;#£0 on O forall j=1,..,N, (3.12)

(see, e.g., Lemma 3.7 in [4]).
We have also the following property which will be proven in Appendix.

Lemma 3.1 The system {¢}, ..., ¢} is linearly independent in (L*(Op))%.

If the eigenvalues \; are the same then Lemma 3.1 follows by the unique continuation
property (3.12).

Consider the following stochastic perturbation of the system (3.4) considered in the com-
plex space

N
dX + (AX + B(X Z (X, ¢5) g P(me;)dp;, (313)

X(0) ==z,
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where |n| > 0 and m = llp, is the characteristic function of the open subset Oy C O. Here
{o;}5, C H is a system of functions to be precised in (3.15). This is a closed loop system
with a stochastic linear feedback controller associated with (3.4).

In two dimensions the stochastic differential equation (3.13) has a global solution X €

Cyw ([0, T); L2(0, H)) for all T > 0 (see e.g. [14]).
The closed loop system (3.13) can be equivalently written as

(dX ()= AX (1) dt+(X ()-V) Xodi+(X,-V) X () dt+(X (£)-V) X (t)dt
=nm Y (X (1), ;) g6;dB;(t) + Vp(t)dt in (0,00) x O, P-as.
= (3.14)
V-X(t)=0in O, X(t)‘ao =0, V¢ >0, P-as.
X(0)=2z1in O.

\

Hence, in the space (L*(0))?, the feedback controller {u; = nm(X, ¢}) z¢;}7-, has the support
in OO-
We shall define now ¢;, j =1,..., N, as follows.

N
3;(&) =D g (), £€0, (3.15)
=1

where ¢y, are chosen in such a way that

N
Zalj<9077902>0 =0k, J,k=1,..,N.
=1

(Since, in virtue of Lemma 3.1 the Gram matrix {(¢}, ©})o}/%— is not singular, this is possi-
ble.) With this choice, we have

Here, we have used the notation (u,v)y = fOo u(&)v(§)dE.

In the following we shall denote by A%, « € (0, 1), the fractional power of order « of A, by
D(A?) its domain and set |z|, = |A%z| for all x € D(A®). Moreover, we shall denote by W
the space D(A%) if d = 2 and D(A37) if d = 3 where € > 0 is small.

Theorem 1 below is the main result of the paper.

Theorem 3.2 Let d = 2,3, X, € C*(O) and
In| > Jax, V67 —2Re \;. (3.17)

Then, there is C* > 0, independent of w such that, for each x € W, |z|w < (C*)?* there is
O C Q with

1 —_ 0 _
P(QF) > 12 (C’*|x|w2 . 1) 2 (3.18)
the solution X (t,x) to (3.13) satisfies
tlim <e%|X(t,m)|ﬁ> =0, P-as. in Q. (3.19)
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In particular, Theorem 3.2 implies that if |z|w < pop < (C*)72 then X = X(t,z) is
exponentially decaying to 0 on a set €2 of probability greater than

* -3 _Q(W’JYV)Q
1—2(0 mWQ—l) .

The constant C* depends of X, only. The optimal  for which P(€2}) is maximal is of course
that which follows by (3.17), i.e.,

[nl = max /6y —2Re A;,

and we see that P(Q2%) — 1 as |z|w < po — 0.

For the linearized Navier—Stokes equation, that is if one takes B = 0, the exponential
decay in (3.13) occurs with probability one. In fact, as seen from the proof of Theorem 3.2
the constant C* comes out from estimates on the nonlinear inertial term B and so, it is zero
if this term is absent from the equation.

Remark 3.3 As mentioned earlier, system (3.14) is written here in the complex space H.If
set X1(t) = Re X (t), Xa(t) = Im X (¢), it can be rewritten as a real system in (X, X5). In
this case, the feedback controller is an implicit stabilizable feedback controller with support
in Oy for the real Navier-Stokes equation (3.3). Of course, if A;, 7 = 1,..., N, are real, then
we may view X (t) as a real valued function and so, in (3.18), | X |5z = |X|x.

In particular, by Theorem 3.2 we have

Corollary 3.4 Under the assumptions of Theorem 3.2 the feedback controller

N
nm Yy (X = Xe, 0)) 5 (3.20)

j=1

stabilizes exponentially the stationary solution X., P-a.e in §2.

3.3 Proof of Theorem 3.2

The idea of the proof is to transform equation (3.13) in a deterministic equation with random
coefficients via substitution

N
yt) =[O x@), t>0, (3.21)

j=1
where I'; : H — H is the linear operator
Lz = n(z, }) g P(me;), =€ H,j=1,...,N (3.22)

and e'7 € L(H, H) is the Cy-group generated by Ly, ie.,

diesrfx—Fjesrjx:O, VseR, zeH. (3.23)
s
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We have by (3.22) and by (3.15) that
Uilex = n*(z, 05) g P(me;) 05, Vi k=1,.,N (3.24)

and therefore the operators I'y, ..., 'y commute, because the Leray operator P is self-adjoint.
Then, by [13, p. 176] equation (3.13) reduces to

d?ji_(tt) + Ay(t) + % z; D2y (t) + F(t)y(t)

N N (3.25)
e Lm0 B (er:IWFJ‘y(t)) =0, Vt>0, P-as.

(y(0) =z,

where

F(t)y(t) = e~ i1 BT 4 (;L@(tmy@)) — Ay(b).

By a solution to (3.25) we mean a function y € C([0,00); D(A1)) N L*(0, 00; D(A)) which
fulfills (3.25) P-a.s. in the mild sense (see Lemma 3.7 below).
Conversely, if y is a solution to (3.25), then it is an adapted process and so

N
X(t)=]Je* " yt), t=>0, (3.26)
j=1

belongs to Cyy ([0, T; L2(2, P; D(AT)NLA(Q, P, C([0, T]; D(A?1))) and satisfies equation (3.13).
Then we shall confine in the following to study existence and exponential convergence in
probability to solutions y to equation to (3.25).
We notice first that, as easily follows by (3.22) and (3.24), we have

ey =n7'Ty(e”™ — 1) +y = (€7 — 1)y, ¥}) g P(me;) + v,

(3.27)
Vs>0,5=1,...N, ye H.
respectively
ey =n"Tyle™ — 1) +y = (7™ — 1){y, ;) g P(md;) +y,
Vs>0,j=1,...N, ye H.
This yields
N
F(tyy = (" = 1) (4,05 5 (AP(me;) — \;P(md,)). (3.28)
j=1
We consider the operator
X
— 2
Ary = Ay + 5 ]erjy, Yy e D(A) (3.29)
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and notice that the Cy-semigroup e™r* generated by —Ar on H is analytic. The operator

Ar + F(t) generates an evolution operator U(t,7) on H, that is

S U + (A4 FO)U(7) =0, 0<7 <1
U(r,7)=1.

Lemma 3.5 Let v the number fixed at the beginning of Section 2.

We have for n > maxi<j<y /67 — 2Re A;

t
10 i < Ce (1 +iP)lal (1 + [ e—v“%)c(s)ds) ,

(3.30)
Vt>r1, P-as.,
where C' is independent of w and ((t) = Zjvzl efi®),
Proof. We shall use as in [2], [4] the spectral decomposition of the system
dy
d—+Ary+F(t)y:O, t>71
g (3.31)

y(r) = .
in the direct sum X, ® X of y-unstable and ~-stable spaces of the operator A. Namely we set
Yo = Pny, ys = — Pn)y

and, since by (3.28), Py F(t)y = 0, we may rewrite system (3.31) as

N
%+Auyu+%PN;F3yu=0, t=>T1 (3.32)
yu(T) = Py.
and
s + Asys + E (I — Py) i 2y, + (I — Py)F(t)y, =0, t > 7
dt 2 g (3.33)

J=1

ys(r) = (I - Py)a.
We have y =y, + Ys, Yu = Z?{:l yjp; and by (3.10)
AUQOJ':)\J'(,DJ', ] = 1,...,N.

Recalling that in virtue of (3.24)

T3y = nly = n*(y, ;) g P(me;),
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we may rewrite (3.32) as

dy;

1 N .
dt+%w+§ﬁwGWWWwﬂg=& tz7 j=1..N,
y]( ) < ¢]>

Taking into account (3.16) it follows that

dy; 1 '
v +Ajy;+2nyg—0, t>7, j=1,..N,

yi(1) = (2, 0}) -

This yields, )
2
yi(t) = e N g oy =1, N, t>0.

Hence for n* > 6y —2 Re \;, j =1,..., N, we have
9 () g < Ce |y, Vi (3.34)

Now coming back to system (3.33) we shall rewrite it as

;

s W1 i (I = Py)P(mé;)
dt sYs 277 - 1y] N J
N 3.35
+Y (e —1) y;(I—Py)(AP(me;)—\;P(me;)) =0, t > 7 4
7j=1

Lys(T) = (I — Py)z.
Then, by (3.34) and (3.8) we have that

lys(®)l 7z < le= (I = Py)alg

() 1) |4y (5)(T = Py)
j=1

MPWWQ+APWW0—MPWWﬂW@

T

2
<Ce e 0T mH/ Z|e*3'vs A= (5)ds

¢
< Ce (1 + 772)|m|H/ e VT2 (s)ds, YVt >0, P-as.

for some constant C' independent of x and w € €. This completes the proof of (3.30). O
Now, we fix 7.

Lemma 3.6 We have
2

/ O EIN\U(t, 1)z 3pdt < Clzl?, (1 + / e—W“ﬂg(t)dt) Yz ew, (3.36)
where C' 1s independent of w € 2, 0 <€ < }1.
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Proof. We set
2(t) = e U T, 0<T <t

Then by Lemma 3.5 we have

2

/ |2(t)[% dt < Claf? <1+/ e—W(T“t)c(t)dt) ., VreH

while
dz

N
1
dt+VOAZ+AOZ+§ ZF?szF(t)z:%z, t>r.

j=1
Multiplying the latter by z and Azt (scalarly in H ) we have the standard estimates for
d=2,3

|<A027 Z>’ = |b(27X€7Z>| S C’z‘%Jrs |X€‘1 |Z|ﬁ S C|Z|i+s |z’1~{

and
[(Aoz, Az122)| = |b(z, Xe, A2122)| + [b(X,, z, A2T22))]
< O]y [ Xeli [AZ922] 5 + [ Xeli 2]y [A2 220 5) < Ol
We get that
1 d 9 9 9
5 7 Ol +olz(0)]1 < O3]z + [2(t)[F) + [(F(t)2, 2(1))]
(here |- | = | | 7) and
B o+ =D, < QU] e + 12O + [(F ()2, AF22(0)

which yields

o 00 2
| et e < cla,, (1+ / e—v<f+28>g<t>dt> ,

which is just (3.30) for d = 3. The case d = 2 follows completely similarly by multiplying the

equation by A2z (Here and everywhere in the following, C' is a positive constant independent
of w.) O
We come back to (3.25) and set

G(t,y) = e T O B(eXm 6 Oly) - Yy € H, >0,
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Recalling (3.22) and (3.27) we see that

B(e"Wiy) = B(y) + (y, )% ("% — 1)2B(P(mg;))
(e —1){y, ¥3) 7 [Bi(y, P(me;)) + Ba(y, P(me;))],

where B(y) = P((y - V)y) and

(3.37)

Bi(y,z) = P((y-V)z), Baly,2) =P((z-V)y), Vy,ze D(A). (3.38)
Then by (3.27),(3.28) and (3.37) we have for all j,k=1,...,N
e IO B(PiWy) = e [B(y) + (y, )% ("% — 1) B(P(mg;))
+ (" = 1)(y, ) g[Bi(y, P(m;)) + Ba(y, P(me;))]

But in virtue of (3.28) we have

e POy — (e710: ) 1) (y, oF) = P(mey) +y
Therefore
e PO B(efi5y) = B(efOliy) 4+ (e5® — 1)(B(e%OViy) ot) = P(mgy,)
= B(y)+ (y, @?ﬁg(enﬂj‘“ — 1)2B(P(mg;))

(O — 1)y, 0 5l Biy, P(me)) + Baly, Pm)]
b0 1) (BHOTy), o) 5 Plmo).

Taking into account that 7, ¢ are smooth we may write the previous relation as
e POk B(Pi i) = B(y) + ©,rty), 7 k=1, N. (3.39)

where
95kt )l < C(L+6(0)((y, ) gl + [Bily, P(mey)|2

+ |Ba(P(mey),y)|a + (B), ;) i), (3.40)
V>0, yeD(A), jk=1,..N,

where 0 < a < 1 (recall that |z|, = |[A%z|) and

5(t) = sup max{e i) Bt (3.41)
1<j<N

To conclude, we have by (3.37)—(3.41) that
G(t,y) = B(y) +O(t,y), Vt=>0,y€ D(A). (3.42)
Here for each o € (0, 1)

O, y)la < C(1+6%(1))

x(max {|Ba(y, Pmoy)ls + BoP(mo;). )2} + 1B) ) (3.43)
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where ¢ is given by (3.41) and C' is independent of ¢,y and w.
We write (3.25) as

dil(t ) + Ary(t) + G(t,y(t)) + F(t)y(t) =0, Vt>0, P-as..
We set z(t) = e27y(t) and rewrite it as
dZ(t) 1 —%t _
FTa (Ap — 57)2(75) +e 2'G(t, (1) + F(t)z(t) =0 (3.44)
2(0) = x.
Equivalently,
t
2(t) = S(t,0)z — / St 5)e3 (s, 2(s))ds, Wt >0, (3.45)
0
where

S(t,7) = U(t,r)e 7,
We have seen earlier in Lemma 3.5 that S(¢,7) is exponentially stable in H.
Lemma 3.7 There is ), C 2, with
1 7 _
]P)(Qx) Z 1— (C*|ZE|W2 _ 1> 8(nN)2 7

with C* > 0 independent of w and x such that for each x € X with |z|yw < C* equation (3.45)
has a unique solution

z € C([0,00); W)) N L*(0, 00; Z).
Here W = D(A%), Z = D(A1) if d =2 and W = D(A1%), Z = D(A17) if d = 3.
Proof. We shall proceed as in the proof of [6, Theorem 5.1]. Namely, we rewrite (3.45) as
z(t) = S(t,0)x + Nz(t) := Az(t), t>0,
where N : L%(0, 00; Z) is the integral operator
¢
Nz(t) = — / S(t,s)e”2°G(s, z(s))ds.
0
We shall prove first the following estimate
V2|20 < C / 3G ()t (3.46)
0

Indeed, for any ¢ € L*(0,00; Z') (Z' is the dual of Z), we have via Fubini’s theorem

/ooowzm,c(t»dt / T </ot5<tv $)e™% " Gs,2(5))ds, <<t)>

/0 dt |S (t,5)e"2°G (s, 2(5))| 2ds |C(t)] 2

0

/0 dT/TOO (t,7)e 2 TG(T,2(7))|2 [¢ ()| zdt

/ dr (/ S(t,7)e 27G(7’ z(T ))|2Zdt> |<]L2(0’OO;Z,).
0
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Now we set,

I = /OOO dr (/Oo 1S(t, 7)e 27 G(r, (7)) % dt)é .

By Lemma 3.6, we have

2

/ |S(t, T)x3dt < C|z|?, (1 +/ 6_7(T+2t)§(t)dt) , YzeW
4 T
Next, we apply this for 2 = e 2 7G(, (7)) and get

/OO IS(t = 7)e=37C(r, (7)) 2t

< C|G(r, 2(1))|3e " (1 + / e—“f“t)g(t)dt) , Yzew

and, therefore,

2

I< c/ooo G(r, 2(7))|we—3 "dr (1 + /OOO e%sg(s)ds) |

as claimed.
Next, by (3.46) and Lemma 3.6, we have

|AZ’L2(0,OO;Z)

<C <|x|w + (1 + /000 e‘QVSC(S)ds> /000 e~ 27|G(r, 2(7))|w dT) :
On the other hand, by (3.42), (3.43), we have

G(t.y)lw < |Bylw + [6(t,y)|w.
By [6, Lemma 5.4], we deduce also that
Bylw < Clylz, VYyeZ
and, similarly, by (3.40) we have
Ot y)lw <CA+6N W)y, YyeZ

Then, (3.47) yields

Aol < CF (Jelw + (48 )t} Peas.
0

where C7 is a positive constant independent of w. By (3.41), we have

sup(1+ 6~ (t)(w))e 2! = 1 4 sup max {031 = 1 4 j(w), w e Q.
t>0 t>0 0=j=N

A7

(3.47)

(3.48)

(3.49)



Similarly, we have

Oo 1 5 1
| et <= sup supet i< )
0 7 1SN £20 v
So, (3.48) yields
[A2|1200,002) < CF (WW + 1+ M(W)2)|Z\%2(o,oo;2)) , P-as. (3.50)

In order to estimate the right hand side of (3.50) we need the following lemma.

Lemma 3.8 Let 3(t), t > 0 be a real Brownian motion in some probability space (Q, F,P).
Then, for each X > 0, we have

P(SUP ePt)=At > 7”) = P(esup»o(ﬁ(t)f)\t) > 7“)
N A (3.51)
- ]P)(Sup(ﬁ(s) - )\S) 2 log 7’-) — 7,.*2 .
>0

Proof. Fix T > 0. By Girsanov’s theorem, 3(t) := 3(t) — At, t < T is a Brownian motion in
(Q, F,P), where
dP = M= T gp,

We have
P ( sup P > r) =P ( sup e’® > 7") .

0<t<T 0<t<T

Setting My = supg<;<r e7®) we have

P(Mrp >r) = / Il[r,+oo)(MT)dP - / ﬂ[r,+oo)(MT)G_W(TH%/\QTCZIF)-
Q Q
Replacing in the latter identity 8(t) by B(t) + At yields

P(My > 1) = / ﬂ[r,+oo)(MT)efAB(T)fé/\QTd@
Q

Because E is a Brownian motion with respect to P we can compute the integral above by using

the well known expression of the law of (M, 5(t)), see e.g. [18, (8.2) page 9]. We obtain that

2 o b el  (2b—a)?
P(MTzr):\/m/ db/_ (b—a)e72NT =75 da.

It follows that

]P(MT Z T) =

— AT 1 r+ AT
e " Erfc (r ) + = e*MErfe ( ) ,
V2T 2 V2

1
2

where

Erfe(x) = 2 /+OO e dt
VT '
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For T' — oo we obtain (3.51). O
Proof of Lemma 3.7 (continued). By (3.51), it follows that

P (supe‘l"Nﬁj(t)_gt < 7’) >1-— r_8(N7")2, j=1,...,N,
£>0

and, therefore, by (3.49),
P(l+pu<r)>1—(r—1) 560, VYp>1.

We set
Uw) i= {2 € 10,06 2) : [#l10mei2) < R},
where R : Q) — RT is a random variable such that
1+ /1 —4(C7)?|z|w (1 + p)?

L= 1= A(C)|alw (1 + p)?

Then, as easily follows from (3.50) and (3.54) for

[zlw < pr(w) = [8(1 + p(w))(CT)*] 7,

we have

AUW) € UW).

w € Q.

(3.52)

(3.53)

(3.54)

(3.55)

Now, we shall apply the Banach fixed point theorem to A on the set U(w). Let 21, 20 € U(w).

Arguing as in the proof of (3.50), we find that

e e}

INz1 — N2l 12(0,00:2) < C’f/ e NGt 2) — G(t,22)|% dt (1 +/ e 21%((s)ds
0 0

< 01G, /071 +o(t))e " |21(t) — 22(b)|2(121(8)|z + |22()|2)dt (1 +/0 e *((s)ds

<cics ([ 22<t>r2zdt>é ([7 e 10 + aR)d) 1+ ao)y?

S 20;0;(1 + ,U((.U))2R<w>‘21 — 22’L2(07m;z),

where CF, C5 are independent of w.
Now, if we choose = such that, besides (3.55), to have also

oy < ——Y2H1
B T )P

we see that there is R = R(w) satisfying (3.54) and such that

= p2(w)>

207C3(1+ p)*R < 1.
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Now, we take
|zlw < p(w) = min{p1(w), pa(w)} = ((C*)*(1+p)*) 7", (3.56)
where C* is a suitable chosen constant independent of w. Then, for z satisfying (3.56), N is
a contraction on U(w) and maps U(w) on itself.
We set
Q={weQ: |z|lw <pw)} (3.57)

Hence, for each w € 2, equation (3.45) has a unique solution z satisfying conditions in Lemma
3.7. On the other hand, by (3.53) and (3.57), we see that

1 .
P(Qx) >1-— (C*|.T|W2 _ 1> 8(nN)?2 ’
as claimed. [

Lemma 3.9 Let z be the solution to (3.44) given by Lemma 3.7. Then

lim |2(t)|7 =0, P-as. inQ,. (3.58)

t—o00

Proof. By (3.44), it follows as in the proof of Lemma 3.6 that

5 = PO + 5 O < Cilz(OfF + e UG(E 2(1)), 2(1)) + (F (¢, 2(1)), 2(t))] -
Taking into account that
[eG(t, 2(1)), 2(1)] = e [O(, 2(1)), 2(1))| < Col2(t)[7

and that z € L2(0,00; D(A1)), we infer that

= (0 € L2(0,50),

and, together with z € L2(0, o0; H)), this implies (3.58) as claimed. [J
Proof of Theorem 3.2 (continued). By Lemma 3.9 we have that

Jim ()| 7e27 =0, VweQ, (3.59)
Then, as seen earlier,

N
X(t)=][e* " y(t), Pas.
j=1
is the solution to (3.13). Then,by (3.27) and (3.28), we see that

IX(8) 5 €T <C; (1 + max {eWMY,er(t)?}) ly(t)|; e . (3.60)

1<j<N

We set

Q= {w € Q: sup max {eNnﬁj(t)_%, e_N"Bj(t)JTt} < r} ,
>0 1<5<
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where r > 0. By Lemma 3.8 (see (3.52)), we have
P() > 1 — 1 3082, (3.61)

This yields
P, N0 > 1— (Clalyf — 1) 7 (3.62)

for any r > 0. We set 2 = Q, N, where
r= <C’*|x|;[,% — 1>
and, by (3.61), (3.62), we get (??) and
Jim [ X (1) et =0 P-as. in Q.
This completes the proof of Theorem 3.2. [J
3.4 Final remarks

3.4.1 Stochastic stabilization versus deterministic stabilization

By the same proofs as that of Theorem 3.2, it follows that the deterministic feedback controller
N

u=-nY (X, @)z P(mg)), (3.63)
j=1

where 7 is sufficiently large, stabilizes exponentially system (3.4) in a neighborhood {x € H :
|| 1 < p}. Here ¢; are chosen as in (3.16). Apparently the feedback controller (3.63) is
simpler than its stochastic counterpart (3.6) above while the stabilization performances are
comparable. It should be said, however, that the controller (3.63) though stabilizable is not
robust while the stochastic one designed here is. In fact, it is easily seen that (3.63) is very
sensitive to structural perturbations in system (3.1) because small variations of the spectral
system {7} might break the orthogonality condition (3.16) from which ¢; are determined. In
this way, the deterministic linear closed loop equation

N
dX + AXdt = —n) (X, ¢}) z P(me;)dt
j=1

might became unstable even for n > 0 and large. On the contrary, this does not happen for
the stochastic system

N
dX + AXdt = —n Y (X, ¢]) P(me;)dp;, (3.64)
j=1
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because its unstable part, that is, X = Zjvzl X;¢;, where

N
de + )\]X]dt = _nZXj<¢j? ¢;>0P(m¢])dﬁj, Re )\j < v, j = 1, ...,N, (365)

Jj=1

still remains exponentially stable with probability one to small perturbations of {¢}}. Indeed,
in this case, instead of (3.16), we have

(b, 05) — Okjl <€, Vi k=1, N

and, therefore,

N N
> D Hew el 1X; |2>HZ|X B

7=1 =1 J=1

which, as seen earlier in [2], implies the stability of (3.65) for sufficiently large |7|.

As mentioned in Introduction, one might design, starting from (3.63), a robust stabilizable
controller via infinite dimensional Riccati equations associated with the linear system but this
involves, however, hard numerical computation.

3.4.2 Giving up to assumption (H1)

One might design a feedback stochastic feedback controller of the above form in absence of
assumption (H1).

Indeed, if we replace {p;}\¥ by its Schmidt’s orthogonalization {@;}{, we still have X, =
lin span {@;}{ and X; = lin span {@;}¥.;.

Consider the feedback controller

N

u=nY (X,67) 5 P(m;)s; (3.66)
j=1
where {®;} are determined by
(®;, Bu)o = 05y jik=1,...,N. (3.67)

By Lemma 3.1, it follows that system {@;}?, is independent on Oy and so such a system {&)J}{V :
always exists. Then, the proof of Theorem 3.2 applies with minor modifications to show that
the controller u defined by (3.66) is exponentially stabilizable in the sense of Theorem 3.2.
The details are omitted.

3.5 Appendix. Proof of Lemma 3.1

Consider the Stokes—Oseen operator
Lo=—-1v0Ap+ (Ye - V)p+(¢-V)ye, inO

and mention first the following unique continuation result.
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Lemma 3.10 Assume y. € C%(O) and let p € C*(O) be the solution to the problem

Lo=Ip+Vp, inO,
(3.68)
V-p=0, in0O, ¢=0, ond0O,

such that ¢ = Vq on Oy where g € C1(O) and Oy is an open subset of O. Then ¢ = 0.

A simple proof of Lemma 3.1 for d = 2 can be given by reducing (3.68), via the vorticity
transformation ¥ = curl ¢ = Dy — Dygo, to

—1AY +y. - Vo + ¢ - V(curl y) = \p, in O
and via the stream function ¢ to
— 1A%+ 1y - Vo+ Vo - Ay, —AAp =0, in O. (3.69)

(Here ¢ = V*+é = { D¢, —D16}.)
Then, if ¢ = Vq in Oy, it follows that A¢ = 0 in Oy, which implies that A¢ = 0 in O.
To prove this (we are indebted to D. Tataru for suggesting us this simple device), we set
P(xz,D)u = —1vpAu+ y. - Vu — Au and we write (3.69) as

P(z,D)u = —Ay.- Vo, u=A¢.

Then, we apply the Carleman inequality (see [17, Theorem 8.3.1])

> perled / |Du)?e*™dx < K / |P(z, D)u|?¢*™, Yu € CZ(O), 7> 0,

|| <2

where x is a smooth function such that Vy(zg) # 0, zy € 00, and the surface {z; x(z) =
X(zo)} is strongly pseudoconvex in xy. Then, arguing as in the proof of Theorem 8.9.1 in [17],
it follows that A¢ = 0 in O, which implies that ¢ = curl ¢y = 0 in O. Hence, Ap; = Aps =0
in O and so ¢ =0 in O.

The case d = 3 follows in a similar way by reducing (3.68) to a fourth-order equation of
the form (3.69) via the transformation ¢ = curlp =V x ¢.

Let {goj}éy: 1 be eigenfunctions corresponding to eigenvalues A;, i.e.,

Loj = Nj;+Vp;, in0O,
V.p;=0, in0O, (3.70)
p; =0, ondO.

One must prove that each system {p1,...,om}, 1 < m < N, is linearly independent in O.
As mentioned earlier this is immediate if all ¢; are eigenfunctions corresponding to the same
eigenvalue \; and so, it suffices to prove this for distinct eigenvalues ;. For m = 1 this
follows by Lemma 3.10. Let m = 2 and let 1, ps two eigenfunctions with corresponding
eigenvalues A\, Ag. Assume that a;o1 + asps = 0 on Oy for ay, as # 0 and argue from this to
a contradiction. We have

L(Aap1 — A1p2) = MAa(p1 — w2) + XaVpr — \Vpy = Vp,  in O. (3.71)
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Replacing ¢ by ‘j\“—;gpl and g by —‘;—fgog, we see that Agg; — Ao = 0 in Op and so, by (3.71)
we see that ¢ = aVp in Oy for some «. Then, by Lemma 3.10, we infer that ¢; = 0 in O
which is, of course, absurd. We shall treat now the case m = 3. We have as above, besides
(3.71), that

L(As01 — Mps) = MAs(p1 —3) + Vg, inO

and therefore

L((A2 = A3)01 — A2 + \ips)

_ (3.72)
= )\1)\2(301 — QDQ) — )\1)\3(@1 — (,03) + Vq, mn O

If anp1 + agps + +asps = 0 in Oy, then replacing ¢y, @2, g3 by 201, =522, $2ps respec-
tively, we obtain that

(A2 = A3)1 — Mipa + A3 =0, in O,
which, in virtue of (3.72) and Lemma 3.10, implies
(A2 = A3)p1 — Aaa + A3 = Vg, in Op.

This yields a1 + agps = Vg in Oy for @y, @y # 0, which, in virtue of the previous step, is
once again absurd. The argument works for all m € N and this concludes the proof of Lemma
3.1. 0
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4 Lecture 4.
The internal stabilization of stochastic parabolic
equations with linearly multiplicative Gaussian noise

4.1 Introduction

Consider the stochastic nonlinear controlled parabolic equation

dX () — AX()dt + a(t, €)X (£)dt + b(t,€) - VeX (t)dt

+f(X(t))dt = X (t)dW (t) + 1p,u(t)dt in (0,00) x O, (4.1)
X =0on (0,00) x 00, X(0)==xin O.

Here, O is a bounded and open domain of RV, N > 1, with smooth boundary 9O and W (t)
is a Wiener process of the form

W(t) = mex(€)Bi(t), >0, €0, (4.2)

where p, are real numbers, {e;} C C?(O) is an orthonormal system in L?(0) and {3}, are
independent Brownian motions in a stochastic basis {Q, F, F;, P}.
We assume throughout this work that

pilex)2, < oo, (4.3)
k=1

where | - |, denotes the L>°(QO)-norm.
The function a : [0,00) x O — R, b: [0,00) x O — RY and f : R — R are assumed to
satisfy

a € O([0,00) x O), be CY([0,0) x O) (4.4)
sup{[a(t)]oc + [Vb(t)|o; ¢ = 0} < 00 (4.5)
f € Lip(R), f(0)=0. (4.6)

Finally, Oy is an open subdomain of O with smooth boundary, 1¢, is its characteristic
function and u = u(t, &) is an adapted controller with respect to the filtration {F;}.

The main problem we address here is the design of a feedback controller v = F(X) such
that the corresponding closed loop system (4.1) is asymptotically stable in probability, that
is,

tlim X(t) =0, P-as.

The construction of this stabilizing feedback controller is given in Theorem 1. It should be
said, in this context, that a stronger property, the exact controllability of (4.1) in finite time,
is in general still an open problem. (See, however, [5], [10], [12] for partial results.) A similar
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result is established (see Theorem ?7) for the 2— D Navier—Stokes equations with multiplicative
noise.

Notation

By L*(O) we denote the space of all Lebesgue square integrable functions on O with the norm
| - |2 and the scalar product (-,-). The scalar product of L*(Qp) is denoted by (-,-),. If Y
is a Banach space with the norm || - ||y, we denote by LP(0,7;Y), 1 < p < oo, the space of
all Bochner measurable functions u : (0,7) — Y with ||ully € LP(0,T). By C([0,T];Y), we
denote the space of all continuous Y-valued functions on [0,T]. We denote also by H*(O),
k = 1,2, the standard Sobolev space of functions on O, H}(O) = {y € H'(O); y = 0 on 00}.

Given an F-adapted process u € L?(0,T; L*(, L*(0))), a continuous Fi-adapted process
X :[0,T] — L*(O) is said to be a solution to (4.1) if

X € L*(; L=(0,T: L*(0))) N C([0, T}; L*(2; L*(0))) (4.7)

and
X(1,6) = / (AX(5,€) — alt, )X (5,€) — b(s,€) - VeX (5. €)

+f(X(s,§)))ds+/O ]noou(s,g)ds+/0 X(s,£)dW (s), (4.8)

€0, te(0,T), P-as.

Taking into account assumptions (4.3)—(4.6), we may conclude (see, e.g., [9], p. 208) that
(4.1) has a unique solution X satisfying (4.7), (4.8). In fact, for every z € L?(O), the operator

B(x)y ==z Z ;i (y,€;) €5, y € L*(O) is in Ly(H, H) (the space of Hilbert-Schmidt operators)
j=1

and we may represent XdW as B(X)dW*, where W*(t) is the cylindrical Wiener process

{B;(t)e;}jen. Then, the stochastic It6 integral arising in (4.8) is a standard one (see [9], p.

102).

4.2 The stabilization of equation (4.1)
We set O = O\ Op and denote by A; : D(A;) C L*(O;) — L?*(O,) defined by

Ay = —Ay, y € D(Ay) = Hy(O1) N H*(Oy), (4.9)

or, equivalently,

(Ary, z), = Vy-VzdE, Yy, z € Hy(Oy), (4.10)
01
where (-, -), is the duality on H}(O;) x H*(O;) induced by L*(O;) as pivot space.
Denote by A\i(O;) the first eigenvalue of the operator A;, that is,

AH(O) = inf{ Vuldg y e BYO), [

01

y2dé = 1}. (4.11)

O1
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Consider in (4.1) the feedback controller
u=-nX, n€R", (4.12)
and the corresponding closed loop system

dX — Xdt + aXdt +b- VXdt + f(X)dt = Xdt — nlo, Xdt

n (0,00) x O, (4.13)
X0)=zin O, X =0on (0,00) x 00.
Theorem 1 is the main result.
Theorem 1 Assume that
* 1 - 2 2
M(0y) = 5 > ileilZ = 11 i
J=1 (4.14)

— sup {—a(t,f) +% divedb(t,€); (t,€) € RY x O} > 0.

Then, for each x € L*(O) and for n sufficiently large (independent of x), the feedback controller
(4.12) exponentially stabilizes in probability equation (4.1). More precisely, there is vy > 0 such
that the solution X to (4.13) satisfies

lim X (t)]5 =0, P-a.s. (4.15)
e”tE|X(t)|§—|—]E/ | X (t)3dt < C|z3. (4.16)
0

We recall that, by the classical Rayleigh-Faber-Krahn perimetric inequality in dimension
d > 2, we have

A (O1) = (ﬁ) Jg—l,p (4.17)

where |0;] = Vol(0y), wy =78/ (T (£+1)), and Jy,,; is the first positive zero of the Bessel
function I,,,(r).

In particular, by Theorem 1, we conclude that, if |O;] is sufficiently small, then the feedback
controller (4.12) is exponentially stabilizable. More precisely, we have

Corollary 2 Assume under hypotheses (4.3)—(4.6) that

2 1 — L.
O < wiy s <§Zu?|ej|io+ sup {—a+ jaived b+ ||f||up>. (1.18)

R+ x0O

=

Lip

Then, for each x € L*(O), the feedback controller (4.12) stabilizes system (4.1) in sense of
(4.15), (4.16).
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Remark 3 One might suspect that system (4.1) is stabilizable and even exact null controllable
in probability by controllers v with support in an arbitrary open subset Oy C O, as is the case
in the deterministic case (see, e.g., [2], [7], [3]), but so far this is an open problem. (More will
be said about this in Section 5 below.)

Roughly speaking, Theorem 1 implies, in particular, that the stochastic perturbation desta-
bilizing effect in system dX — AXdt = XdW can be compensated by a linear stabilizing
feedback controller with support in a subdomain Oy satisfying (4.18).

An example. The stochastic equation

dX — Xeedt + (aX + bXe)dt = pXdB + Vdt, 0 < € < 1,
X(t,0) = X(t,1) =0, t >0,
where [ is a Brownian motion and u € R, a € C([0,T] x R), b € C*([0,1] x R), is exponen-

tially stabilizable in probability by any feedback controller V' = —nl4, 4, X, where n > 0 is
sufficiently large and 0 < a; < ay < 1 are such that

wnﬁ{j; ! }>f£+- sup {—a@f}+%%@f{}

a1 —ay 2 (te)er+tx(0,1)
4.3 Proof of Theorem 1
The main ingredient of the proof is the following lemma.

Lemma 4 For each € > 0 there is ng = ny(e) such that
| Ivu©Rd+n [ € = 000~ ol Yy € HYO) wzm (19
0

The proof is well known (see [1], [4]), but we outline it for the sake of completeness. Denote
by vy the first eigenvalue of the self-adjoint operator

Ay = Ay + nloyy, Yy € D(A") = Hy(O) N H*(0),

where A = —A, D(A) = H}(O) N H*(O) and n € RT.
We have by the Rayleigh formula

v = inf{ [ 1wypac s [ i 1ol = 1} < X(0) (4.20)
(@) Oo

because any function y € H3(O;) can be extended by zero to H}(O) across the smooth
boundary 00, = 00y. Let ¢} € H(O) N H*(O) be such that

Aol =vipl, el =1.
We have by (4.20) that

/!Vso’f\2d€+n GIPdE = v < X(O), ¥ > 0.
O Oo
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Then, on a subsequence, again denoted 7, we have for n — oo, that vy — v* and

o] — @1 weakly in H}(O), strongly in L?(O)

[p??d¢ — 0.
Oo

We have, therefore, ¢; € H}(O1), |p1]e = 0 and, since A7¢]|o, = A1p7, we have also that
Ay = v 1. Moreover, by (4.20) we see that v* < A(O;). Since \j(O,) is the first eigenvalue
of Ay, we have that v* = A\j(O;) and

lim mf{/ \vy|2d§+n/ y2de; |yl = 1} = A1 (O1).
@) Oo

n—00

This yields (4.19), as claimed.

Proof of Theorem 1 (continued). For simplicity, we take f = 0. By applying It6’s formula
in (4.13), which by virtue of (4.7) is possible, we obtain that

3 AXWE + [ VX @OPdd+ [ alt.e)

5 A )X = 5 [ DK

w0 [ XL+ [ Y (Xer) (L OX (LA, Pas. t20.
Qo O k=1
Equivalently,
1 ¢ 1
3 X (t)]3 +/0 K(s)ds = 3 lz|3 + M(t), t >0, P-as., (4.21)

where

K() = [ @IVXWOR +(a(t.€) =1 = 5 divebt IX ()

g (4.22)
GO+ [ X O
M(t) = /0 /O D X (s, €)en(s, §)dBi(s), t > 0. (4.23)

By Lemma 4 and by (4.14), we see that, for n > 7, sufficiently large and 0 < v < =, sufficiently
small, we have

K(t) > 80/ X (8, €)2dE, V> 0, P-as., (4.24)
o
where ¢y > 0. Taking expectation into (4.21), we obtain that
1 ¢ 2 "o 2 Lo
5 E[e”™| X (t)|5] + €0 | €7E|X(s)|3ds < 5 |z|5, Yt > 0. (4.25)
0
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Since t — f; K (s) is an a.s. nondecreasing stochastic process and ¢ — M (t) is a continuous
local martingale, we infer by (4.21), (4.25), and by virtue of [11], p. 139, that there exist

lim (7| X (t)[3) < 0o, K(o0) < o0,

t—o00

which imply (4.15), (4.16), as claimed.

4.4 Stabilization of Navier—Stokes equations
with multiplicative noise

We consider here the stochastic Navier—Stokes equation

dX (t) — vAX (t)dt + (a(t) - V)X (t)dt
+(X(t) - V)b(t)dt + (X (t) - V)X (t)dt
= X (t)dW (t )+Vp(t)dt+1|oo (¢)di (4.26)
in (0,00) x O,

V-X({t)=0 1in (0,00) x O,
X(t)=0 on (0,00)x 00, X(0) =2 in O,

where v > 0, a,b € (C1((0,00) x O))?, V-a=V-b=0,a-7="b-7=0on dO. Here O is
a bounded and open domain of R? and Oy is an open subset of @. The boundaries 9O and
00, are assumed to be smooth. We set

H={yec(L*0)* V-y=0, y-i=0on 00},

where 77 is the normal to 00. We denote by (-,-), the scalar product of H and by |- |y the
norm. The Wiener process W (t) is of the form (4.2), where {e;} C (C?(0))?is an orthonormal
basis in H, and p € R. As in the previous case, the main objective here is the design of a
stabilizable feedback controller u for equation (4.26).

We use the standard notations

H = {ye(L*(0)% V-y=0in O, y-i =0 on 00},
V. = {ye(H;(0)% V-y=0in O},
A = —IIA, D(A) = (H*(0))*nV,

where II is the Leray projector on H. Consider the Stokes operator A; on O; = O\ Oy,
that is,

d
(Aig,0) =v) | V- Vide, Vo € W,
. Ol

where V; = {y € (H2(01))% V -y =0in O;}. Denote again by \i(0;) the first eigenvalue of
Aq, that is,
d
Aj(Oy) = inf {vZ/ Vi, ¢ € Vi, / |o|?dg = 1} . (4.27)
i=1 /O O1
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Also, in this case, we have (see Lemma 1 in [4]), for n > no(e) and € > 0,

(Ay,y)y + 1 T(Aoyy), vy = A (O1) —)lyliy, Yy e V. (4.28)

We consider in system (4.26) the linear feedback controller
u=-—-nX, n>0. (4.29)
We set
v =sup{ [ Dbydel bl =1} <

where b = {by, by }.

The closed loop system (4.26) with the feedback controller (4.29) has a unique strong
solution in the sense of (4.7), (4.8). (See, e.g., [8], p. 281.)

We have

Theorem 5 Assume that

30D > 1Y sl + sup (1), (430)

j 1

Then, for each x € H and n sufficiently large independent of x, the solution X to the closed
loop system (4.26) with the feedback controller (4.29) satisfies

Ew%wmy+/ 'EX ()| Hdt < Olz|F, (4.31)
0
1thrn | X(t)|3 =0, P-a.s., (4.32)

for some v > 0.

The proof is essentially the same as that of Theorem 1, and so it will be sketched only.
Taking into account that

(X V)X, X)y+((a(t)- V)X, X))y =0, t >0,P-as.,

we obtain by (4.26), (4.29), via It6’s formula, that
1 t
3 XL+ [ 00 ((AXG)X () + (X(5) - VL), X ()

—%Z\X(s)ej\lzq+77(100X(5)7X(3)>H>d3 (4.33)

j=1
3 lat + /Z 632 X(5)) 5 45,(5). 1 0.

Then, by virtue of (4.28) and (4.30), we have, by (4.33), that

1 1
5 CIXO+ 1) = 5 |2l + M), t 20, P-as.,
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where [(t) is a nondecreasing process, which satisfies

t
E[I(t)] > go/ SR\ X (5) 5 ds, Wt > 0,
0

for n sufficiently large, and M*(t) = fot ers Z (X(s)ej, X(s)), dB;(s) is a continuous local
j=1
martingale. As in the previous case, this implies via [11] that tlim " X (t)|3; exists P-a.s. and,

therefore, (4.31) and (4.32) hold.

Remark 6 By (4.27), we see that Aj(O;) > vy, where p is the first eigenvalue on O of the
Stokes operator —IIA and we have also that

-2
A1(Oy) > Cv (sup dist(x,c?(’))) :

€0y

4.5 Final remarks

In order to make clear the novelty of the above results and the principal difficulties related
to the internal stabilization of equations (4.1), we note that, via the substitution y = eW® X,
equation (4.1) reduces to a parabolic equation of the form

oy - ~ 1 &
5 Ay +a(t)y +b(t) - Vy + 3 ; prery = loyu, P-as.,

y=0 on (0,00) x 00,

(4.34)

with random coefficients a, b.

If @ and b are independent functions of ¢, then (4.34) can be stabilized by a controller
u = Z;VZI u;(t)1;, where 1); are linear combinations of eigenfunctions of the dual operator
y — —Ay +ay — div(by) (see [7] or [3] for the case of Navier—Stokes equations).

For deterministic equations of the form (4.34) with smooth time dependent coefficients,
a similar result was recently proved in [6] (for the Navier-Stokes equations), but it cannot
be applied, however, to the random equation (4.34) since it does not provide an adapted
stabilizable controller u = u(t). (The reason is that the argument in [6] relies on exact P-a.s.
controllability of (4.34) via an adapted controller v which so far is still an open problem.)

By the new procedure we use here, we circumvert this basic difficulty by constructing an
explicit feedback adapted controller and avoiding so the exact controllability of the stochas-
tic equation with multiplicative noise which is equivalent to an open problem: observability
inequality for the dual stochastic equation.
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Lecture 5.
Stabilization of Navier—Stokes equations
by oblique boundary feedback controllers

5.1 Introduction

Consider the Navier—Stokes system

WAy V=Vt S i (0,00) %O,

V-y=0 in (0,00) x O, (5.1)
Y= on (0,00) x 00,

y(0) = vo in O,

in a bounded open domain O C R?, d = 2,3, with the boundary 0O which is assumed to be a
finite union of d — 1 dimensional C?- connected manifolds . Here v > 0, f. is a given smooth
function and v is a boundary input. If y. is an equilibrium solution to (5.1) then (5.1) can be,
equivalently, written as

W Ay (e )y + - D+ (v Yy =V
in (0,00) x O,
V.y=0 in (0,00) x O, (52)
y=u on (0,00) x 00,
y(0) = Yo — Ve in O.

Let I" be a connected component of 0. Our main concern here is the design of an oblique
boundary feedback controller with support in I" which stabilizes exponentially the equilibrium
state y., or, equivalently, the zero solution to (5.2). The main step toward this end is the
stabilization of the linear system corresponding to (5.2) or, more generally, of the Oseen—
Stokes system

@—VAy—i-(yV)a—i-(b-V)y:Vp in (0,00) x O,

ot
V-y=0 in (0,00) x O, (5.3)
y=u on (0,00) x 00,

where a,b € (C?(0))4, V-a =V -b=0in O. Besides its significance as first order linear
approximation of (5.2), this system models the dynamics of a Stokes flow with inclusion of a
convection acceleration (b-V)y and also the disturbance flow induced by a moving body in a
Stokes fluid flow.

In its complex form, the main result of this work, Theorem 1, amounts to saying that,
if the unstable eigenvalues of system (5.3) are semi-simple and a certain unique continuation
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type property for eigenfunctions of the dual linearized system holds then there is a boundary
feedback controller of the form

maﬂznh§jw<éﬂ@xﬁﬂww)wﬂw+a@W@”v (5.4)
= t>0, €00,

which stabilizes exponentially system (5.1). Here, I is the characteristic function of I' as
subset of 00, ¢; C (C*(T))* are suitably chosen functions and {¢}}}_, is an eigenfunction
system for the adjoint £* of the Stokes—Oseen operator

Lo = —vAp+(a-V)p+(p-V)b, ¢ € D(L), (5.5)
D(L) = {yp € (H*0))!N(H;(0)% V-¢=0 in O}, '
that is,
(L70); = —vAY; = > (Dilasy) = ¥:Dibi), j=1,..,d. (5.6)

i=1
It turns out (see Theorem 5) that this feedback controller also stabilizes the Navier—Stokes
system (5.2) in a neighborhood of the origin.

In (5.4), N is the number of the eigenvalue \; of £ with Re\; < 0 and o € C?*(90) is an
arbitrary function with zero circulation on I', that is,

Aa@ﬂxz& (5.7)

If « is identically zero then the controller (5.4) is tangential but in general it is oblique to
domain O which makes it more effective for control actuation. As a matter of fact, we shall see
below (see Corollary 2) that, with exception of a set of Lebesgue measure arbitrarily small, the
controller u given by (5.4) can be chosen in a direction close to 7, that is, “almost normal”. It
should be mentioned that, in literature, only in a few situations normal stabilizing controllers
for equation (5.1) were designed, and this happened mostly for periodic flows in 2— D channels
only (see, e.g., [1], [2], [3], [25], [26], [27]). However, we notice that there is a large body of
remarkable results obtained in recent years on boundary stabilization of system (5.1) and here
the works [10], [11], [13], [14], [17], [18], [20], [21] should be primarily cited. (See, also, [7], [14],
[15], [23].) In this context we should also mention the work [22] which contains several sig-
nificant results and techniques related to boundary stabilization of Oseen-Stokes system with
non tangential controllers. The approach used in these works can be described in a few words
as follows; one decomposes system (5.1) in a finite-dimensional unstable part which is exactly
controllable and an infinite-dimensional part which is exponentially stable and proves so its
stabilization by an open loop boundary controller with finite-dimensional structure. Then, one
designs in a standard way a stabilizing feedback controller via the algebraic Riccati equation
associated with an infinite horizon quadratic optimal control problem. (In [17], [18], one uses
a somehow different stabilization technique based on the existence of an asymptotically sta-
ble invariant manifold for the Euler-Lagrange system associated with Stokes-Oseen operator
which is, however, equivalent to a Riccati based approach.) Our construction of boundary
stabilizing controller for (5.1) is an alternative to the Riccati equation based approach which
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though provides a robust controller it is, however, quite difficult to treat from computational
point of view. This construction resembles the form of stabilizing noise controllers recently
designed in the author’s works [4], [5], [6], [8], [9], which seem to be, however, more robust
to stochastic perturbations. It should be mentioned however that our stabilization results are
conditional (see Hypotheses (H1) and (H2) below.)

The plan of the paper is the following. In Section 2, we present the main stabilization results
which will be proved in Section 3. In Section 4, we shall give an example to stabilization of
Stokes—Oseen periodic flows in a 2—D channel.

In the following we shall use the standard notation for spaces of functions on @ C R,
In particular, C*(O), k = 0,1, ..., is the space of k-differentiable functions on O and H*(0),
k>0, H}(O) are Sobolev spaces on O.

5.2 The main result
Notation

Everywhere in the following, O is a bounded and open domain of R?, d = 2, 3, its boundary O
is a finite union of d—1 dimensional C?- connected manifolds and I is a connected component

of 00.

We set H = {y € (L?(0))% V-y =0 in O, y-7 =0 on 9O} and denote by
I1: (L?(0))¢ — H the Leray projector on H. We consider the operator A : D(A) C H — H,
A:D(A)CH— H,

Ay = —vII(Ay), ¥y € D(A) = (Hy(0))" N (H*(0))' N H, (5-8)

Ay = T(—vAy+ (y-V)a+ (b-V)y) (5.9)
= Ay+((y-V)a+ (b-V)y), Yy € D(A) = D(A).

We denote by H the complexified space H = H + iH and consider the extension A of A to
H, that is, A(y +iz) = Ay +iAz for all y,z € D(A).

The scalar product of H and of H are denoted by (-,-) and (-,-)z, respectively. The
corresponding norms are denoted by | - |5 and | - |, respectively.

For simplicity, we denote in the following again by A the operator A and the difference
will be clear from the content. The operator A has a compact resolvent (Al — A)~! (see, e.g.,
7], p 92). Consequently, A has a countable number of eigenvalues {);}32, with corresponding
eigenfunctions ¢; each with finite algebraic multiplicity m;. In the following, each eigenvalue
A; is repeated according to its algebraic multiplicity m;.

Note also that there is a finite number of eigenvalues {\; }jvzl with Re A\;<0 and that the
spaces X, = lin span{y;}), = PyH, X, = (I — Py)H are invariant with respect to A. Here,
Py is the algebraic projection of H on X, and is defined by

1
Py=— [ (A —A)'d),

27t Jr,

where I'y is a closed curve which contains in interior the eigenvalues {); }jvzl
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If we set A, = A|x,, As=A

X., then we have
U(Au) = {)\] :Re )\j < 0}, 0'(./45) = {)\] : Re )‘j > O} (510)

We recall that the eigenvalue ); is called semi-simple if its algebraic multiplicity m; co-
incides with its geometric multiplicity m? . In particular, this happens if A; is simple and it
turns out that the property of the eigenvalues A; to be all simple is generic (see [7], p. 164).
The dual operator A* has the eigenvalues Xj with the eigenfunctions ¢}, j =1,....

For the time being, the following hypotheses will be assumed.

(H1) The eigenvalues Aj, j =1,...,N, are semi-simple.

This implies that B
Ap; = Npj, Al =Nl j=1,..,N, (5.11)

or, equivalently,
Lpj = Ajpj +Vpj, L= chp;f +Vp;, j=1,..,N, (5.12)
and so we can choose systems {(;}, {¢}} in such a way that

(0jsom s =0k Jk=1,...,N. (5.13)

The next hypothesis is a unique continuation type assumption on the normal derivatives )

mn
j=1,.. N.

Y

I\ ¥
(H2) The system {%} is linearly independent on T.
mn .
7j=1
In the special case where the unstable spectrum A has only one distinct eigenvalue \;
(eventually multivalued), hypothesis (H2) is implied by the following weaker assumption

, Op
(H2) 5

18 not wdentically zero on T,

where ¢* is any eigenfunction corresponding to the unstable eigenvalue ;.

Since any linear combination of this system of eigenfunctions is again an eigenfunction
corresponding to A1, it is clear that in this case (H2) is implied by (H2)'.

It is not known whether (H2)" is always satisfied, but likewise hypothesis (H1), if I' = 00, it
holds, however, for ”almost all a,b” in the generic sense (see [12]). In Section 4, it is presented
a significant example, where (H2)" holds.

5.2.1 The main stabilization result

Consider the feedback boundary controller

N
u = nlp Zﬂj (Pyy, 90;>g (¢ + i), (5.14)

j=1
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where

kE+ A\ .
= 1 5=1..N 5.15
/J’J k’ + )\] _ V77 .] 9 Y 9 ( )
N D
_ 14 -
¢, = ;aﬂ o =1 N, (5.16)
and ay; € C are chosen in such a way that
N
gy Iy 1 ; -
Zagj —— ——dx=0;; — — (o, p), fori,j=1,...,N. (5.17)
— r on 0On v
By virtue of hypothesis (H2), such a system {agj}é\fj:l exists because the Gram matrix
dgiopt|” _,
r 8” an i0=1 0
is not singular.
By (5.13), (5.17), we have
Ip; 1 W
ngj o dxzéij—;(a,pi%, ,j=1,...,N. (5.18)

Here {p;} are given by (5.12) and (-, ), is the scalar product in L*(T).

Theorem 1 Assume that d = 2,3, (H1), (H2) and (5.7) hold, and that Re\; <0 for j =
1,...,N, Re \j; >0 for j > N. Let k > 0 sufficiently large and n > 0 be such that

Rej + nv + 22 (Re A; + k — )k + A — 5|2 >0 for j=1,..., N. (5.19)

Then the feedback controller (5.14) stabilizes exponentially system (5.3), that is, the solution
y to the closed loop system

% —vAy+(y-V)a+ (b-V)y=Vp in (0,00) x O,
V.y= ON in (0,00) x O, (5.20)
y = nlr Z,uj (Pyy, go;k>}~l (pj+ami)  on (0,00) x 00,
j=1
satisfies for some v > 0 the estimate
y(t)g < Ce M y(0)|z, vt =0. (5.21)

It is easily seen that (5.19) holds for k sufficiently large and 7 > 0 such that Re \; +nv > 0,
Vj=1,...,N.

If \; are complex, then the controller (5.14) is complex valued too and plugged into system
(5.3) leads to a real closed loop system in the state variables (Rey,Imy). In order to circum-
vent such a situation, we shall construct in Section 3.3 a real stabilizing feedback controller of
the form (5.14) which has a similar stabilization effect. (See Theorem 6.)

A problem of major interest is whether the controller u can be chosen “almost” normal,
that is, its normal component u; is close to the normal 7. We have

69



Corollary 2 There is a stabilizing controller w of the form (5.14), (5.16), with
lai||Niy = Zy' and o = Xa*, where X € C is arbitrary and o € C*(I) satisfies (5.7)
and

la*(x)] #£0, ae zel. (5.22)

The exact significance of this result is that, for each £ > 0, there is a Lebesgue measurable
subset I'. such that m(I'\I'.) < ¢ and, on I';, the normal component Aa*7i of the controller
is # 0 and arbitrarily large with respect to the tangential component represented by ¢;. (Here
m is the Lebesgue measure on I'.)

Proof of Corollary 2. We set

X = {¢GL2(F); /wd:v:0},
N Fl
_ . * * . . _ 1
v — {Zjd%(pj —m<r)/ijdx),*y]EC},§/1—XﬁY.

Then Yy = {¢ € X; (X,p}), = 0, Vj = 1,.,N}, L*(T) = Y @ Y1 ® C, and so, any
1 € C*(T') can be written as

e 1
Yp=a+ jzl%‘ (Pj ) /ijd$> + Y0, (5.23)

for some @ € Y; and v; € C, j = 0,1,..., N. We note that there are ¢* € C*(T") and 77 € C
such that

|*(x) — ;fyj (pj(a:) - /ijd:z:> -] >0, ae. zel. (5.24)

Otherwise, for each ¢ € C%(I") and {7;}7L C C, there is a Lebesgue measurable subset rcr

such that m(I") > 0 and

N

i ~ * 1 * ~ :

Y — Z’Yj <pj - m_(F) /pjdx> — Y% =0, inT,
=1 r

which, by virtue of arbitrarity of @Z and 7;, is absurd. Indeed, it suffices to fix 7, € C,
j=0,1,..., N, and take ¢ € C?*(T") in such a way that

N

~ 1 ~
2% (ﬁ - W/pidx) %o
j=1 mi)Jr

to arrive to a contradiction. Then, for the corresponding « in (5.23), denoted o, we have
(5.22). Now, we see that, for each A € C, a = A\o*, we have (o, p}), =0, Vi =1,..., N, and
so, by (5.17) we have [la;;||N,_; = Z;', as claimed.

inf 1| > sup
r r
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Remark 3 The idea of the proof already used in the previous works mentioned above is
to decompose system (5.20) or the space H in a finite differential system corresponding to
unstable eigenvalue {\; }jvzl and an infinite and stable differential system. For this, Hypothesis
(H1) is not absolutely necessary (see, for instance, [7], [16]) and it was assumed only for
convenience in order to get a simple diagonal form for the finite-dimensional unstable system
and implicitly for the stabilizing feedback. As regards (H2), one might suspect too that it
can be replaced by the weaker assumption (H2)" eventually modifying the form of stabilizing
controller.

Remark 4 As easily follows from the proof in (5.14), the function « can be replaced by a
system of functions {a;}, satisfying (5.7) with the corresponding modification of (5.17).

The above construction works also in more general case where I' is a smooth part (not
necessarily connected) of 9O but in this case I should be replaced by a C*~ function on 9O
with compact support in I" and in condition (5.7) a should be replaced by lra.

5.2.2 Stabilization of system (5.1) ((5.2))

In the boundary stabilization of Navier-Stokes equation (5.3) with finite dimensional con-
trollers due to compatibility of the boundary trace of state y with the boundary control
there are two feasible regularity levels for the solution y, namely (Hz=(O))? for d = 2 and
(H2t(O))* for d = 3. (See [7], [11], [13].) However, in 3—D the high topological level
(H %“(O))d is not appropriate for some technical reasons related to properties of the inertial
term (y - V)y and so, unlikewise the linear case, the treatment should be confined to d = 2.

Consider the Sobolev spaces W = (Hz~(0))*NH, Z = (H2(0))*NH), where 0 < ¢ < I,
with the norms denoted by || - ||w,|| - ||z. The main stabilization result for system (5.3) is
Theorem 5 below.

Theorem 5 Let d = 2 and a = b = y,. Then, under the assumptions of Theorem 1, the
feedback boundary controller (5.14) stabilizes exponentially system (5.2) in a neighborhood YW =
{yo € W5 llwollw < p}. More precisely, the solution y € C([0,00); W) N L*(0,00; Z) to the
closed loop system

dy .
o VAV (Y V)ye (g - V)y + (y - V)y = Vp an (0,00) x O,
N (5.25)
y=nlr Y (Pyy,}) 5 (65 + aii) on (0,00) x 90,
j=1
satisfies for y(0) € W and p sufficiently small
ly@®llw < Ce™ ly(0)[lw, ¥t >0, (5.26)
for some v > 0.
In particular, it follows that the boundary feedback controller
N
w=nY_ 1 (Px(y—ye), ©}) 5 (¢ + ail) (5.27)
j=1

stabilizes exponentially the equilibrium solution y. to (5.1) in a neighborhood {y, € W;
1Yo — yellw < p}-
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5.3 Proofs
5.3.1 Proof of Theorem 1

We set
U° = {u € (L2(00)); /8 ula) i) de = 0} .

Then, for k > 0 sufficiently large, there is a unique solution y € (H2(0))? to the equation

—vAy+ (y-V)a+ (b-V)y+ky=Vp in O,
V-y=0in O, y=u on 00.

(See, e.g., [24], p. 365.) We set y = Du and note that (see, e.g. [11], p. 102),
1 1
D € L((H*(00))*NU° (H**2)0))?%), for s > -5
In terms of A and of the Dirichlet map D, system(5.3) can be written as (see [22])

Hd y(t) + A(y(t) — Du(t)) = kI1Du, t >0,

dt (5.28)
y(0) = yo.
Equivalently,
L)+ Ax(t) = -1 (D du gy — kDu(t)) >0
dt B dt T (5.29)

2(0) = yo — Du(0),
2(t) = y(t) — Du(t), t>0. (5.30)

In the following, we fix £ > 0 sufficiently large and 7 > 0 such that (5.19) holds. In particular,
for this choice of k£ and 7, we also have

Ni+k—vn#0 for i=1,2,...,N. (5.31)

We note first that in terms of z the controller (5.14) can be, equivalently, expressed as

N
ult) = 1l 3 (P (t), 1) (6, + ). (532
j=1
Indeed, by (5.30) and (5.32), we have
N
Z Py(t),5)) (¢ + ail)

(5.33)
_77]1F Z * (¢j + om)

where D* is the adjoint of D.
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On the other hand, if we set ¢ = D1r(¢; + an) and recall that

Lo — Npf =Vp: in O, ¢f=0on 00, V. gi =0,
LY+ ki =Vp in O, W = 1p(¢; + afi) on DO, V-1 =0,

we get by (5.18) via Green’s formula

<o) Ig;
(¢j+ait, D*p /@D pidr = k/(qu—i- ) . dz -

1%
— 57)'7 .7 .:17"'7N7
k‘i‘Az < 7p’L> >\7,+k J VZ J

*

0
8(57, =0, a.e. on 0O (see [11], Lemma 3.3). Then, by (5.33), (5.34), we see that

because 71 -

* % —nv *
<U( )7 901>0 k+ /\z —un < Ny7()01>H (5 35)

and, substituting into (5.33), we get (5.14) as claimed.
Now, by (5.32) and (5.29), we obtain that

I _,72 <pN ( kst >),@;>ﬁHD<nr<¢j+aﬁ»,

2(0) = zo = yo — Du(0).

(5.36)

It is convenient to decompose system (5.36) into a finite dimensional part corresponding to the
unstable spectrum {)\;,7 = 1,...N} of A and an infinite dimensional one which corresponds
to the stable spectrum {\;, 7 > N}. Namely, we write (5.36) as

dzy al dz . .
T Auzy = —nPy ; <PN(£ — kz), ‘:Dj>ﬁHD(]lF(¢j + i), (5.37)
dz N dz

where z = z, + 25, 2, € Xy, 25 € X, and Py is the algebraic projection on X, defined in
Section 2.1. If we represent z, as
N
2y = Z ZiPj,
j=1

and recall (5.35), we can rewrite (5.37) as

nv
Equivalently, A
R Ry Lo S (5.40)

% E+ XN —nv
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By (5.19) we have

(k+ XA + knv
E+ X —nv

Re >0 forj=1,...,N.

Then, by (5.39) there is vy > 0 such that
2j()] < e2(0)], j=1,...N.

On the other hand, by (5.38) we have

N
dzs
= Az, = (I = Px) > (2 = k) TTID(I(6; + o)),
7=1
and since
le™ " .y < Ce ™, V>0,

for some v, > 0, we see by (5.40), (5.42) that
|Zs(t)‘f[ < CeXp(_70t>’Zs(0)|[~{7 vt > 0,

which together with (5.41) yields

2(0)| g < Cexp(—0t)[2(0)| 5, V¢ > 0.

(5.41)

(5.42)

(5.43)

Now, recalling (5.30) and (5.32), we obtain estimate (5.21), thereby completing the proof.

5.3.2 Proof of Theorem 5
The system (5.2) with the feedback controller

N
u=Fy=nlp Zuj (Pny,¢}) 5 (05 + ail)

j=1

can be written as (see(5.28))

L
dy + Ay — DFy) + By = kIL DFy, t > 0,

y(0) = wo,
where By = Il(y - V)y). Setting z = y — DF'y we rewrite it as (see(5.36))

% + Az + B((I — DF)'2)

_ _nz <pN ( Rt )> ,¢j>ﬁHD(llr(¢j + ).
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We set, as in previous case,
Z2=2Zy+ 25, 24 € Xy, 2s € X5 and z, = szmpj.
Recalling (5.39), (5.40) and (5.42) we get for j =1,..., N

Z/.—|— (l{?+)\])/\]+knyz k?‘f‘)\]
J k+Xj—nv 7 k+ X —nu

(B(I - DF)"(2),¢})) 5 = 0

and 2} — kz; = K;(2), where

1

R v

(4 X% + (B + 2) (BT = DF)'2,6))) ;)
Then, we may write the above system as

N
dZu k+>\] 1
“ou ’ —~T% (B((- DF L 0:)) = Py = 0, 5.44
i+ At 2 2 (B = D)) P (5.4
dzg
dt

+ Az + (I — Py)B((I — DF)™Y)2

(5.45)
n(I — RV}:K' D (1p(¢; + aii)).

Here A, € L(X,, X,) is the operator defined by

i (k+ M)A + knv N
s k+ X\ —nv KACh

By virtue of (5.41), (5.43) both operators A,, A, are exponentially stable on spaces X,
respectively X, and, therefore, so is the operator

C(z) = .Zuzu + Azs, 2 = 2y + 25

on the space H. We set

N

k+ A

— 9 B((I-DF)! )= Prnos
— k+/\j+777/ (( ) (Z)aSOJ)H NP;j

B(z) = ‘

N
+(I = Py)B((I = DF)™'2) +n(I = Py) > K;(z)TID(1r(¢; + aif))
7j=1

and rewrite (5.44),(5.45) as

d
d—Z—l-Cz—i-B( 2)=0,t>0, 2(0) = zg = yo — DFyp.
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Equivalently,
2(t) = ez — /t e =B (2(s))ds, t > 0. (5.46)
We recall that (see [11], [13]) 0
1B(z1) = B(z2)llw < Clllz1llz + llz2ll2)ll21 — 22|z, V21, 22 € Z. (5.47)

On the other hand, we have

1
¢ 2|5, Vz € (Hs(ﬁo))d, 5> ~3

where ¢, C are independent of k, and this yields, for s =1 — ¢,
Cn
IDFyllz = — llyllz, Yy € Z.

This implies that, for k large enough and 7 as in condition (5.19), the operator (I — DF)~!
is Lipschitz on the space Z and this implies that the local Lipschitz property (5.47) extends
to the operator B. Then arguing exactly as in the proof of Theorem 5.1 in [11] (see, also, [12]
and [13]) we conclude that the integral equation (5.46) has for ||zo||w < p sufficiently small,
a unique solution z € C([0, 00); W) N L?(0, 00; Z) which has the exponential decay

112()]|w < Me | 20||w, Vt > 0

which completes the proof.

5.3.3 Real stabilizing feedback controllers

We shall construct here a real stabilizing feedback controller of the form (5.14). To do this we
replace the system of functions {¢;} by that obtained taking the real and imaginary parts of
the this one. Namely, we consider the following system of functions in the space H

oj—1 = Rep;, 1y; =Imy;,

and similarly for the adjoint system
Q/J;j—l = Re 90;‘7 @/J;j = Im ‘P;-

For the sake of simplicity, we assume that all unstable eigenvalues \;, j =1, ..., N are simple
mentioning however, that the general case can be treated completely similar.

We set X, = lin span{¢;;j = 1.,.N}. It should be mentioned that the dimension of
this space is still NV and denote again by Py the algebraic projection of H on X,. Then we
decompose the space as H = X, & X, and note that the real operator A leaves invariant both
spaces X, and X, and since X, + i X = X, we infer that the operator A% = A| %, generates

an exponential stable semigroup on X, C H. We set also .ZZ = Alz, -

We have
Apaj1 = Redgj_1 ¥oj_1 — Im Ay 1o,

(5.48)
_,477/)2]» = Im /\Qj_l @Z)2j—1 + Re /\Qj—l ¢2j7
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and, similarly for ¢7, i.e.,

»A*w;j_l = ReAg; 1 ng—l — Im Agj 1 Wzkjw

s . . (5.49)
./4 @Z}Qj = Im )\2]'_1 ¢2j—1 + Re /\Qj_l ¢2j'
Equivalently,
/3*1/153-4 = Re )\2j—1 w;jfl —Im )\2j—1 w;] + Vp;jfp (5 50)
5*7/);]' = ImAg;_y ¥3;_1 + Re A2j1 @Z’;j + Vps5;.
Under assumption (H2), the following real version of this hypothesis holds.
(H2)* The system {%, ,j=1,.., N} is linearly independent on T.
Then, following (5.14) consider the real feedback controller
N N
ut =l <<PNy, YI) = > K (Pyy, wzf)) (¢ + i), (5.51)
j=1 =1
where K, are made precise later on, ¢ is of the form
N
oy
= r— Jj=1..,N 5.52
¢] ; a/l] an ) j ) Y Y ( )
and a; are chosen in a such a way that (see (5.18)),
oy, L, -
< . ,¢j>0:—; (pi o)y +6ij, 1,5 =1,...,N. (5.53)

(As seen earlier, this choice is possible by virtue of (H2)*.)
Now, proceeding as in Section 3.1, we show that for Kj, suitably chosen the feedback
controller (5.51) can be put in the form

N
u=nlp Z (Pyz, ¢;> (6] + i), (5.54)
j=1
where z is given by (5.30). Indeed, in terms of y, (5.54) can be written as (see (5.33))
N N
u=nlp Z (Pyy,7) (¢F + i) — nlp Z (u, D7), (¢ + ). (5.55)
j=1 j=1

This yields

N
(u, D*i)g =1 ) (Pry,v5) (& + aii, D7),
= (5.56)

N

—n > (u, DY) (¢ +ail, D*¢7) , i=1,...N.

j=1
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On the other hand, by (5.50), (5.53), we see that

(Re Agi1 + k) (¢35, D(Ip(¢ + ait)))

0
= —1/< Vaio1 ,(b + om> — <p§i_1,a>0 = —V09i_1;,

on 0 (5.57)
(Re Agi—1 + k) <¢§za D( ]IF(Qb; + O‘kﬁ)»

—Im Ag;—4 <¢§i—1: D<]11‘(¢§ + O‘ﬁ>>>

= - < gmﬂb +om> - <P§iaa>o = _V52ij-

0

We set
<¢z7 ]lF gb*+om))> = Nij»

(5.58)
= ((ReX; + k)2 + (Im\)?)™Y, 4,5 =1,...,N.
This yields
(Re Agi—1 + k)nai—1; + Im Agi—q 125 = —109-1 (5.59)
(ReAgi—1 + k)naij — Im Agj—1 moi—1j = —1095. '
Then, by (5.56), (5.58), we obtain
(u, D7) —772<szy W) mij — nz u, D*Y5) s
Equivalently,
N
> (05 + mmig) (u, D)y = nz (Puy, %) miy. (5.60)
7j=1
By (5.58), (5.59) we have
MN2i-1; = —V72i—1(Re Aoi—1 + k)52z‘—1j —Im )\21‘—152@') (5 61)
M2ij = —vy9i—1(Im Ay 1091 + (Re Agi_1 + k)da;). '
We set K = || K| ,—y, where
K = n([[65 + v 152071 x gl (5.62)

By (5.61) we see that, for k sufficiently large, K is well defined. By (5.60), we have

(u, D™y Z je(Prys i) G =1, N,

Substituting the latter into (5.56), we see that u is of the form (5.51), where K, is given by
(5.62).
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Now, we rewrite system (5.28) as (see (5.36), (5.54))

Ly _nz <pN (— _ k) ,w;> D (1x(¢] + i) (5.63)

with the corresponding projection on X (see (5.37))

dzy _
d_;; + Az, = —nPy Z <PN (— — kz) ,2/1;> IID(1r (g5 + ai)). (5.64)

N
We set 2z, = Z z;1; and so, we may write (5.58) as

=1

N

Z(bmzl{ + aiz;) = —n Z Z bij(zi — kzi)nej, (5.65)

=1 7=1 =1

where by = (3, 05), aie = (A, ;) and T]gj are given by (5.61).
We set B = [[bil| =1, Ao = llaicl| Ny, E = [[ne;]17;=, and rewrite (5.64) as

Bz + Aoz +nEB(2' —kz) =0, t > 0, (5.66)

where z = {z;}}.
To study the stability of system (5.66) it is convenient to consider the limit case k = oo
Taking into account (5.61), we see that for & — oo 1;;k — ¢;; and so system (5.66) reduces to

Bz + Az +nBz =0,

which is exponentially stable if n > 0 is sufficiently large because
t
|Bz(t)| < e ™| Bz(0)| +/ e =9 Agz(s)|ds
0

and B is invertible as consequence of the independence of the systems {1}, and {7}
Hence, system (5.66) and, consequently, (5.63) is exponentially stable for k and n sufﬁ01ent1y
large.

Then, we have the following real version of Theorem 1.

Theorem 6 Under assumptions (H1), (H2) and (5.7) for k and n sufficiently large, there is a
boundary feedback controller u* of the form (5.62) which stabilizes exponentially system (5.3).

5.4 An example to the boundary stabilization
of a periodic flow in a 2—D channel

The previous results remain true for the Navier-Stokes system in a 2—D channel O = {(z,y) €
R x (0,1)} with periodic condition in direction x. We illustrate this on the standard problem
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of laminar flows in a two-dimensional channel with the walls located at y = 0, 1. (See e.g., [1],
2], [3], [5].) We assume that the velocity field (u(t,x,y),v(t,z,y)) and the pressure p(t,x,y)
are 2m periodic in . Then, the dynamic of flow is governed by the system

ur — VAU + uu, +vuy, = py, x €R, y € (0,1),
vy — VAU +uv, +ov, =p,, x €R,; ye(0,1), (5.67)
Uy + vy = 0, '

u(t,r +2m,y) = ult,z,y), vt,z+2my) =vt zy), ye(01).

Consider a steady-state flow with zero vertical velocity component, i.e., (U(z,y),0). We
have U(z,y) = U(y) = c(y* —y), Yy € (0,1) and take ¢ = —Zi, a€R"
%
The linearization of (5.67) around the steady-state flow (U(y),0) leads to the following
system
u — vAu 4+ u, U +0U" =p,, y€(0,1), z,t € R,
v —vAv+v,U =p,, uy +v, =0, (5.68)
u(t, o +2m,y) = ult,z,y), vt +2m,y) = vt z,y).
A convenient way to treat this system is to represent u, v as Fourier series. Let us briefly recall

this standard procedure. Denote by L2(Q), Q = (0,2m) x (0, 1) the space of all the functions

u € LE (R x (0,1)) which are 27-periodic in x. These functions are characterized by their

Fourier series

1
) = aaly) + 3 e, ae=a-s S [ lardy < .
0

k0 keZ

Similarly, there are defined the Sobolev spaces H}(Q), H2(Q).

We set H = {(u,v) € (L2(Q))?; uz +v, =0, v(z,0) = v(z,1) = 0}. If u, + v, = 0, then
the trace of v at y = 0,1 is well defined as an element of H~'(0,27) x H'(0,27) (see, e.g.,
[24]). We also set

V = {(u,v) € HNHYQ); u(z,0) = u(z, 1) = v(z,0) = v(z, 1) = 0}.

The space H can be defined equally as

H = {u = Zuk(y)eik‘”, v = ka(y)eikm, vE(0) = ve(1) = 0,

keZ keZ
1
S [l + o)y < oo, iknly) + 0ily) =
kez 0

ae. ye(0,1), ke Z}.

Let IT: L2(Q) — H be the Leray projector and A : D(A) C H — H’ the operator

A(u,v) = TI{—vAu + u,U +0U', —vAv+ v, U},

(5.69)
V(u,v) € D(A) = (H?*((0,27) x (0,1)) N V.

80



We associate with (5.69) the boundary value conditions

u(t,r,0) =u(t,x), wu(t,z,1)=ul(t,z), t>0, v €R,

5.70
v(t,z,0) =t x), v(t,z,1) =o' (t,x), t>0, v €R, (5.70)

and, for k* > 0 sufficiently large, we consider the Dirichlet map D : X — L2(Q) defined by
D(u*,v*) = (u, ),
—vAU+ U, U +0U + k*u=p,, v €R, ye (0,1),
—vAU+ 0, U+ kv =p,, z€R, ye€(0,1),

5.71
et B, = 0, e+ 27 y) = (e, ), T+ 2m,y) = ), .
u(z,y) = v (z,y), v(z,y) =v(z,y), y=0,1.
Here
X = {(u*,v*) € L2((0,2) x 9(0,1)); w*(z + 2m,y) = u*(z, y),
2 2
v (z + 21, y) = v*(z,y), / v*(z,0)dr = / v (x, 1)d:z:}.
0 0
Then system (5.69) , (5.70) can be written as
d
IT — y(t t) — DU*(t)) =k"IIDU*(t) t > 0
% y(6) + Aly(t) ~ DU (1) 0t=0, -

y(0) = (uo, vo),

where y = (u,v), U* = (u*,v*).We denote again by A the extension of A on the complexified
space H and by A;j, ¢; the eigenvalues and corresponding eigenvectors of the operator A. By
3, we denote the eigenvector to the dual operator A*. Written into this form, which is exactly
(5.28), it is clear that one can apply 1 provided hypotheses (H1), (H2) are satisfied for .A. We
check below the unique continuation hypothesis (H2)" which has also an interest in itself.

Lemma 7 Assume that all eigenvalues \;, j =1,2,..., N, are semi-simple. Then we have

% () #0. v e (0.27). y=0.1, (5.73)
op*
(e, 20, v € (0,27), y=0,1 (5.74)

Proof. If we represent ¢; = (u’,v7), then (5.73) reduces to
ﬁwu)+3w@)>0xqmm =0,1 (5.75)
ay Y ay Y ) ) y Yy =0, L. .

We set A = \; and ¢; = (u,v). This means that, if A is semisimple, then

—vAu~+ u, U +o0U = u+p,, z€R, y€(0,1),
—vAv +v,U =X v+p, x€R, ye(0,1),

Uy +vy =0,

(5.76)
u(z +2m,y) = u(x,y), vz +2m,y) = v(x,y).
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If we represent u, v, p as Fourier series with coefficients wuy, vy, pr, we reduce (5.76) to the system
—vu) + (Vk? + ikU)ug + U'vy, = ikpg + Aug, y € (0, 1),
—vv) + (Vk? + ikU)vg = pl, + vy, iku, + v, =0 in (0,1),

Equivalently,
—voV 4+ (2Uk?+ik U)ol —k(vE3+ik2U+iU" Yo — A (v —k?v) = 0,
y € (0,1), (5.77)
vp(0) = vk(1) =0, v,.(0) = v (1) =0, Vk#DO.
Now, let us check (5.74) or, equivalently, (5.76). We have
B . eik:p
5, U®y) = = —uy), Yoy €01,
k40
and so (5.76) reduces to
[0 (0)] + v (1)] > 0 for all k. (5.78)

Assume that v}/ (0) = v{(1) = 0 for all k£ and lead from this to a contradiction. To this end we
set Wy, = v}l — k?v; and rewrite (5.78) as

—VW{ + (vk? +ikU = \)Wy, = ikU"vy, in (0,1),

Wi.(0) = Wi(1) = 0. (5.79)

If we multiply (5.79) by W, integrate on (0,1) and take the real part, we obtain that
1
/ (WWLP + (k= Re \)|[Wi2)dy = 0, Vk
0

and since ReA = ReA; < 0 for all j = 1,...,N, we get W}, = 0, and so v, = 0. The
contradiction we arrived at proves (5.78) and (5.73). To prove (5.74) one proceeds similarly
with dual system of eigenfunction but since the proof is more delicate we refer to [19].

o\ N
We suspect that the same argument applies to prove hypothesis (H2), that is, { 50] }
n .

7j=1

is linearly independent on O but this remains to be done. Of course, if all ¢3, j =1,..., N,
are eigenvectors corresponding to the same eigenvalue, the independence follows by Lemma 7.

Then, following the general case (5.14), we can design a feedback controller (u, v) for system
(5.68). (In terms of (5.70), & = (u’,u'), v = (v°,v").) Weset ¢} = (u},v}),j = 1,..., N, where
¢ are eigenvectors of the dual operator A* with corresponding eigenvalues Xj and Re\; <0
for j =1,..., N. (Recall that eigenvalues \; are repeated according to their multiplicity.)
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We consider the boundary feedback controller

N
ﬂ(t,a:,y) = nzuy%(t)%l(%y)» LS R? y=0,1,
j=1

vu(t, x, = U5 (T ?x, aH(y)), reR, y=0,1,
(t,x,y) n;u ()(¢3(z,y) + aH(y)), z €R, y 550

u(t) = / " (ult, 7, 9) (2, ) + o(t, 7, y)7 (z, 9))dz dy
= > (ur(t. ) (@)e(y) + vilt,y) (00)k(y)).
k40

Here a is an arbitrary constant, H is a smooth function such that H(0) = —1, H(1) =1, y;
are defined as in (5.15), ¢, i = 1,2, are of the form (see (5.16))

N N

¢; = Z aijXi, 0= Z i X,

j=1 i=1

where 0"
() = X6 X, 0) = =(,0), xil 1) = S 1)

and a;; are chosen as in (5.17). By Theorem 1, we have.

Corollary 8 If there is at most one unstable semi-simple eigenvalue for (5.76) (eventually
multiple) then, for each a € R and n > 0 suitably chosen, the feedback boundary controller
(5.80) stabilizes exponentially system (5.68).

We note also that, by Theorem 5, the feedback controller (5.80) stabilizes the Navier-Stokes
equation (5.67).
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Lecture 6.

Internal exact controllability and feedback stabilization
of stochastic linear parabolic like equations with linearly
multiplicative noise

6 Introduction

Consider the stochastic nonlinear controlled parabolic equation
dX(t) — AX(t)dt + a(t, )X (t)dt + b(t, &) - VX (t)dt
+f(X(t)dt = X(t)dW(t) + Lp,u(t)dt in (0,00) x O, (6.1)
X =0on (0,00) x 00, X(0)=zin O.

Here, O is a bounded and open domain of RY, N > 1, with smooth boundary 00 and W ()
is a Wiener process of the form

W(t) = mer(©)B(t), t>0, £€0, (6.2)

where 1, are real numbers, {e,} C C?(O) is an orthonormal system in L2(O) and {3 }5°, are
independent Brownian motions in a stochastic basis {Q2, F, F;, P}.
We assume throughout this work that

Zﬁbﬁekﬁo < 00, (6.3)
k=1

where | - | denotes the L*(O)-norm.
The function a : [0,00) x O — R, b: [0,00) x O — RY and f: R — R are assumed to
satisfy

a € C([0,00) x O), be C*[0,00) x O) (6.4)
sup{|a(t)|oo + |Vb(t)|oo; t > 0} < 0 (6.5)
f € Lip(R), f(0)=0. (6.6)

Finally, Oy is an open subdomain of O with smooth boundary, 1y, is its characteristic
function and u = u(t,§) is an adapted controller with respect to the filtration {F;}.

The main problem we address here is the design of a feedback controller v = F(X) such
that the corresponding closed loop system (6.1) is asymptotically stable in probability, that
is,

lim X (t) =0, P-a.s.

t—o0

It should be said, in this context, that a stronger property, the exact controllability of (6.1)
in finite time, is in general still an open problem. (See, however, [5], [11] for partial results.)
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Notation

By L?*(O) we denote the space of all Lebesgue square integrable functions on O with the norm
| - |2 and the scalar product (-,-). The scalar product of L*(OQp) is denoted by (-,-),. If Y
is a Banach space with the norm || - ||y, we denote by LP(0,7;Y), 1 < p < oo, the space of
all Bochner measurable functions u : (0,7) — Y with ||ully € LP(0,T). By C([0,T];Y), we
denote the space of all continuous Y-valued functions on [0,7]. We denote also by H*(O),
k = 1,2, the standard Sobolev space of functions on O, H}(O) = {y € H'(O); y =0 on dO}.

Given an F;-adapted process u € L*(0,T; L*(Q, L*(0))), a continuous F;-adapted process
X :[0,T] — L*(O) is said to be a solution to (6.1) if

X € L*(9; L(0,T; L*(0))) N C([0, T); L*(2; L*(0))) (6.7)
and ,
X(6) = [ (AX(5.6) = alt.)X(s.6)
—b(s,€) - VeX(s,)
K. s+ [ oyl s (63)
+/0tX(s,§)dW(s),
€0, te(0,T), Pas.,

where the integral is considered in sense of It6.
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7 The stabilization of equation (6.1)

We set O; = O\ Op and denote by A; : D(A;) C L*(O;) — L*(0,) defined by
Ay = —Ay, y € D(A;) = Hy(O1) N H*(Oy),

or, equivalently,
(A2}, = [y vz de, gz € HYO),
01

where (-, ), is the duality on H}(O;) x H~'(O;) induced by L*(0;) as pivot space.

Denote by Aj(O;) the first eigenvalue of the operator A;, that is,

A (O) = inf{ [Vy|*dg; y € Hy(Oy), / y*de = 1}.

01 Ol

Consider in (6.1) the feedback controller
u=-nX, neR
and the corresponding closed loop system

dX — Xdt +aXdt +b-VXdt + f(X)dt
= Xdt —nlp,Xdt in (0,00) x O,
X(0)=2zin O, X =0on (0,00) x 00.
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Theorem 1 Assume that

* 1 -
A (O1) - 3 > 1leilZ = 11f i
j=1 (7.6)
1
—sup {—a(t,f) + 3 diveb(t,€); (¢,€) € RT x (9} > 0.
Then, for each x € L*(O) and forn sufficiently large (independent of x), the feedback controller

(7.4) exponentially stabilizes in probability equation (6.1). More precisely, there is v > 0 such
that the solution X to (7.5) satisfies

Llim X (t))5 =0, P-a.s. (7.7)
'E| X (t)]3 +E/ X (t)|5dt < Clxl3. (7.8)
0

We recall that, by the classical Rayleigh-Faber-Krahn perimetric inequality in dimension
d > 2, we have

A (O0) > (ﬁ) Jg_lyl, (7.9)

where |Oy| = Vol(0y), wy = 72/ (P'(¢+1)), and J,,; is the first positive zero of the Bessel
function 1,,(r).

Then, by Theorem 1, we conclude that, if |O;| is sufficiently small, then the feedback
controller (7.4) is exponentially stabilizable.
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Corollary 2 Assume under hypotheses (6.3)—(6.6) that

1
2

2 1 . 1 ,
01| <w§ 'J%fl,l (2 Z/J?\(Ji + sup {—(1, -+ B (hvgb} + j|Lip>. (7.10)

2+
Lip R¥x0O

Then, for each x € L*(0), the feedback controller (7.4) stabilizes system (6.1) in sense of
(7.7), (7.8).

We note that, in particular, condition (7.10) is satisfied if the Hausdorff distance dg (00, 90y)
is sufficiently small.

Remark 3 One might suspect that system (6.1) is stabilizable and even exact null controllable
in probability by controllers v with support in an arbitrary open subset Oy C O, as is the
case in the deterministic case (see, e.g., [2], [7], [3]), but so far this is an open problem.

Roughly speaking, Theorem 1 implies, in particular, that the stochastic perturbation desta-
bilizing effect in system dX — AXdt = XdW can be compensated by a linear stabilizing
feedback controller with support in a subdomain Oy satisfying (7.10).

An example. The stochastic equation

X(t,0) = X(t,1) =0, t >0,
where [ is a Brownian motion and u € R, a € C([0,T] x R), b € C*([0,1] x R), is exponen-

tially stabilizable in probability by any feedback controller V' = —nl4, 4, X, where n > 0 is
sufficiently large and 0 < a; < ay < 1 are such that

7rimf{i ! }>'u—2—|— sup {—a(t,{)—i—%bg(t,f)}.

ar’ 1 —as 2 (t,€)eR+x(0,1)
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8 Proof of Theorem 1

The main ingredient of the proof is the following lemma.

The proof is well known (see [1], [4]), but we outline it for the sake of completeness. Denote
by vy the first eigenvalue of the self-adjoint operator A"y = Ay + nlp,y, Yy € D(A") =
H}(O)N H*(O), where A= —A, D(A) = H}(O) N H?*(O) and € RT.

We have by the Rayleigh formula

— { [ 1wspacn [ i 1ol = 1} < N(0) (8.2)
O

Op

because any function y € H(O;) can be extended by zero to H}(O) across the smooth
boundary 00; = 90y. Let ] € HL(O) N H*(O) be such that A7 = /], |o]la = 1. We
have by (8.2) that

/ VelPde +n [ |@1Pds = v < X(0), ¥ > 0.
O Oo

Then, on a subsequence, again denoted 7, we have for n — oo, that v} — v* and
o] — @1 weakly in H}(O), strongly in L?(O)

lp??d¢ — 0.
Oo

We have, therefore, p; € H}(O), |¢1]2 = 0 and, since A"¢7|o, = A1}, we have also that
Ajp1 = v*py. Moreover, by (8.2) we see that v* < X\j(Oy). Since A\j(Oy) is the first eigenvalue
of A, we have that v* = X\j(O;) and

i inf{ [1wofavn [ gt !yhzl}:X{(Ol)-
O Oo

n—o0
This yields (8.1), as claimed.

Proof of Theorem 1 (continued). By applying It6’s formula in (7.5), which by virtue of
(6.7) is possible, we obtain that

3 AX@E) + [ VX @R+ [ (alt.e)

—5 diveb(t, )X s + [ X)X )
O
=3 Lo e ofaca—n [ X G.ordca
+ /O Y (Xew)(t, X (t,€)dBi(t), P-as., t > 0.
k=1
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Equivalently,
1 t 1
5 e”t|X(t)]§ +/ K(s)ds = 3 ]z|§ + M(t), t >0, P-as., (8.3)
0

where
k() = [ v (e
Halt,§) =7 — 5 diveb(L O X (L)
FIX (€)X (1,6) - %kf}m’ )4 (€))de

T /O X (8, €)[de,

M(t) = /0 /O D e X (s, €)en(s, §)dBi(s), t > 0. (8.5)

By Lemma 1 and by (6.6), (7.6), we see that, for n > 1y sufficiently large and 0 < v < g
sufficiently small, we have

K(t) > /O X (t,€)|2d¢, Yt > 0, P-as., (8.6)

where g9 > 0. Taking expectation into (8.3), we obtain that

DN | —

t
1
E[e™|X (1)|3] +50/ e E|X (s)|3ds < 3 |z|3, Vt > 0. (8.7)
0

Since t — fg K (s) is an a.s. nondecreasing stochastic process and ¢ — M (t) is a continuous
local martingale, we infer that there exist

lim (7| X (t)[3) < 00, K(c0) < o0,

t—o00

which imply (7.7), (7.8), as claimed.

Remark 2 By the proof, it is clear that Theorem 1 extends to more general nonlinear func-
tions f = f(t,&, x), as well as to smooth functions pp = ux(t,&). Also, the Lipschitz condition
(6.6) can be weakened to f continuous, monotonically increasing and with polynomial growth.
Moreover, A can be replaced by any strongly elliptic linear operator in . The details are
omitted.

92



9 Stabilization and exact controllability of Navier—Stokes
equations with multiplicative noise

We consider here the stochastic Navier-Stokes equation

dX (t) — vAX(t)dt + (a(t) - V)X (t)dt
+(X(t) - V)b(t)dt + (X (t) - V)X (¢)dt
= X(t)dW(t) + Vp(t)dt + o, u(t)dt
n (0,00) x O,

(9.1)

()—0 in (0,00) x O,

(t) n (0,00) x 90, X(0) =z in O,

where v > 0, a,b € (C*((0,00) x 0))},, V-a=V-b=0,a-7="b-i =0 on dO. Here O is
a bounded and open domain of R? and Oy is an open subset of @. The boundaries 0O and
00, are assumed to be smooth. We set

H={ye(L*(0))?* V-y=0, y-ii=0on 0},

where 77 is the normal to 00. We denote by (:,-) the scalar product of H and by |- | the
norm. The Wiener process W (t) is of the form (6.2), where {e;} C (C?(0))?is an orthonormal
basis in H, and p € R. As in the previous case, the main objective here is the design of a
stabilizable feedback controller u for equation (9.1).

We use the standard notations

H = {ye(L*(0)% V-y=0in O, y-i =0 on 00},
V. = {y€(H;(0)% V-y=0in O},
A — —uIIA, D(A) = (H(0)NV,

where II is the Leray projector on H.
Consider the Stokes operator A; on O; = O\ Oy, that is,

d
(Ary, p) = VZ/ Vi - Vipid§, Vo € V1,
—1 JO1

where V; = {y € (H}(01))%; V -y =0in O;}. Denote again by A\;(O;) the first eigenvalue of
Ay, that is,

d
i (Oy)=inf {V;/O]V%Fdﬁ,(p € Vl,/Ol|<,py?d§ = 1}. (9.2)

Also, in this case, we have (see Lemma 1 in [4]), for n > ny(e) and € > 0,

(Ay,y) y + 1 T(Toyy), vy = (A (O1) —)lyliy, Yy e V. (9.3)
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We consider in system (9.1) the linear feedback controller
u=-nX, n>0. (9.4)

We set
v*(t) = sup {/O [y Dibjy;d|; |yla = 1} < 00,

where b = {by, by }.
The closed loop system (9.1) with the feedback controller (9.4) has a unique strong solution
in the sense of (6.7), (6.8). (See, e.g., [8], p. 281.)
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We have

Theorem 1 Assume that

A (Oy) > Zme]\ﬁ sup 7" (). (9.5)

teR+

Then, for each x € H and n sufficiently large independent of x, the solution X to the closed
loop system (9.1) with the feedback controller (9.4) satisfies

Ele™ X (#)|5] + /0 "EIX (t)[dt < Clalg, (9.6)

hm X (1)} =0, P-a.s., (9.7)

for some v > 0.

The proof is essentially the same as that of Theorem 1, and so it will be sketched only.
Taking into account that

(X V)X, X) 4+ ((a(t)- V)X, X))y =0, t >0,P-as.,
we obtain by (9.1), (9.4), via It6’s formula, that

5 X+ / e ((AX (), X (5)) g + (X(5) - Vbls), X (5))

> DX (el + (o, X(5), X (s))y )ds (08)

= 2 ol + /eVSZ $)ej, X()) 5 dB(5), ¢ 0.

Then, by virtue of (9.3) and (9.5), we have, by (9.8), that

1 1
5 CIXOl + 1) = 5 lali + M(1), t 20, P-as,

where [(t) is a nondecreasing process, which satisfies

t
E[I(t)] > / SR\ X (5) L ds, VE > 0,
0

[e.e]

for n sufficiently large, and M*(t) = fot ers Z (X(s)ej, X(s)), dB;(s) is a continuous local
j=1

martingale. As in the previous case, this implies via [10] that tlim " X (t)|3; exists P-a.s. and,
therefore, (9.6) and (9.7) hold.
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The exact controllability.

Consider the linear part of equation (9.1) in the special case

W) =3 w50, (9.9)

where g is an adapted process and p; € L*>((0,7) x ). By the transformation X =
s %ujdﬂj .
e =1y, we reduce equation (9.1) to

% —vAy + (a(t) - V)y + (y - V)b(t) + a(t)y = lo,v in (0,T) x O,
y(0) =z in O, (9.10)

V-y=0,y=0o0n (0,7) x 00.

We set z(t) = elo As)dsy(¢). Then, (9.10) reduces to

9
577~ VAz+ (alt) - V)z + (2~ V)b(t)

ot~ ¢ M
Jo Bds— [y Z{‘jdﬁj
j=

= lp,e u = lo,v(t), (9.11)

2(0) =z in O,
V-z2=0, z=00n (0,7) x 00.

M
—Jo Xmgas; 1 M 9
Here, v(t) =e =1 wu, p= 5; 1 -

On the other hand, we know (see Imanuvilov [9]) that (9.11) is exactly null controllable,
that is, there is a controller v € L?(0,T) x O such that z(T) = 0. This means that (9.10) is
exactly null controllable by the adopted (progressively measurable) controller

ult, &) = e~ Jondiryfortdsy(p ¢y,

We have proved, therefore,

Theorem 2 There is an adapted controller u such that the solution X to (9.1) satisfies

X(T,§) =0, P-as., £€O. (9.12)

We note that Theorem 2 remains true for the linearized equation (6.1).
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Open problems

1° Does Theorem 2 remain true (in sense of local controllability) for complete Navier—Stokes
equation (9.1)?

The answer is positive via the fixed point argument if © = p(t) is deterministic.

2° Does Theorem 2 remain true for more general noises?
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10 Final remarks

In order to make clear the novelty of the above results and the principal difficulties related
to the internal stabilization of equations (6.1), we note that, via the substitution y = eV X,
equation (6.1) reduces to a parabolic equation of the form

9y
ot
y=0 on (0,00) x 00,

- ~ 1
—Ay+a(t)y+0b(t)- Vy + 5 Z prery = loyu, P-as., (10.1)
=1 :

with random coefficients a, b.

If @ and b are independent functions of ¢, then (10.1) can be stabilized by a controller
u = Zjvzl u;(t)1;, where t); are linear combinations of eigenfunctions of the dual operator
y — —Ay + ay — div(by) (see [7] or [3] for the case of Navier-Stokes equations).

For deterministic equations of the form (10.1) with smooth time dependent coefficients,
a similar result was recently proved in [6] (for the Navier-Stokes equations), but it cannot
be applied, however, to the random equation (10.1) since it does not provide an adapted
stabilizable controller u = u(t). (The reason is that the argument in [6] relies on exact P-a.s.
controllability of (10.1) via an adapted controller u which so far is still an open problem.)
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